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ON THE AXIOMATIC APPROACH
T0 THE MEASUREMENT OF TECHN1CAL EFFICIENCY

R. Rabert Russell1

{. Introductory Remarks

Efforts to akiomatize the measurement of technical efficiency
were stimulated by the Fare/Lovell [1978] suggestion that (input!
pfficiency measures should satisfy three conditions:

t1) indication of efficient input vectors (the measure is equal

to one if and only if the input bundle is technically
pfficient in the sense of Koopmans [19811),

(M) monotanicity (increasing onme input guantity while holding

all others constant lowers the measure), and

{H) haomogeneity of degree minus one (e.g., doubling all input

quantities cuts the measure in hal+t).

These criteria have been used to assess several proposed
efficiency measures -- most notably, the Debreu [1951]1/Farrell [1957]
measure, EDF (essentially the inverse of the Malmguist [1931]/Shephard
(1970] distance function, which measures the maximum amount that an
input vector can be shrunk along a ray while holding output levels
constant!), the Fdre/Lovell [1978] measure, EFL (the makimum sum of
praportionate reductions in individual inputs in coordinate

directions), and the Zieschang (1984] measure, EZ {essentially an

L This research was supported by National Science Foundatian
Grant Number SES-8510922, I am grateful to Rolf Fire far pointing out
a problem with the original versiaon of one of my theorems.



amalgam of the Debreu/Farrell and Fire/Lovell measures, shrinking
input vectors along a ray to the isoquant and then shrinking in
coordinate directions alang the isoquant until an efficient point is
reached).
Bpl [198%]1, however, has recently shown that there does not exist
a measure satisfying the three Fiare/Lovell conditions for the broad
tlass of technologies caonsidered in this literature. Bol's result
leaves wide open the issue of what combinations of desirable
properties of a measure of technical efficiency are feasible. As Bol
points out, there are two approaches to identifying properties that
can bhe satisfied by an efficiency measure: (1) relaration aof the
desired properties and (2) narrowing the class of technologies to
which the efficency measure is to be applied. In this paper, 1 pursue
the first of these avenues af inquiry.
Three results along this line have held up:
Rl: (H) is satisfied by Ej for all technologies (Fire and
Lovell 119781},
Ry (I)N{H) is satisfied by EZ for all technologies (Zieschang
{19841, and
R31 (IYN(MINIH) cannot be satisfied for all technologies (Bol
(198411,
Buestions that have not been answered are the following:
@1: Does there exist a measure satisfying (M) for all
technologies?

@2: Dpes there exist a measure gatisfying (MIN(H) for all



technologies?

@3: Does there exist a measure satisfying (I)AIM) for all

technologies?

Another approach is to weaken (rather than eliminate) conditions.
Russell [1985]1 suggested the following weakening of monotonicity!

(WM) weak monatonicity (inereasing one input quantity while

holding others constant cannot increase the efficiency
measurel.
The one positive result regarding (WM) is
R4s (I)N(WM) is satistied by EFL for all technologies {(Russell
(198511,

Since the Fare/Lovell measure fails to satisfy the homogeneity
condition, the following question remains unanswered:

B4: Does there exist a measure satisfying (WM)N(H)?

I attempt to answer these questions in this paper. 11 also
consider a weakening of the indication condition (I) to a reguirement
that the measure is equal to | if and only if the input vector is
weakly efficient (it is not possible to lower all input quantities
while holding output levels constant). As might be expected, this
canditian, which is the indication counterpart of (WM}, interacts
significantly with other conditions in producing both possibility and
impossibility results,

More important, I also consider a condition that is perhaps more
fundamental than any of those identified above: invariance with

respect to changes in the units of measurement, This candition also



interacts profoundly with the other axioms., Most important -- and
perhaps surprising -~ is the result that this invariance condition and
monotonicity, (M), are mutually incaonsistent.

After laying down the groundwork in Section 2, I state and prove
the results in Section 3 and conclude in Section 4.

o]

2, Production Technolagies and Efficiency Measures

Let R: be the nonnegative Euclidean n-arthant and adapt the

£
toliowing notations for <(x,x> € an:

£y ) 5 Yy .
¥ o2 kit Ry 2 Xy Vi,

' P
Wor ok if k. 2 k. Wi and x # ¥,
L iz "i

x 2 % 1f L > Xy ¥ i,

and

A 1K if K 2 x; for some i,
Also, 0 is the n-dimensional zeroc vector and ﬁz = RE v {0},

The production technology is characterized by the upper-level-set

mapping, L : R" 4 SR, Liu) is the set af input vectors that can
produce the output vector uERT. Let
M= {ueRlIL(w # & N QRL(u)}
and define L as the collectian of upper-level-set mappings that
satisty
(L1} x€ltu} implies Ax€EL{u} WAE[1,+0}, ¥ u&l,
and
(L2) L(u} is closed ¥ uel,
An input vector x€lL(u) is efficient {in the sense of Koopmans

£19511) 1+ x 7 % implies XeL{u). A vector xel(u) is weakly



L

efficient if x 7 & implies X¥L(U),

An linput) efficiency measure is a mapping E : [ x ﬁg ¥ L #
{0,11U{+0} with the praoperty that E{u,x,L)€(0,11 if and anly i+
x6L{u). The properties af E proposed by FHre and Lovell (19781 are
(1) Edu,x L) =1 iff x is efficient,

(M) E(u,x,L) ¢ Efu,x,L) if X 7 x, XEL(w), and KEL(u),

and

(HY  Eduyaxsl) = A PE(u,x L) ¥ AEED(u,x,L) b, 400, ¢ xeL(ud,
where [ is the distance function, defined by

D{u,xyL) = max{A€R_{x/A€L{u}l,
A

The weaker version of (Mi suggested by Russell (19731 is
(WM} Etu,x,L) < Efuyx,L) if X » x, ¥€L{u), and x€EL(u),
The e+ficiency measures propased by Debreu [1951] and Farrell

{19571, F&re and Lavell [1978], and lieschang (1984] are defined, far

xE€L(u), by

EDF(u,x,L) = D(u,x)—l,
n n
Ep (uyx L) = min ( E ki /B &(x;) | KxEL(U) Nk ;€00,10¥1 3
k i=1 i=1

and
Ep(uixyL) = Eg Guyx/Dtuyn, LYy /Diu,n, Ly,
where K ig the positive diaganal matriy with [kl,...,knl an the
diagonal,
Lifx; 20

Stxi? =
nif Kyo® 0,



and LY (W = Liw + RQ {the free-disposal hull of L{u}).

3. _Results
The f+irst theorem shows that, by dispensing with the homogeneity
condition (H), we can salvage the indication and monotonicity

conditians, (I) and (M), Ta this end, define the efficiency measure,

£
EpLy BY )
min { E ok, | Kix+e) € LGw+{ed N k,EL0,1T ¥i )} if x€L(u)
. ko i=l
Egy (uyx,l) =
FL ™™
+0 if x€L(ud,

where K 1s the n x n diagonal matrix with k on the diagonal and
5;R2 18 the vector with each element equal to se(0,+®), Note that,
although the definition only restricts ki to the closed interval
[0,11, the minimizing vector k¥ satisties k* > 0, since Liul+{e} is
contained in the interior of RE.

Thus, E;L is a modification of the Fare/Lovell measure,
obtained by displacing the level set L{u) and the vector x by the
tactor ¢, This displacement, which can be arbitrarily small,
eliminates those cases where EFL fails the monotonicity criterian, as
shown by Theorem 1,
Thearem 1. Ef satisties (1) and (M) for all LEL,
Proaf: To prove (1), suppose the cantraryt there exists an efficient
x*EL(u) such that E;L{u,x*L) < 1 or, alternatively, there exists an

inefficient x*eL(u) with E;L(u,x*,L) = 1, In the first case, for



some 1, Say i, k? { 1 where

(a)  k* = arg min { Ek, | Kix*+e) € Liu)+led Nk, € 10,01 Wi 3,
k i

Since K¥(x* + ¢) € L(u) + (¢}, we have
(b k*x* & Liu)y + (¢ - K* e},

Together with & - K* ¢ » 0, (b) implies that k*x* € L{u). Since

*

K?x} $ xz, this contradicts the assumption that %™ is efficient,

In the second case, there exists an x€L(u) such that Qj ( x?

for same j and x, = x¥ for all i # j. Thus, K + ¢ € L(w + (e,
Consequently, for k, ¢ (k; + er/txd + &) < 1, Eik+a)e Liw + (e},
contradicting E;L(u,x*,L) = 1,

To prove (M), consider x*eLtu) and xeL(u) satisfying x* ¢ K.

As k*, defined in (a), is positve, K*(x + & > K*x* +0) and there

I

—

I3

enists a k satisfying k < k¥ such that ¥ o+ e} B L{u) + {e}
Hence, Ef (uyk L) € EF (upx®, 00 1]

While the constructiaon E;L provides a way of salvaging two of
the three Fdre/lLovell conditions, it unfortunately has a perverse
property that undermines its attractivenmess: 1t is not invariant with
respect to changes in the units of measurement. Essentially, this is
because the shrinkage factor, k, is proportional with respect to ¢
rather than the origin, 0. I believe that insensitivity to the choice
of units of measurement is a more fundamental oroperty of efficiency
measures than either (I) or (M), Let us, therefore, explore the

implications of adding the following dimensionality axiom:

(D) 1f 4 = Qu and x = Ak, where (! and A are, respectively, mx m



and n % n positive diagonal matrires and Ly = {QEREIXEL(u)),
then E(U,%,L1 = Efu,x,L}.
The next result shows that not only does EEL fail ta satisfy
(D) but, in fact, no measure satisfying (M) can meet the criterion (D)
for all technologies.

Theorem 2. There does not exist an efficiency measure E satisfying

(D) and (M) for all LEL.
Proof: Concider the technolagy with the level set,

LG@) = ¢ xeRT | %20 Dx; 2 X, » 0% i#j)

for some UEl., It is easy to shaw that this level set is cansistent
Wwith (L1l and (L2).

For x€L(J), define ¥ by X. = AX

] i where AE(l,+0}, and

4

X; = k; # 0 for all i # j. From the definition of L(U), xEL(W)

implies that sEL(U). By (D),
- -
E(U,k,L) = E(G,x,0),

where L is defined by

Ctw

{xERT IKEL ()}

{xeR] [KEL (0))

Liuw),

Consequently,

E{G,%,L) = E(U,X,L),
contradicting (M.l

1f one takes the condition (D) to be fundamental, it would appear
that the monotonicity rcondition (M) should be jettisoned from the list

of desirable criteria for efficiency measures. The question this



raises is whether the weaker monotonicity condition (WM) is compatible
with invariance with respect to changes in units of measurement. The
next theorem answers this questiaon affirmatively,

Theorem 3. Ep satisfies (D), (1), and (WM) for all LEL,

Prooft The properties (I) and (WM) were established hy Fare and
Lovell [1978]1 and Russell [1985), respectively. To prove that EFL
satisfies (D), let

k*¥ = arg min ¢ Ek /B8 ) | KxEL{wW) 0 Kk ELO,10 ¥i ),
k i i

and consider

ECQu, tx,() = min ¢ Bk /B8N X | kaxelcou) n ki €L041D vi 1,
where, as in the de:init;on ;f (D), 1 and A are positive diagonal
matrices, and

Ceaur = caxeRYxeLiu .
This last identity implies that xsL(u) if and only if Axeliquw.
Hence Kx€L{u) if and only if KAxel(Qu). Moreover, since A is
positive, S(Aixi} = S(ai) Yi. Cansequently,

ECQu hx L) = E(u,x L), |
The next theorem shows that homogeneity (H), along with the indication
condition (1), is also compatible with (D),
Theorem 4. EZ satisfies (D), (1), and (H) for all LEL.

Proof: Zieschang [1784] showed that E;, satisties (1) and (H), Ta

prove that E; satisfies (D), in the light of Theorem 3, it suffices to

show that
Diau,ax L% = peuyx, LS.

To see that this is sp, note that
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KeL™(u) <=> 3KER] | x-X € Liuw
¢=> 3eR] | ax-ak e (oo
¢ me Loow + RY = L 0w,
where the last equivalence exploits the positivity of A,
Conseguently,

Diou, M, L) = max ¢ aeR, | Mx/a € LT oaur )
o

= may { aER+ | #/a € L+(u) }
o

= D(u,x,L+). I

Theorems 3 and 3 indicated that (WM) and (H) are separately
compatible with (D), This raises the question of whether (WM) and (H)
are jointly consistent with (D). In fact, Bol (19851 has shown that,
given (1}, (WM) and (H) are incompatible whether ar nat (D) is
satistfied.

Theorem 5. There does not exist an E satisfying (I}, (WM), and (H)
for all LEL,

Proof of this theorem can be found in Baol [1%85), although he
states the result in the weaker form with (M) substituted for (WM).

Thus, in arder to salvage (WM) and (H), we would have to modify
(IN'w To this end, consider the conditian

(W1} Efu,x,L) = 1 i4f x is weakly efficient.

As it turns out, this indication condition is incampatible with
haomogeneity:

Theaorem 4. There does not exist an E satisfying (WI) and (H) for

all LeL,



11

Proaf: Consider any level set with XeL(u) where Kk } 0, By
(L1), AXEL(uw) for A > 1, Since L(u} c R}, K and AK are
necessarily weakly efficient, so that (WI} implies Elu,Q,L) =
Etu,AX,L) = §. But this violates (H).

It is, hawever, possible to salvage (WM) and (H) if we weaken
(MI) to

(WI) For all x > 0, E{u,x,L) =1 iff x is weakly efficient,

This condition has same appeal (as compared to {WI}) because
input vectors on the boundary of RE are trivially weakly efficient
and, consequently, a measure satisfying (WI) provides no (indication)
information about vectors on the boundary. Define the efficency
measure EEF by

Dluyk L5l if xeLiw
EBF(u,x,L) 3
+0 if xeL(w)

where, it will be recalled, LY uy = L) + RQ. Thie modification of
the Debreu/Farrell measure is equivalent to the "weak input measure of
technical efficiency" formulated by Fire and Grosskopf (19831 (see,
also, Fdre, Lovell, and Grosskopf (1985, pp. 57-441).
Theaorem 7. EBF satisfies (D}, (ﬁﬁ), (M), and (H) ¥LeL.
Proof: The invariance of D(u,x,L+) with respect to changes in units
of measurement was shown in the proof of Theorem 4. To prove that
E;F satisfies (W1}, suppose that x* > 0, x* is weakly efficient, and
ECux®,L) < 1. Then x*eL(u) and A*eL¥(u) for same A < 1. Thus,

there exists an KEL(u) such that ¢ h* ¢ x* contradicting the



supposition that x

an ¥EL{u} such that x ¢ x* If ¢ = min tx}- X

Now suppose that «

* is weakly efficient. Hence, Efu,x*,L) = 1,

* is not weakly efficient. Then there exists

ili = 1,..a4yn}, and

A= GIx*h - o /Ix*l, then Ax®>X. Hence ax*eL*(u)., However, as

AL,

Elu,t*,L0 = Dtu,x*, L)

Le]
completing the proof of (WI),.

To prove that EBF satisfies (WM}, consider XEL(u) and xEL{u)

satisfying x » x. By the definition of D, x/Dtu,x,LTr&LY(u),

Moreover, as ?/D(u,x.L+) > x/D(u,x,L+), Wwe have QlDtu,x,L+)EL+(u).

Consequently, Diu,x,L") » Diu,x,L*).

Finally, the property (H) follows immediately from the +first-

degree homogeneity of the distance function D. |

(1

(2)

(3}

(4)

4. Concluding Remarks

The summary and upshot of the foregoing results are as follows:
[+ we insist on the fundamental dimensionality property
(insensitivity to changes in units of measurement), (D), we can’t
have monatonicity (M),

[f Wwe weaken monaotonicity to (WM), we can have indicatian of
efficient vectors (I) or homogeneity (H), but nat baoth.

We can have (H) as well as (WM) if we modify (I) to the weak
indicatian condition (WI).

Consequently, in the the context of the feregoing axiom system,

We muat choose between
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ta) (DY A (I} A (WM), satistied by EFL‘
and

(b) (D) N (WD) N (W) N (H), satisfied by Epc.
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