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A Diagram for Transforming Duopoly Out
into Duopoly Profit Levels

by Dermot Gately and Suk-Mo

In this short paper we expiain a four-guadrant di

the relationship between duopolists'

output levels and
profit levels. The diagram provides graphic insight i
rroblems in duvopoly: the incentives for each producer
output; the incentives for them to form market-share a
by or cheat on such agreements, and the credibility an
threats of unilateral output expansion to enforce mark
and the profit-level analogues of the Cournot reaction
dynamics of the movement to the Cournét equilibrium.
Using a linear demand curve and average cost fun
either constant or quadratic (listed in Table 1), we 4
various changes in the duopolists’ oﬁtput levels upon
profit levels (Figures 1 and 3); we also depict the im
levels in a Cournot world (Figures 2 and 3). Though o
based on particular numerical functions, the method is

of these examples.

Table 1

Numerical Functions Used1

Case 1 (Figures 1 and 2)

demand function P = 10-2Q

= 10—2(Q1+Q2)

average cost ACl =1
functions
ACy, = 1
" . 2
rofit functions T = -2 -2
P 1T 997 9mee)
— 2
T o= -2Q -2
. .2 9Q2 leQ QQ
firm I:
Cournot reaction Q; = 9/h -~ .5Qo implici
functions form
firm IT: Qp = 9/h - -5Q71
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Case 2 (Figure 3)

same as for Case 1
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Consider the demand and cost functions of Case 1, illustrated in Figure 1.
The NE quadrant, with axes Ql and Q2, depicts various pairs of output levels
for firm I and firm II; six total-output iso-Q diagonal lines are shown: Q=1,

Q=2, Q=2.25, @=3, Q=3.5, Q=L. The SW quadrant, with 7. on the left side of

1
the South axis and Ty On the bottom side of the West axis, shows the profit
levels for each firm; three total-profit iso-m diagonal lines are depicted:
m=h, w=7, 1=10.125. Starting with point a in the NE guadrant (Ql=1, Q2=2),
three types of output change are shown: horizontal movement, changing only
Qy; vertical movement, changing only Q25 and proportioﬁal change in Ql and
Qo along a ray from the origin. The resulting changes in profit levels are

traced in the SW quadrant; each pair of profit levels ﬁs denocted by the

letter of the corresponding pair of output levels.

The procedure for determining T, &s a function of Ql and Q2 is described
in the SE quadrant, which has Ql on the East axis and ?—l (where l=ACl) on
the right side of the South axis. An analogous procedﬁre, left to the reader,
is used to determine T, as a function of Ql and Q2 via%the NW quadrant, which
has Q2 on the North axis and P-1 (where 1=A02) on the fop side of the West
axls. In the SE quadrant are depicted seven iso-my cugves; these are rectangular
hyperbolas.2 Superimposed on the SE quadrant is the dﬁmand curve DD; from it
we can determine P as a function of3 Q. Consgider poin£ a in the NE quadrant,
at which Ql=l, Q2=2, Q=3. The price associated with Q=3 may be found by moving
diagonally along the iso-Q line Q=3 until it intersects the Ql axis, and from

that point move vertically down to the demand curve DD in the SE quandrant,

1 The numerical examples were taken from M. Shubik, Strategy and Market

Structure (New York: John Wiley and Sons, Inc., 1959), Chapter L.

Since ﬂl=PQl-(ACl)Ql=(P—ACl)Ql, the iso-m; curves will always be rect-
angular hyperbolas if the axes are Qp and P-ACl. Similarly for the iso~m, curves.

The demand curve P=10-2Q is superimposed on the SE quadrant, with axes P-1
and Q; note that the East axis, for purposes of the demand curve, should be read as
Ql‘ It is a normal demand curve except that the East axis has been shifted up by one
unit, so that the right side of the South axis is P-1, not P. The demand curve
intersects at p-1=9 (not shown) and at Q=4.5, rather than at P=10 and Q=5 in a
normal diagram.




where that vertical distance below the horizontal axis
case P-1=3, that is, P=4. The resulting profit level
of Q3 and P-1; for point & we have m1=3, on the iso-my
quadrant. By an analogous procedure we find that W2=6

different point, b, (Ql=1, Q,=3, Q=k), we have P-1=1,

‘measure P-1; in this
m1 is simply the product
curve ﬂl=3 in the SE
For a

for point a.

nl=l and ﬁ2=3.

Now for the final step in mapping & pair of output levels in the NE quadrant

onto a pair of profit levels in the SW quadrant. We h

output levels in the NE quadrant, a point on some iso-

ave, for each pair of

mq curve in the SE quadrant

and a point on some iso—Tr2 curve in the NW quadrant; flrom these two points,

using the transformation lines TyTy and T,T, respectively, we can determine the

Ty and 7, coordinates for the corresponding point in t

he SW quadrant. We shall

describe the procedure for determining the 7y coordinate; derivation of the mp

coordinate procedes analogously. For any iso-m. curve

1

the points are at various

vertical distances below the horizontal axis, and they can all be transformed

into the same vertical distance (ﬂl coordinate in the
at which that iso—ﬂl curve interseets the transformati
a or any other point on the same iso-—-ﬂl curve, my=3, t
quadrant

section of the iso-m; curve m=3 and the transformatio

b Any straight line parallel to the P-AC axis can
line. In Figure 1 line T T_.is straight and parallel t
Q1=2. (The position of t%elline determines the scale o
the line shifts from the point Q;=2 to Q1=1, the scale
T11s T2, and 7my3,...denote the vertical distances fro
line TqTq intersects the iso—wlcurves m.=1 m,=2,and T

by 1/2 my (where 2=Q.); my1=1/2, m10=2/2, and m3=3/2.
among ﬂll,nlg,nl3———%old for any value of Qp,i.e.,regg

SW quadrant), at the point

T T

.l
on line 1%q-

For point

he 71 coordinate in the SW

is given by the vertical distance below the horizontal axis at the inter-

n line TlTl'

o the P~1 axis at the point
f 7y in the SW quadrant; if

be used as the transformation

will be doubled.) Suppose that
m the axis to the points where
173,--~,respectively. Then the
ratios m :ﬂ12:n13———=l:2:3———, since all the values of ﬂll,ﬂla,and T3 are determined
These proportionate relations

rdless of the position of line Tl

Tl'



The entire procedure is depicted for points a and
output levels at a point in the NE guadrant, two point
and NW quadrants, from which are found the respective
Ts for the resulting point in the SW quadrant.

Movements in the output quadrant from point a are
quadrant. It should be noted that the mapping is not
and dh in the output quadrant are mapped onto the samg
quadrant. Output levels on the iso-§ line Q=2.25 in %
in joint-profit maximization, on the iso-m line 7=10.]

Some different aspects of the same duopoly problel
in Figure 2. The Cournot reaction functions are graph
and the traces of the points on these reaction functio
quadrant. The intersection of these functions (point
equilibrium point. It can be seen that firm I's react
maximizing output Q; for any given output Qp; three p
function are listed: B,D, and F. Given output Q2=2,
to firm I would be represented by a horizontal line at
passing through points C and D. The trace of these ch
parabola passing through points C and D in the profit
maximizes ™, on this parabola, firm I should choose th
Ql=l.25 given that Q2=2 (point D, on its reaction func
Similarly for points B and F and for all other points
function: the output level Ql is such that it maximig
given the output level Q. The trace of f£irm I's Cour
the profit (SW) quadrant is the locus of wl—maximizing
parabolas, each of which parabola represents the profi

for any given value of QZ‘ Analogously for firm II:

the profit (SW) quadrant represents the profit implica

b

b;- Given a pair of

s are found in the SE

coordinates of Ty and

traced out in the profit
one-to-one: points d,
point in the profit

he output quadrant result
25 in the profit gquadrant.
m (Case 1) are presented
ed in the output quadrant
ns appear in the profit

F) represents the Cournot
ion function gives the Ty -
oints on this reaction

the choices of Ql open
Q2=2 in the NE gquadrant,
oices of Ql is the dashed
quadrant; since point D

e associated output level

on firm I's Cournot reaction
ed T with respect to Ql’
not reaction function in

points on the dashed

each dotted parabola in

tions of various choices

tion in the output quadrant).

t implications of the Ql—choices
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for Q,, given the output level Q;; for all pointsyon fﬁrm II's reaction function,

the output level Qp maximizes 7m,, with respect to Qo, given the output level Ql'
The dynamics of the movement to the Cournot equilibrium are also depicted

in Figure 2, in both the output quadrant and the profit quadrant. Starting from

point A (Ql=0, Qo=3.5), firm I moves to the point B (Ql=.5, Q2=3.5) on its reaction

function, maximizing 71 on the dashed profit parabola at point B. Given Ql-.S,

firm IT moves to point C (Ql=.5, Q2=2) on its reaction function, maximizing To

on the corresponding dotted profit parabola at point C. And so forth, until the

Cournot equilibrium point F (Q1=1.5, Qp=1.5; ﬂl=h.5, ﬂ2=h.5) is reached. Point

F in the output quadrant is the intersection of the Cournot reaction functions
and point F in the profit quadrant is the intersection of the respective
traces of the Cournot reaction functions. Point F in the profit quadrant

is the only point at which both of the following occur: firm I is maximizing
with respect to T, on its dashed profit parabola and firm II is maximizing with
respect to T, on its dotted profit parabola,.

For QOase 2, in which two firms have different quadratic average cost functions
(Table 1), the effect of changes in output levels upon‘profit levels and the
dynamic process of the Cournot solution are depicted in Figure 3. This is, un-
fortunately, more complicated than that for Case 1.

There are two main differences: the iso-m; and i$o—ﬂ2 curves are no longer
rectangular hyperbolas, and the values of ACl and AC2 are no longer constant, which
creates a problem in scaling the price axes P-AC:L and P—A02 and in locating the
transformation lines T1Ty and ToTp.

The iso-myg (and iso—w2) curves are no longer rectangular hyperbolas when
the axes are Q; and P-AC; because, in the equations m; = (P—ACl) Q1, the average
cost AC; is itself a (quadratic) function of Q;. Consider the iso-7, curves in

1
Figure 3, drawn in the SE quadrant, with axes Qy and P%3.75; the choice of 3.75
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will be explained below. When any iso-m, curve is drawn, for example Ty=2, it will
lie vertically below the corresponding rectangular hyperbola, 2 = (P-3.75)Q; (not
drawn), at all points except at Qq=.5, where ACy=3.75 Kthe ACy minimizing point),
and where the isc-7T; curve and the rectangular hyperbola touch. As Ql gets

further from Ql = .5 the ACq{ is increasing and the iso@wl bends further away

from a constant-average-cost rectangular-hyperbola iSOhﬂl curve. For the iso—w2
curves the situation is similar except that the axes are Qo and P-L.75 (explained
below).

The choice of the price axes as P-3.75 and P-4.75 is related to the location
of the transformation lines, TlTl at Ql = .5 and T2T2 ét Q2 = .5. Only when the
scale on the P-AC; axis is consistent with the position of the transformation
line. can a straight line serve as a transformation liné.5 For, once the scale on
the vertical axis is fixed as P-3.75, the ratio of the vertical distances to points

at which any two iso-my curves intersect the straight line T,T; would be equal to the

ratio of the corresponding values of iSO—ﬂl curves, only if the straight line is
drawvn at @ = .5. BSimilarly for the axis P-4.75 and the line TQTQ.

While we have not done so, the diagram could also be used to analyze other
problems in duopoly theory. In addition, some of the techniques used in trans-

forming output levels into profit levels might also beiadapted to other

problems in economics.

> We could choose various positions for line T.T,, for example at Q=0.25.
In this case the scale of P-AC; axis should be fixed as.P-3.81 (P-L.81 for firm II),
where AC1=3.81 at Q =.25 (AC,=b.81 at Q,=.25). Then straight lines at Q=.25 can
function as the tra%sformation lines TyT; and T,T,. Of course, the scale of
the profit axes in the SW quadrant becomes largér than in Figure 3.



