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Abstract

The paper presents a simple explanation of price dispersion by a monopolist
assuming only that consumers arrive in a randam order and are served on a
first come, first serve basis. Under these conditions, it is shown that a
firm can sometimes increase its profits by charging different prices for
different units of a homogeneous product. Haowever, it is never necessary to
charge more than two prices, and a single price is sufficient as long as
either the marginal revenue curve is everywhere downward sloping or the

marginal cost of production is canstant.



i, Introduction

When will a monopolist charge the same price for every unit that it
sells? 1t is well known that a monopolist may have an incentive to charge
different prices to different consumers if it can identify the demand curve of
the different consumers and prohibit arbitrage. Even if individual consumers
cannot be identified, it is sometimes possible to price discriminate by
offering guantity discounts. If the cost of search is explicitly modelled,
Salop (1977) has shown that a monopolist can sometimes benefit from
randomizing over its prices across outlets {or presumably across time) in
order to exploit differences in the search costs of agents with different
reservation values, In this note, I examine the extent to which any of these
explapations are necessary to explain nonuniforwm pricing by a wonopolist.

Consider a "static" model of a monopolist facing a demand curve
generated by a large number of consumers and suppose the firm is permitted to
choose not only the gquantity it will sell but also a separate price for each
unit it offers for sale. The firm is unable to identify the demand curve of
the individual consumers who arrive in rapndom order and purchase at the lowest
available price up to the point where the price of the next unit exceeds their
reservation value., In such a model will the firm ever have an incentive to
tharge different prices for different units of the same good? The answer is
yes as the following example illustrates.

Suppose that the firm has 300 units to sell. 100 consumers are
willing to purchase a single unit at a price of 2 and 400 consumers are
willing to purchase at a price of t. Clearly, if the firm must charge the
same price for all of the units, it must charge a price of 1, resulting in a
total revenue of 300. However, if we permit the firm to charge a different

price for different units, it could increase it revenue by adopting the
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tollowing policy. Sell the first 250 units at price 1 and sell the last 50
units at price 2. Since there are a total of 500 consumers with a reservation
value in excess of 1, on average, only one half of the consumers with a
reservation value of 2 will be among the first 250 consumers. Conseguently,
after the first 250 units are sold, there will still be an average of 350
consumers who are willing to pay the price of 2 for the last 50 units. The
expected revenue of the firm is consequently increased from 300 to
approximately 350.

The next two sections contain a characterization of the optimal
pricing policy for any left continuous, downward sloping demand curve
generated by a large number of consumers. For a fixed level of output, I show
that the optimal pricing policy can be found as the solution to a linear
programming problem in the space of nonnegative measures on the space of
prices. From this, a number of properties of the solution can be established.
First of all, the firm need never charge more than two prices to maximize its
revenue. Second, in contrast the case where the monopolist is constrained te

using a single price, the marginal revenue will always be a nonincreasing

function of the gquantity. In fact, it is precisely in those cases where the
single price marginal revenue curve is strictly increasing over some range
that the firm will have an incentive to charge more than two prices.
Finally, at any level of output at which the firm charges more than two
prices, the marginal revenue is constant, This implies immediately that if
the firm can produce output at a constant marginal cost, then its revenue can
be maximized by choosing a level of output for which a single price is
optimal.

To what extent the model presented here is an adequate explanation of

price dispersion is difficult to tell. WNot all markets satisfy the conditions
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required for price dispersion. In those markets where there is limited
capacity and the distribution of reservation prices has more than one peak,
however, it may be optimal to for a monopolist to use more than one price. In
these cases, it may provide and simpler and more plausible alternative to more
sophisticated explanations, such as Salop’s, which presume that the firm is
exploiting some correlation between the demand curves of individual consumers
and the cost of acquiring information., It may, for instance, be a sufficient
explanation for the rationing of super saver fares by airlines or even by the
price randomization practiced by some retail distributors such as grocery
stores.

In the concluding section, I consider briefly how the results might be

affected in the presence of competition from other firms.

2. The Optimal Pricing Policy of a Firm Selling a Fixed BQuantity

Suppose that the demand curve [(:) facing a monopolist is generated by
a continuum of individual consumers. Suppose also that the firm may charge a
different price for each unit that it sells., Consumers arrive at the store at
random. When it is his turn to purchase, a consumer purchases from the
available units up to the point where the price of the next unit exceeds the
price the consumer is willing to pay for it. The first question to ke
addressed is what pricing policy will maximize the revenue of firm from
selling q units of the goad.

Without loss of generality, we may order the goods as an increasing
function of price. Then assuming that goods are perfectly divisible, the
pricing policy for g units of the good can be represented as a nondecreasing
function p: {0,qd + R+. Consider first the characterization of the set of

price functions which are consistent with the sale of g units of the good. I
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present here a heuristic derivation for the case where Di(p) is strictly
decreasing and continupus on [0,®). A similar argument establishes the same
restrictions for any demand curve which is nonincreasing and continous from
beluw.l
We begin by considering pricing policies which are step functions.
Partition the quantity space into intervals of A and suppose that prices must
be constant on each A interval. Llet p; be the price of goods in the ith
interval and let D; = D(p;?. Finally, let E; be the measure of consumers who

are willing to purchase at price P; after the first iA units have been sold.

Then

E1 = Dy-a = Dy [1-(A/Dy)].

1f E1 2 0, then the demand for goods priced at P? will be equal to the excess
demand at price Py times the fraction of those consumers who stay in the
market when the price rises from Py to Pos The excess demand at price Py is
just El' The fraction of consumers who stay in the market is the ratio of the
measure of consumers with reservation value greater than or egual to Ps to the
number of consumers With reservation value greater than or equal to Pys

[D(pz)/D(pl)]. Consequently, the excess demand at price Po is equal to
E, = Ey[Dy/Dy)-4 = DZII-A[(1/01)+(1/D2)]].
Using mathematical induction, we may conclude that as long as Ei-l 2 0, then

FEEEREREREEEER

lwe may even allow D(0) = @,
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The requirement that the pricing policy be chosen so that the first g units
are sold is then equivalent to imposing the constraint that Eq/A 2 0.
Letting A go to zero we may conclude that a price function p(:) is

consistent with selling g units if and only if it satisfies:
1) Jatt/neptryadt ¢ t.

We turn next to the determination of the price function which
maximizes the revenue of a firm which must sell q units. The problem of the

firm is to choose a nondecreasing function p(+) to maximize

[Ap(trdt

subject to inequality (1}). Note, however, that since both the objective
function and the constraint are integrals of functions of p(t), requiring p(.)
to be nondecreasing will not affect the value of the problem. It simply
provides a wWway to order the prices. This allows us to reformulate the problem
as a linear maximization problem.

Let P¥ = {p 2 0: Di{p} > 0} be the set of prices for which demand is
strictly positive and let E be the set of nonnegative measures over F¥. For
any ¢ € E, and any measurable subset of prices S c P¥, we may interpret ot§)
as the number of units which are assigned a price in §, Then the problem may

be restated as follows:



() Chopse ¢ € T to maximize

Ipu(dp)

subject to

Ia(dp) = q, and

Jt1/ptpriatdp) ¢ 1.

The problem is thus reduced to the maximization of a linear function subject
to two linear constraints., It follows immediately, therefore, that if a
solution exists, there is a solution with all mass concentrated on at most two

prices.2

In order to guarantee the existence of a solution, however, some
additional restrictions must be added. 0One sufficient condition is to require
that limp*wpD(p) = 0.

To characterize the solution, we appeal to the Kuhn-Tucker conditions,

If ¢ < g < D(0}), a measure ¢ is a solution if and only if there is a A and u3

such that

(2) p - A- a/D{p) {0 for all p € p*¥, a(«) > 0, and
[tip=M-u/Diprietdp) = 0,

(3) fotdp) = g, and

(4) Joisnepyieddpy ¢ 1, wp 0, wrfrt/D(prlotdp) - 11 = 9.

EEEEEREE R R AR

2See, for example, Chernoff and Reiter, (1954).

The necessity and sufficiency of these conditions follows from the fact there
is an € > 0 such that for any & € {(-¢,¢), the set of o satisfying
ftispip)otdp) < q-¢ and [otdp) ¢ 1-¢ is non-empty.



Note first that constraint (2) is equivalent to the requirement that
the firm charge only those prices which maximize (p-AlD(p}. Let

P(AY = {p € argmax_(p-x)D(p)}. Second, note that u =0 implies that

p

supP* and hence that o(p¥) = q; otherwise relation (2} will be

violated. We may conclude, therefore, that either g ¢ Dip¥), in which case
gtp?) = q, or q > D{p®), in which case the necessary and sufficient
conditions for ¢ to be a solution may be expressed as the regquirement that

there be a A\ ; 0 such that

(5) atPiN) = g,
(3) Jotdp) = q, and
(6) Jtimpriewp = 1.

Since D{-) is nonincreasing and continuous from below, it follows that
P(A) is closed. Furthermore, P(:) is upper hemi-continuous and nondecreasing
in A in the sense that if p‘ € P{A') and p" € P{A"), then A" > A" implies
P’ 2 p". Let p(rx) = inf P(A) and p(A) = sup P(A). Then constraints (3},
{5) and (&) regquires that A satisfy D(p(A)) ¢ g ¢ Dip(A)). A solutien to

{I) is then determined by a value of A and values of a(p(A)) and o(p(A})

which satisfy

{7) glp(A)) + alpir)) = q.

{8) glp (A /D(ptA}) + alp(MI/D{pIN)Y) = 1,



Note that if p = p, then equations (7) and (B) reduce to the requirement
that Di(p} = g, so that only a single price is used.

We may summarize our conclusions as

Froposition l: For a fixed level of sales, a monopolist can always acheive

its maximum revenue with at most two prices.

3. The Dptimal Choice of Quantity and the Conditions for a Single Price

Consider next how the revenue changes with an increase in the number
of units to be sold. For any level of gq € (0,D(0}), let R(q) denote the
maximum revenue than can be obtained from selling g units and let A{g) be the
set of values of A consistent with equations (2) to (4), Then since (I} is a
toncave programing problem, it follows R(:) is a concave function and that
Aig) is an upper hemi-continuous compact, convex valued correspondence with
the property that if A € Alg) and A’ €& A{gq’), then q > g’ implies
ALA

Let A{g) = inf Afg). Then Al(g) measures the right hand derivative
of Ri{g) which I will call the marginal revenue of q.4 We have already
established that A(:)} is nonincreasing. We can also show that whenever wore
than one price is used, 3A(q)/3q = 0. To see this, suppose that X € #{(q)
and that e{p{A)} < 1. For any q’' sufficiently close to g, relations (2) to
(4) imply that either Xtg) = p* = A(g’) or equations (7) and {B) are
satisfied, in which case ol(p) > 0 for some p > p(A}. For any A’ such that
p & PtA’), relation (3) then implies that A’ ¢ A, But if g’ > g, we know

XXX XX EARELAE

*Note that i¢ D(0) = ¢, relation (2) implies that marginal revenue must be
nonnegative,



9
that A’ € A(g’) implies that A’ ¢ A(g). MWe may conclude, therefore, that
Alg’) = xlg).

These conclusions are summarized as

Proposition 2: (i) Marginal revenue is a nonincreasing function of the

quantity gq. {ii} The marginal revenue is constant at guantities at which the

firm charges more than one price.

In contrast, when the firm is constrained to charge a single price,
marginal revenue will generally not be downward sloping throughout the domain
of output levels. 1In fact, it is precisely when the single price marginal
revenue curve as an increasing section that firm will have an incentive to
charge more than one price at some output levels. To see this, let R(g) be
the revenue to the firm when it is constrained to sell q units at the single
price D™1(q)%, Let H = Lir,g) € RXP*: r { R(g)} and
B = {(r,q) € RXP*; r ¢ R(q)}. Since the firm always has the option of using
a single price, it follows immediately that Riqg) 2 R(g) for all q z 0.
The concavity of R{:) then implies that chI6 c col = H. On the other hand,
we have already shown that R(q) = p*g = R(g) for q ¢ D(p*), and for any
g > D{p*), the solution is defined by a pair of prices p and p combined with
weights o(p) and olp) satisfying equations (7) and (8). Letting

& = g(p)/D(p) in this case, we may express the value of the objective

function for (I) as

FEREEEERRERERSE

501(q) is the highest price such that D(p} = q.

cofi denotes the convex hull of A.
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Rig) = apD(g) + (1-a) pD(p} = oR(p) + (1-0)R(p).

Since a € [0,1), this implies that W ¢ coH, and hence that H = cof.
Since H = coH if and only if f(-) ig a concave functian, it follows
immediately that Riq) = Rtq) for all q if and only if R{+) is a concave
function. We may therefore conclude that revenue can be maximized with a
single price at all quantities if and only if Ri-} is a concave function.

The quantity actually produced will depend upon both the marginal
revenue and the marginal cost functions. In general, we cannot rule out cases
where the marginal revenue curve cuts the marginal cost curve at a quantity
where it is optimal for the firm to charge two distinct prices. Suppose,
however, that marginal cost is constant. Then since Proposition 2 guarantees
that the marginal revenue is also constant at any quantity in which the firm
charges more than one price, it follows immediately that revenue can always be
maximized at a guantity where the firm charges a2 single price.

These conclusions are stated as

Proposition 3: (i) The firm can maximize its revenue at all output levels

using a single price if and only if the (single price) marginal revenue
function is nonincreasing. (ii) If marginal cost is constant, then the firm
can always maximize revenue by producing a guantity which equates the (single

price) marginal revenue to marginal cost and then charging a single price.

4, An Example With Twp Prices

For any demand function with points of discontinuity, there will be a
range of output levels at which it is optimal to charge more than one price.

I consider here such a demand curve and contrast the optimal pricing policy
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and the corresponding revenue function with the pricing policy and revenue
function which result when the firm is constrained to charge a single price.

Consider the following demand function:

Dip) = 0 for p > 23
Dipy =1 for 1 < p ¢ 24
Dip} =5 for 0 < p ¢ 1

1f the firm is constrained to charge a single price, then it will earn a
revenue of 2q for q {1 and a revenue of g for 1 < g ¢ 4. The wmarginal
revenue will be undefined at g = 1. Now suppose we permit the firm to charge
more than one price. Then for g ¢ 1, its optimal pricing strategy is to
tharge a price of 2 for all units. For 1 < g { 4, its optimal policy is to
charge price | for the first Si{g-1)/4 units and price 2 the remaining (3-g)/4
units. The marginal revenue is 2 for the first unit and 3/4 for the next four
units.

The example is illustrated in Figure 1. The demand curve is presented
in the top half of the figure. 1In the bottom half of the figure are the two
revenue functions. Both the optiwal revenue function and the single price
revenue function are identical for the first unit. At g =1, the single
price revenue function R has a downward discontinuity whereupon it increases
with slope | up to g =353, 1In contrast, the optimal revenue function is found
by connecting the singie price revenue at gq = 1 with the single price
revenue at g = 5 with a straight iine. DOver this range of outputs, the firm

will charge a price of i for spme units and a price of 2 for the other units.

5. Concluding Remarks
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Although I have concentrated on the analysis of a static model, a
similar result could have been established in a dynamic model where the firm
faces a flow of consumers with random demand curves. In such a case, a firm
with an upward sloping marginal cost curve might find it optimal to randomize
from day to day (or week to week) over two different prices in order to
achieve a flow demand egual ton average) to its flow supply.

I should emphasize, however, that our argument depended crucially on
our implicit informal appeal to the law of large numbers so that we could
identify the realization of the effective demand curve with its average., If
we explicitly take into account the discreteness of the product space and the
consumers, we are confronted with a complicated integer programing problen.
For this probiem, Krishna and Perry (1983) have been able to show that the
firm will charge a single price when marginal cost is zeroj otherwise, very
little seems to be known about the optimal pricing policy.

Finally, it would be interesting to examine the extent to which
competition would remove or enhance the possibility of an individual firm
using price dispersion. I have not yet examined this question in much detail.
However, some preliminary analysis indicates that the answer may not be
simple. Suppose consumers have zero search costs and firms face capacity
constraints., Then the Nash equilibrium sometimes implies price randomization
even when each firm is constrained to charge the same price for each unit.
Typically, however, there will be a range of capacities which imply a
deterministic equilibrium pril:e.7 In this case, it can be shown that if a

monopolist would use two different prices to sell an output equal to the total

capacity level, then a duopolist also has an incentive to use two prices as

EXEEREERERERER

7This occurs whenever neither firm can benefit from raising its price when
both firms charge the price where aggregate demand equals aggregate guantity.
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long as the other firm charges the single market clearing price. In such a
case, the equilibrium of the market requires not only that each firm charge
different prices for different units but that the pricing policy itself be

random.
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Figure t. Comparison of Revenue Under Optimal Pricing with the Single Price
Revenue.
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