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bstract

The paper investigates the relation between the equilibria of discrete and
continupus time formulations of the War of Attrition. We show first that
there is no analogue in continuous time for the variety of types of discrete
time eguilibria. GSecond, there is pgenerally not a one to one corresponderce
between the eguilibria of the continuous time game with the limiting
distributions of the equilibria of discrete time games. The set of continuous
time equilibria is sometimes larger and sometimes smaller. The reasons for
this divergence and its relation to the results obtained by other authors are

explored in some detail.



i. Introduction:

There are many problems 1n economics where a choice must be made
between formulating a model in discrete or continuous time. Although the
computations are often simpler in continuous time, the discrete time
formulation frequently corresponds more closely to the actual decision problem
of the agents. For single person decision problems {(or problems where
individual agents are insignificant), the behavioral implications of the two
formulations are generally eguivalent. 1In models of strategic problems
invplving two or more agents, however, the payoff functions in the continuous
time formulations are freguently discontinuous. In these cases, the
continuous time and discrete time formulations may have different implications
for the behavior of the agents. When a choice is to be made hetween the two
formulations, therefore, it is important to determine the circumstances under
which these differences arise.1

In this paper, we present a systematic analysis of this comparison for
a specific game of conflict krown as the War of Attrition. 1In this game two
players must decide at each instant of time whether to move {concede) or
compete (wait}. The game ends as soon as one of the players moves., Its
escgential characteristics are that the return from moving first (leading)
decreases wWwith time and that the return to following (letting the other player
move first) is always greater than the return to leading.

EEEEREEREERERS

1Several authors, in their analyses of various strategic problems, have, at
least implicitly, appealed to some kind of eguivalence between the two
formulations., For instance, Cramton (19B4) analyzes a bargaining problem in
continuous time, but uses the limit of the equilibria of an alternating offers
game formulated in discrete time to close the model. Kreps and Wilson (1982)
formulate the two sided uncertainty version of their model of the chain store
paradox in discrete time, but then analyze the equilibrium of the continuous
time analogue. Fudenberg and Tirole (1985) study the timing of adoption of a
new technology in continuous time, but then justify the diffusion equilibrium
as the liwmit of discrete time equilibria.
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Both the discrete time and continupus time formulations have been used
to analyze a number of econcomic prnblems.2 For instance, Benoit (1%85) uses a
simultaneous move, discrete time model to analyze price wars while Fudenberg
and Tirole (1984) use a continupus time model to amalyze a similar problem.
{rdover and Rubinstein (1985) use an alternating mave, discrete time framework
to analyze a simple bargaining problem while others, such as Bliss and
Malebuff (1984) and Dsborne (1984) formulate these kinds of problems in
continuous time.

Several authors have already observed that games of timing may possess
more equilibria when formulated in continupous time than in discrete time. For
example, Kreps and Wilson (!982) analyze a problem in which a monopolist is
cequentially threatened by a single firm in N markets as a War of Attritiaon
and note that, under the assumption of complete information, their model
possess a mixed strategy eguilibrium in continuous time while none exists in
discrete time. Similarly, several authors have also ochserved that one can
lose equilibria in going from discrete time to continuous time. For example,
Fudenberg and Tirole (1984} note that in preemption games such as the "grab
the dollar" game, the limits of discrete time equilibria are not alwavs
equilibria in the continuous time formulation of the gawme.

In this paper, we demonstrate that when decisions are made at discrete
points, a variety of equilibrium behavior patterns are possible which have no
analogue when decisions are made cuntinuuusly.3 Each of these patterns
converge to the same family of distributions as the length of the period goes

LAEAZER SRR LN LS

“In addition to applications in economics, there is an extensive literature on
the War of Attrition in the field of theoretical biology. It was introduced
by Maynard Smith (1974) and subsequently extended ty a number of authors {e.g.
Bishop and Cannings (1978), Nalebuff and Riley (1%84)}, A more complete
literature survey is given in Hendricks and Wilson (19B35).

3This issue is examined in greater detail in Hendricks and Wilson (198%5).
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to 0. However, depending upon the properties of the payoff functions, only
certain local patterns may be consistent with egquilibrium. This has
implications for the size of the family of limiting equilibrium gisgtritutions
and hence the relation btetween the equilibria of discrete time and continuous
time models.

Specifically, we obtain the following results. First, in games with a
finite horizon where the return from leading is always positive,4 there i:s one
mixed strategy equilibrium in discrete time but no mixed strategy equilibrium
in continuous time. The reason is that the payoff function is discontinuous
in a way that Dasgupta and Maskin (1982}, in their study of the existence of
equilibria in discontinuous games, call ggggﬂLLiL,S That is, the limiting
distributions of the discrete time equilibria contain an atom of probability
at a point in the strategy space where the pavoffs to the players are
discontinuous.

Second, in games with a finite horizon where the return to each plaver
from leading is equal to ¢ at the same time, there is a one parameter family
of mixed strategy equilibria in continuous time, but “"generically” only one
mi:ed strategy equilibrium in discrete time. BSince, when time is discrete,
each player ‘s return from leading is generally never equal to 0 at any
decision point, the probability with which a player moves in any period ic
uniquely determined by the condition that he is either indifferent between
moving in that period and waiting until the terminal period or prefers to
wait. bBecause of the implications of this rectriction on the "local"

FEEERRERERERER

4we rnormalize payoffs so that both players earn a return of 0 if both wait
until the terminal period T.

5They provide a set of sufficient ronditions for the eristence of a mixed
strategy equilibrium even in the presence of discontinuities. The condition
which is violated In the War of Attrition is that the sum of the pavoffs to
the players is upper semi-continuous.
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structure of the equilibrium, the result is a unigue mixed strategy
equilibrium in discrete time games. Since there is no analogue to this local
structure for continuous time strategies, games in continuouse time alwaye
possess a one parameter family of equilibria,

Finally, if there is no terminal period {i.e. the time horizon is
infinite}, then the possibility that a player never moves implies no
restrictions on the eguiiibrium strategies. In these cases, there 1s a
continuum of equilibria in both the continuous and discrete time games and the
set of equilibria of the two formulations coincide in the limit.

Before discussing the organization of the paper, we should emphasize
that our analysis is conducted conly for games with complete information.

Since much of the recent analysis has been for games with incomplete
information, our results cannot be directly applied to many of these games.
In csome of these games, our results must be substantially modified, while for
others, the analysis is essentially unchanged, Given the sensitivity of ocur
results to exactly how incomplete information is introduced, we will not deal
with such games in this paper.

The paper is organized as follows. The assumptions and description of
the game are given in Section 2. In Section 3, we note that any differences
in the equilibriz of the discrete and continuous time formulations toncern
mixed strategy eguilibria which we refer to as nondegenerate equilibria. In
Section 4, we characterize this class of equilibria when players make
decisions continuously. In Section 5, we provide a similar characterizatian
when the players make decizions at discrete intervals, In Sectign &, we
derive the family of distributions which can arise as the limit of discrete
time equilibria and compare it to the set of equilibria obtained in tortinucus

time. We conclude with a discussion of the factors that need to be considered
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in makirng a choice between the two formulations.
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Two players, a and b, must decide when to make a single wove at some
time t between ¢ and T (0 < T é o). 1In what follows, &« will refer to an
arbitrary player and A to the other player. The payoffs to the plavers depend
upon Which player moves first and the time that he moves. To simplify the
analysis, we will assume that all returns are discounted at a constant
discount rate § > ¢, that they are symmetric, and that the return from moving
alone at time t is equal to the return from moving simultaneously with the

other player at that time. Then, i+ player ¢ moves first or simultaneously

with player # at time t, he is called the leader and earns a return ae” 8t

If player # moves first at time t, player o becomes the follower and earns a

return Be_st. 1f neither player moves before time T, then plaver o earns a

return Ha' In the analysis that follows, it will be convenient to normalize
the returns s0 that the return to each player if neither player ever moves is

0. Given this nourmalization, the return to player « if he is the leader at

time t becomes L“(t) = QE-St - H and if he is the follower at time t, it is

a!
v -5t _
wa(tr = Be Ha'

We will study the class of gqames satisfying the following assumption:

Al iy B » & >0 for o

H
[l
(=

. |
{iil A Ha for «

n
ar
(=
L}

Eondition (i), together with the assumption that § > 0, implies that Nait?
alWways exceeds La(t) and that Lm(t) decreases with time. In order to ensure

that the players have an incentive to move at time O rather than wait until
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time T, we assume, in condition (11), that LK(O] exceeds (¢ for both players,
In economic contexts, the interpretation of the payoffs when both
players wait until time T generally depends upon whether T ig finite or
infinite. If T is finite, Hm may represent the equilibrium payoff to player =
in some continuation game played at time T. Hence, it may be unrelated to the

values of Ae %' and Be 8T, In order to examine the implications of
acymmetries in the payoffs, we will not require that Ha be equal to Hb in this
case. I[f T equals infinity, then Hm represents player a«‘s payoff if neither
player ever moves. Assuming players discount their returns over time, then it

is reasonable to suppose that Ha is equal to ¢, We will therefore assume

a2 1f T = o, then H

It
I
i

0.

We want to compare the equilibria of the game when decisions are made
continuously with the equilibria of the game when decisions are made at
discrete but arbitrarily small intervals. It will be necessary, therefore, to
consider a sequence of discrete time games in which the partition is made

successively finer. For any & > 0, let

J, = (t < T: t € {0,8,28,38,...3].

We will denote by 6, a game irn which all decisions are made at times in e

The returns to leading and following at any time ¢t E JA are then giver by

the values of Lu[t) and Na(t) respectively. MWe will denote the continuous

time game as BO and, accordingly, define J, = [0,T).

An textensivel game E1 with a finite horizon is illustrated in Fiqure

1. Starting at time O, both plavers must decide simultaneously whether to
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move (M) or wait (W)!. If either player decides toc move, then the payoff to
each player is determined and the game is over. Otherwise, the game proceeds
to the next period, where once again both players must decide whether to move
or wait., This process continues until one of the players moves or period T is
reached. @& pure strategy for this game is thus a function mi J1 3 {H. W7,
where wm(t} = M means that the player plans to move in period t if neither
plaver has moved prior to that period and m(t) = W means that the plaver

intends to wait in period t if this period is reached.

In this paper we focus primarily on Nash |=_u:|uiliI:uri.;l.""I For this

purpcese, the description of the strategy space given above is unnecessarily
rich. For any strategy m, let t(m) represent the earliest time at which the
player plans to move. Then, since the payoff to each player depends only on

who moves first and when he moves, any two strategies my and Mo such that

t(ml) = r(mz) are equivalent. Consequently, wWe can represent the strategy
space of the strategic form ot the game by a set of eguivalence classes of
extensive form strategies indexed by the time t at which the plaver plans to

move first, A mixed strategy for G, in the strategic form is then a

4

probability distribution F over the set of pure strategies, JA.7

U EEREEXER LR

bln tact, for the class of equilibria on which we focus our attention, subgame
perfection is implied. GSee Lemma 4.2 below.

7ﬁn alterpative interpretation of a2 game with this strategy space assumes that
both players commit themselves at time ¢ tu the time at which they will move
first., In that case, the issue of subgame perfection does not arise. Faor
most economic interpretations, however, the assumption that plavers commit
themselves at time 0 is not consistent Wwith our assumption that the pavoff to
following is independent of when the follower had planned to move.
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Whenever possible we will formulate our concepts so that they apply to
both the discrete and continuous time games. Thus, Fa(t) denotes the
probability that player « plans to move on or before time t and, if Fa 15
differentiable at time t, f (t) denotes the probability density at time t.
The probability mass at time t is denoted by qa(t}, and if¢ Fa(t)—qu(t) <1,
r {t) = qm(t)/[1+qa(t}—Fq(t>] is the probability that player o« plans toc move
at time t conditional on neither player having moved before time t.

The payoff to plaver & from moving at any time t less than T, given
is

that player A is following strategy FH’

-t . : 8
Pqtt’Fﬁ} = I—m“a(V)dFﬁtV) + [Lm(t) Na(t)]uﬁlt) + La(t)[l-Fﬂ(t)] ’
and the payoff to player o from waiting until time T is
F (T,F.} = JT W (v)dF ,(v)
¥ VA -0 i *

For an arbitrary strategy combination (Fa,Fb), the expected payoff to plaver «
is then

. _ o . .
FofFaiFp) = [DgP (b Fg) dF tty,

A strategy combination for B,, (FY,F!), is an eguilibrium for B,
if Pa(F;,F;) by Pa(Fa’FE) for all G, strategies F,, « =a,b and 4 # a.

It is useful to distinguish between two types of equilibria for these
games. An equilibrium in which one of the players moves with certainty at

ETEERRELRREREERS

8The expressions are complicated by the fact that the integral Ii dF ()
inciudes any probability wass at z but not at vy. ’



time 0 we will call a degenerate eguilibrium. ALl other equilibria we will

call nondegenerate.

Degenerate Equilibria

[#F]
-

Whether the game it formulated in discrete or continuous time, it is
eacy to show that Assumption Al implies that, for either player a«, there is a
degenerate equilibrium in which he moves immediately and the other plaver

g

follows. If we impose the requirement of subgame perfection, one of the

equilibrium outcomes may be eliminated, but there is always at least one

subgame perfect degenerate equilibrium.10

Since we wish to focus aon the
differences in the equilibria of the discrete and continuous time

formulations, our attention in the remainder of the paper 15 on the

nondegenerate eguilibria.

4, Nondegenerate Eguilibria in Continuous Time Gamgs

In this section we characterize the nondegenerate equilibria of B@.
We establish that in every nondegenerate eguilibrium, the strategy of each
player follows an exponential distribution with possible mass points at time O
and, if the horizon is finite, at time 7. We then determine the necessary and
sufficient conditions under which these egquilibria exist and prove that, if
these conditions are satisfied, then there is a one parameter family of such
equilibria. The family is indexed by the probability with which one of the
players moves immediately at time 0,

FERRERRERREREE

qIn fact, there ic generally an infipity of equilibrium strategies by the
other player which support the same outcome.

10SEE Hendricks and Wilson (1983) for a complete characterization of the
subgame perfect equilibria for this game formulated in discrete time.
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Throughout this section, (Fa,Fb) will refer to a nondegenerate

equilibrium.11

4.1 Properties of Nondegenerate Equilibria for @0

We begin by establishing a number of restrictions which must be
saticsfied by & pair of equilibrium strategies. The arguments are quite
standard for games of this type. We include them here in detail in order tc
contrast the properties of the continupus time game with those of the

corresponding discrete time game to be analyzed in Section 5.

Lemma 4.1: Suppose Fm(t—e) = Fm(t) <1 for some ¢ > 0. Then

FB(t-e] = FH(t).

Lemma 4.1 states that if player « plans to move with probability O in
an interval (t-e¢,t]1 but plans to wait until after time t with positive
probability, then it cannct be optimal for player A to move in the interval
{t-e¢,t). The reasoning is as follows. By waiting beyond time t-¢ and moving
at some time v € (t-e,t], player A incurs a positive cost due to the decrease
in the return to leading. There is no possibility of gain, however, since
player o moves with probability & in this interval. Conseguently, if player 8
plans to move prior to t, he will do so no later than at time t-e.

Given any strategy combination (Fa,Fb), define

to= RCF,Fp) = indlt ¢ Tromax{F(t),Fp (1)) = 13

FHEHEELEEHEREN

11Since a more general analysis of this model has already appeared in several
places {(e.g. Wilson and Weiss (1984) for continuous time games and Hendricks
and Wilson (1%9B3) for discrete time games), we will not always provide
complete proofs of all of pur results. We will, however, provide reasonably
tight heuristic arguments for important results we wish to stress.
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to be the earliest time by which at least one of the players plans to move
with certainty.
Lemma 8.2: 1f £ > 0 then t = 7.12

Lemma 4,1 implies that if the eguilibrium is nondegenerate, then there
ic a positive probability of reaching any time t before T. The argument 15 as
follows. Suppose t is the earliest time by which at least one of the plavers,
say player B, plans to move with probability one. If 0 ¢ t ¢ T, then
Assumption Al implies that there is an interval I{t-¢,t] such that conditional
on the game reaching any time v in that interval, the return to player o from
waiting until time t and being the follower is larger than his return from
being the leader at time v. But, if player & plans tc move with probability O
in the interval (t-e,t], Lemma 4.} implies that player A also plans ta move
with probability 0 in this interval, contradicting the hypothesis that t is
the earliest time by which player 8 moves with probability 1.

The next step is to use Lemmata 4.1 and 4.2 to eliminate the

possibility of mass points occurring at times other than ¢ and 7.

Lemma 4.3: (i) qa(t) =0 4or t E (0,T)y

1
>

(1) g 0)gy (0)

The logic behind Lemma 4.3 is as follows. Suppose player 8 plans to
move with positive probability conditioral aon reaching some time t € (0,7},

EEEERFEREER XL

12yote that this Lemma implies that every information set ic reached with

positive probability. Therefore, any nondegenerate eguilibrium is subgame
perfect.
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Then player o strictly prefers moving just after time t to moving during some
small interval prior to time t., But if player a woves with probability ¢ in
some interval (t-«,t], Lemma 4.1 implies that player A also plans to move with
probability ¢ in this interval, caontradicting the assumption that qﬁ(t) is
positive., At t = 0, player a does not have the option of moving earlier. so
the argument implies only that at most one player moves with positive
probability at time 0, At time T, player & does not have the option of moving
itater, so the argument does not rule out the possibility of a mass point at
time T,

The next definitian applies to discrete as well as continuous time

games. For apy pair of equilibrium strategies (Fa,Fb) of a game GA, let

t* = t*¢F Fyd = infit € J,UT: F (t)-q (t} = 1-q (T}, « = a,b3

represent the beginning of the last interval of time during which neither

13

player ever moves. I+ such an interval does not exist, then t* is defined

to be equal to T.

Lemma 4.4: F_ is strictly increasing on [0,t¥*1.
Lemma 4.4 states that in a nondegenerate equilibrium, the distributian
representing the strategy of player « i1s strictly increasing from time ¢ ta
time t*. 1f t* < T, then neither player moves during the interval (t*,71, in
which case Lemma 4.7 implies that there is probability mass at time T.
The argument ic as follows. Suppose there is an interval (t’,t"1,
EEERELRRRRRREY

Fye cubtract Gutt) from F (t) in order make the definition consistent with

its use in our analysis of discrete time games,
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where t" is less than T, during which player 8 plans not to move. Since the
pavoff to leading is continuous and decreasing with time and, by Lemma 4.3,
FB(t) is continuous at t", there is an ¢ * 0 such that player a prefers tao
move at t‘ rather than at any time in the interval (t°,t"+e¢l. Hence, for =
positive and sufficiently small, F“(t’) = F“(t"+e). Lemma 4,1 then impliec
that plaver # alsoc moves with probability O in the interval (t’,t"+c]. We
conclude, therefore, that if an interval exists in which player § plans not tc
move, then that interval must extend to time T for both players.

Our next step is to calculate the functional form of the mixed
strategies on the interior of their supports, (0,t*). Since player o must be
indifferent between moving at any time t E (O,t*), we require for any

t € (0,t%) and € B (0,t¥*-t) that

o
|

= P (t+e,Fy) -F (4,F g

t+e - 5 - -
It [Hu(vl La(t)] dFB(vJ + [ FB(t+e)][La(t+e) La(t)]

R TS Eak i S L L N S LTI P LITRAARTE Y

E-St‘[B-A+o(c)J[Fﬂ(t+e}—FH(t)J - [l-FB(t+e)]A[Ee+n(52)]},

where the last equality uses a Taylor’s approximation, Dividing by ¢ and

rearranging terms then yields
[Fﬂ(t+£)—FH(t)]fe = [ﬂ(6+o(e))/(B-A+o(e))][I-Fﬁ(t+£)3.
Taking «¢+0 then yields the differential egquation

dFﬂ(t);dt = fB(t) = [EQ/(E-Q)][I-FB(t)J.
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Upon integration and fixing the initial condition Fﬁ(O) = qH(O)‘

we then chtain
(A1) Fg(t) = ggio) + [1—q8(0)1[1—e‘[5“/‘5‘”’3t1.

Let

g + (1-gqili-e DERZUB-AIIt)  hor b e ot ¥,

L&A/ (B-mY 1t

Eftig,t¥*) = q + (1-gq)l1-e 1 for t e [t*,Ti;

l for t =T

Lombined with Lemma 4.4, eguation (4.1) implies that any nondegenerate
eguilibrium strategy, FB' must equal E(t;q,t*i for some g € [0,1}) and
t* € (0,71, Any differences in the equilibrium strategies must then occur
either in the probability mass at time O or in the time t* after which the

probability density is set equal to 0,

4,12 The Terminal Conditions and a Characterization of Nondegenerate

Equilibria for Continupous Time Games

Up to this point all of our restrictions on the egquilibrium strategy
combinations have followed from implications of the optimal behavior from time
¢ to time t*. To complete our characterization of the equilibrium strategies,
we need to consider the implications for the optimal responses of the plavers
when they take into account the possibility of waiting until period 7. To
facilitate a comparison with the limit of discrete time games, we distinguish
between games with a finite horizon and games with an infinite horizon. We

deal with the infinite horizon game first.



4,2.1. Games with an Infinite Horizon

Since Assumption A2 implies that La(t) » 0 for 2ll t > 0, it
follows immediately that t* = o, Otherwise, upon reaching time t*, both
players would move with probtability 1, contradicting Lemma 4.2, Beyond thic
restriction, one may readily verify that any pair of strategies satisfying
Lemma 4.3 and equation (4.1} constitute an equilibrium. Then we may state
Theorem 4.1: Suppose T = @. Then (Fa,Fb) is an equilibrium if and only if

(i) Fa = E(-;qa(O),m] with 0 2 qu(O) <1 for o= a,b, and

We conclude that, when the horizon is infinite, there is a one
parameter family of nondegenerate equilibria indexed by the probability with
which one of the players moves at time 0. Each player moves with a constant

hazard rate of &éR/{B-A) throughout the interval (0,0},

4,2.2 Games with a Finite Hgrizon

Consider next games with a finite horizon. To ease notation, let
Lu(T) = 1imt+TLa(T)' In contrast to the infinite horizon game, it follows
from Lemma 4.% that there is a positive probability that btoth players will
cthoose neveer to move. TYhus, player 2« must be indifferent between moving at
any time before t* and waiting until time T. But, since Lemma 4.3 impliec
that the probability that player f# moves in the interval (t,T) approaches zero
as t approaches t¥*, it then follows that L&(t} must approacth ¢ as t approaches

t¥,  We conclude, therefore, that
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Lemma 4.5: La(t*) = L, (t%Y) = 0,

b

For each player a, define

T, = infl{t € {0,T): Loty € 03 U T]
to be the earliest time in which the return to player « from leading is less
than or equal to ¢ (or T if no such time exists). tet r = in¢ {ra,rb}. Thern
Lemmata 4.3 and 4.5 can be combined with equation (4.1) to yield the follawing
tharacterization nf the set of nondegenerate equilibria in finite horizaon

games.

Theorem 4.2: (&) I+ T < ®, a nondegenerate equilibrium exists If and only 21+¢
T3 = Ty and L_(T) £ 0 for o = a,b.

(b} If a nondegenerate equilibrium exists, then (Fa,Fb) is an equilibrium if
and only 14 (i)} F“ = E(-;qa(O),raJ Wwith 0 ¢ q t0) {1, a=a,b, and

(i1) g, {0kgy {0y = 0.

We conclude that when the horizorn is finite, nondegenerate egquilibria
exist if and only if the return from leading is equal to O at exactly the same
time for both plavers. MWhen a nondegenerate equilibrium exists, there is a
one parameter family of nondegenerate equilibria, indexed by the probability
with which one of the players moves at time 0. Each player moves with a
constant hazard rate of &§A/{B-A) in the interval {({,t), whereupon they wait

until period T.

3. Nondegenerate Eguilibria in Discrete Time Games
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In this section we characterize the set of nondegenerate eguilibria
when the set of times at which the plavers can choose to move is discrete. We
establish that equilibrium strategies may display three possible patterns.
The pattern may be fully mixed in which case both players move with positive

probability conditional an reaching any period. It may be alternating, in

which case the players alternately move with positive probability in every
other period. Finally, it may be & hybrid of these two patterns, in which
case the pattern is initially fully mixed and then alternating for the
remainder nf the game. I+ the horizon is infinite and Assumption A2 is
satisfied, all of these patterns are eguilibria. If the horizorn is finite,
however, this is no longer the case. We derive necessary and sufficient
conditions for the existence of a nondegenerate equilibrium and show that if &
nondegererate equilibrium exists, it is generally unigue and fully mixed. It
is only for a special {nongeneric) ctlass of return functions that all of the
patterns are equilibria in a finite horizaon game.

To ensure that the discrete time version of the game captures the czame
tradeoffs as the continucus time version, we require that the return from
following in period t+a always exceeds the return from leading in period t.

To ease notation, let Aafa) = E_SA. Then we will restrict attention to games
G, such that

A

Atallk » A,

Note that since Aia) + 0 as A * 0, Assumption Al implies that this relation
must be satisfied for A sufficiently small. In this section, we will suppose

ttiat the condition is satisfied for A = 1 so that we may focus our analvsis

on Bi.
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5.1 Preliminary Lemmata and the Patterns for Nondegenerate Eguilibria

Az in the analysis of continuous time games, we will proceed by first
deriving some restrictions which must be satisfied by any pair of equilibrium

strategies. #We hegin by establishing the discrete time analogue of Lemma 4,1,

Lemma S.l: Suppose Fa(t+1) < 1. Then qg(t) =0 implies qa(t+1) = 0.

The argument is similar to the argument of Lemma 4.1. If player &
moves with probability O in pericd t and plans to move with positive
probability in some pericd after period t+l, there is no advantage to player 2
from waiting until period t+l to move. His return from leading is higher 1in
pericd t than in period t+1 and he is no more likely to be a follaower by
waiting until pericd t+1 than by moving in period t.

Using Lemma 4.1, we may then establish the analogue of Lemma 5.2.

Lemma 5.2: 1¢ t > 0, then t = T.

Lemma 3.2 implies that if the equilibrium is nondegenerate, then there
is a positive probability that the game reaches any finite period t less than
T. The argument is similar to that of Lemma 4.2. Suppose there is a positive
probability that neither player moves before periocd t but, conditional on
reaching periocd t, player # plancs to move with probability 1. Now consider
the problem of player a upon reaching period t-!. 1f he moves, he gets a
return of La(t—l). 1f he waits until periecd t+!, his return 15 at least Hm(t)
since player A moves with certainty by periocd t. But BA * A then implies

that Ha(t) . La(t—l). Theretore, plaver a never moves in pericd t-1. Lemma
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5.1 then implies that it cannot be optimal for player B to move in period t,
contradicting our assumption that his conditional probability of moving in
periocd t is 1.

Lemmata 5.1 and 5.2 together imply the following restriction on the

support of the equilibrium strategies.

Lemma 5.3: For any nondegenerate equilibrium (Fa,Fb), there is a pair of

integers t and t*, (U £ t* £ T, such that

4

(i) g tthay(t) > 0 for t ¢ £

(ii) q, (thg,(t+1) = 0 and (1-q,(t))(t-qu(t)) ¢ 1 for £ gt ¢ t¥

(111} @ (1) =1 - F it*-n. 14

[

In words, Lemma 5.3 says the following. Up to some period E, both
players move with positive probability conditional on reaching any period. I¥
£ ¢ t*, then beginning in period t and up to (but not including) period t¥,
only one of the players moves with positive probakility conditional on
reaching any periocd and they move in alternate periods. From pericod t*¥ up to
(but not including) period T, neither player ever moves. 1f f= 0, we will
say that the equilibrium is alternating. I+ t = t¥, we will say that the
equilibrium 15 fully mixed. If 0 ¢ < t*¥, we will say that the equilibrium
is hybrid. In this case, the pattern is fully mixed up to period %,
alternating from period t up to t*, after which neither player ever moves.
Notice that Lemma 5.1 rules out the possibility that the pattern is first
alternating and then fully mixed.15

HERREERERAREL S

14]mplicitly, we are suppocsing that T is anm integer, More generally, if T is
not a multiple of & for a game G,, then T-A is to be understood to represent
the largest multiple of A which Is less than T. Note alsoc that t* is
consistent with the definition of t*(Fa,Fb! aiven in Section 4.1,

1"'lehen the return to moving simultaneously difters +rom the return to leading,
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Before determining the conditions under which each of these three
types of egquilibria exist, we #irst provide a more precise characterization of

the three rases.

S5.1.1 Fully Mixed Fattern

Consider first the fully mixed pattern. Since both plavers move with
positive probability conditianal om reaching any period between 0 and %—1,
the strategy of player 3 must be chosen so that player « is indifferent
between moving in period t and moving in peripod t+1 for all ¢t g t-2. This

implies that
. _ . RN el y . -
Pa(t+1‘FB) Palt,FBJ = A [tht)tB A+ (1 FB(t))(AA Al ¢,
Then, using the fact that FB(t-l) = FB(t)~qH(t}, we obtain

{5.13 rB{t) = qB(t)/(l-FBit)) = A(1-X)/(B-AA)

1]
-
-+
[
]
>
.
+a
|
Lav]

9.1.72 Alternating Fattern

Lonsider next thte alternating pattern. Suppose for instance that plaver
a plans to move with positive probability in periods t-1 and t+1 and with

probability ¢ in periocd t. Then the strategy of player A wmust be adjusted so

that

. e _ . t-1 _n - 3 2 =
Faltel F gl Palt=1,Fg) = A% “lgg(t) (AB-R) + {1-F (41} (A"A-A)] = 0.

EREEREEREREEEE

the possible patterns are much richer. The more general model is analyzed in
Hendricks and Wilson (198%)



& little algebraic manipulation then yields

] N
(5.2)  ralt) = AlLL=-AS)/IA(B-pAY] = rge t = t+l, ..., t¥-2.
5.1.32 The Transition Probabilities

For equilibria in which t ¢ t* (hybrid or alternating equilibria’,
we need to determine the probabilities with which the players move conditional
on reaching period £ and, if t > 0, period t-1, Suppose player o plans to
move with probability 0 in pericd f. cConsider first the case where t = @

{an alternating equilibrium). In contrast to a fully mixed equilibrium, there
is, in this instance, an indeterminacy at peried 0. Since player o cannot
move before pericgd 0, the probability with which player 8 moves in period ©
can be any number large enough to ensure that player & prefers to wait until

pericd | to move. Calculations similar to the fully mixed case then yield the

restriction
qB(OJ g ry

Hybrid equilibria (0O ¢ t ¢ t*) exhibit the same properties as the
fully mixed equilibria up to period t-1, Hence, the probability with which
either player moves conditional on reaching any periocd t < t-1 is re-
Furthermore, since player A plans to move in period ¥ with positive
probability, player a must move with probability re conditional on reaching
period t-1, Faor player #, however, the only restriction on rB(E-I) is that
it be set sufficiently small so that player « does not prefer to wait in

period t-1 and move in period t. Therefore, for ¢ < t < oth,



Given rﬁ(f-i), the value of rﬂtg} must then be adjusted so that player o is

indifferent between moving in pericd t-1 and moving in period te1. Thus,
given any t cuch that 0 ¢ t < t*-1, appropriate calculations yield the
equation

(5.5)  rit) = [A(1-A%) + r5(€—1>(AAE-B)J/L(1-rﬂ(€-1):hta—xﬁ)l.

Note that rﬂ(%) is decreasing with rﬂ(g-ll. It rﬂtf-l) = 0, then we are
already in an alternating pattern by periad t-~1 and ra(fb L 1+

rat%-l} = rg, then ratg) = rg. Conditional on reaching any period later
than t and less than t*-1i, each player alternately moves with probability Fa

The three possible equilibrium patterns are illustrated in Figure 2

for the case t* < T.

Figure 2 here

5.2 The Terminal Conditions ang a Characterization of Nondegenerate

Egquilibria for Biscrete Time Games

As in Section 4, to complete our characterization of the discrete time
nondegenerate equilibria, we must consider the implications of the optimal
behavior of the players at the end of the game. Looking ahead to Section &,
it will useful to state the results in this section for an arbitrary game GA.

Once again, we will need to distinguish between games with an infinite horizan
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and games with a finite horizon. We consider the infinite horizon case first.

5.2.1 Games with an Infinite Horizon

Given Assumption A2, the implications for equilibrium behavior at the
end of the infinite horizon game is essentially the same as for continuous
time games. Recall that t*¥ is the first period in which both plavers wait
with probability ! until period T. The analogue to Theorem 4.1 can then be

stated as

Theorem 5.1: Suppose T = © and AZ 1s satisfied.

tal There is a unigue fully mixed equilibrium.

{b) For each # € {a,b} and rﬁ(O) : r?, there is a unique alternating
equilibrium,

(c) For each § & {a,bi, f e {1,2,3,...3, and rB(Q-A) satisfying

relation (5.4) there is a unique hybrid eguilibrium.

(di There are no other egquilibria.

5.2,

rJ

Gamegs with a Finite Horizon: The Fully Mixed Equilibrium

Consider next the possibility for a fully mixed equilibrium in games
with a finite horizon. Let t*2 denote the value of t* for an equilibrium of
BA. 1f a fully mixed equilibrium exists, then both players move with positive
probability conditional on reaching period pEA_4, Consequently, it follows
from Lemma 5.2 that both players must be indifferent between moving in period

®hA

t""-A and waiting until period T, Sinte neither player moves in the

intervening periods, it follows that, for 8 = a,b, ratt*A-A) must satisfy the

equation
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(5.6} (t*8-p) = Lm(t*b-bllwa(t*b-b).

"B

To establish the analogue of Lemma 4.5, it is useful to first define

the discrete time analogue of Ty Let
A . . A X
o= inflit € Jur L (t) <03 U T

be the first period t in the game G, in which L (t) ¢ 0 tor T, if

A L3

LU(T) ;2 01, Then we may state

Lemma 5.4: In fully mixed eguilibrium, t¥4 = 2 =

It is sufficient to establish Lemma 5.4 for Gl' Since Lemma 5.2
implies that qB(T) > 0, player & moves with probability @ ip period t¥*-1
unless Lﬁ(t*-i) 2 0. Dur assumption that AB-A > 0 then implies that
Ha(t*—lb > 0 which, combined with equation (5.4) and the reguirement that
rB(t*-l) » 0, implies that La(t*—l) > 0. DOn the other hand, if t* < T, then
La(t*] 4 0; otherwise, upon reaching period t*, player & would move with
probability 1, contradicting the definition of t*. Employing the definition
of rﬁ then yields the Lemma.

Note that the conditions of Lemma 5.4 are weaker than the
corresponding conditions derived in Lemma 4.5 for the continuous time game.
The analogue of Lemma 4.5 would require in addition that Lm(T} § 0. We will
discuss the reasons for this difference in section 4.

We are now prepared to characterize the set of fully mixed equilibria

for discrete time games with a finite horizon. As in the continuous time

games, the restrictions of Section 5.1 plus Lemma 5.4 constitute not only
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necessary but also sufficient conditions for a fully mixed equilibrium. In

this case, however, the set of equilibria reduces to a single strategy pair.

Theorem 5.2: There is unique fully mixed equilibrium for BA if and only if

J.2.3 Bames with a Finite Horizon: Alternating and Hybrid Equilibria

Consider next the possibilities for alternating and hybrid equilibria
in a game with a finite horizon. They differ from the fully mixed eqguilibria
in that only one plaver moves with positive probability upon reaching period
t¥-t. Suppose that rﬂ(t*—l) > 0. Assuming t* > 2, Lemma 5.1 implies that
ra(t*-E) » . Then if player o is to be indifferent between moving in period
t¥-2 and waiting until period T, Latt*—Z) must be strictly positive.
Furthermore, if he is to wait until period T upon reaching period t*, La(t*)
must be nonpositive. We conclude that t*-t < Ty ¢ t¥, On the other hand,
csince the equilibrium is not fully mixed, ra(t*—l) = 0 which means that if
player # is to be indifferent between moving in period t*-1 and waiting until
period T, LB(t*-l) must be equal to 0. This in turn implies that t%*-1 = Ty
Combining thece observations then yields the analogue to Lemma 5.4 for

alternating and hybrid egquilibria.

Lemma 5.5: If r_it*%-a; = 2, then LB(t*A-A) = 0 and

A . 4 b, A
+ = +A,
T.'u £ TH A t L 4 A

We demonstrate in Hendricks and Wilson {19BS) that these conditionc

are also sufficient for the existence of a continuum of nondegenerate
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equilibria. For the purposes of this paper, however, we are concerned only

with the eguilibria of GA ac A goes to 0. Therefore, if, for some plaver «

=

and some time t < T, Lm(t) = 0, Lemmata 5.4 and 5.3 imply that we may

confine our attention toc games in wWhich La(ta) = Lb(rb).

To complete our characterizatiaon of the nondegenerate eguilibria for
this case, we need to determine the restrictions on the probabilities of
moving in periaods t*-1 and t*-2. Suppose that rB(t*—l) » 0 and hence that
r (t¥-21 > 0. Then if La(t*—l) = 0, player o is indifferent between moving
in period t*-2 and waiting until period T if and only if the strategy of

player 8 is chosen to satisfy {for GA)

Nmit*A—A)(I - rBtt*“—za))

In addition, rait*ﬂ~2A} must satisfy the analogue to relation (5.3) which is

(5.8) 0 g ort*h2a) < L (e*0-2a) 7w e *Bo2a) ¢ rAT,

A g

These two relations then complete the characterization of the nondegenerate

equilibria.

Theorem &.3: Suppose there is a t € JA such that Lty = Lty = 0. 1f

ry(t*®-arr (t¥8-a) = 0, then t* = t+a. The set of such nondegenerate
equilibrium may be indexed as follows:

FREEEREERRE LR

togy desinition, r® = [L_(t*2-2a1-L (t*411/0H (t*4-2)-L (t*%)).  Then, since

Ly(t*8) < o, it fofiows fhat r2 5 £ (e*8-2a00_(t%2-m 7 which is the upper

bound on rﬁtt*A-A). 9

t7.. Y. . + A . . .
Since MW _(t*™%-2a) > W _(t*®-a), it follows directly from the argument given

in the previous footnote.
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{a) For each value of ra(O) or rb(O) satisfying relation {5.3), there is a
unique alternating equilibrium.
(b For each t € JA, 0 ¢t < t*A—A, and each value of ra(E-A) or
A . . . . “'_ *A
rb(t-AJ satisfying relation (5.4) and for t = t*"-a and each value

of ra(t*A—ZA) or rbtt*“—za} satisfying relation (5.8), there is a

unigque hybrid equilibrium.

Note that the conditions regquired in Theorem 5.3 for the existence of
a nondegenerate equilibrium imply that rmfa must be an integer. Generally, we
should not expect this condition to be satisfied. Therefore, if T < T and
rqu i an integer for some player o, we wWwill say that a game BA is

nongeneric. We will refer to all other games as generic games.

5. Discrete VYersus Continucus Time

In this section we compare the pairs of nondegenerate distribution
functions obtained as the limit of a sequence of equilibria of discrete time
games to the equilibria of the corresponding continuous time game. We show in
Section 6.1 that the limiting distributicns associated with the fully mixed,
alternating, and hybrid patterns are all members of the one parameter family
of distributions which characterizes the set of possible equilibria of the
continuous time game. In Section 6.2 we complete our characterization of the
limits of nondegenerate discrete time equilibria and compare them to

nondegenerate continuous time equilibria.

6.1 The Limiting Distributions

Eonsider any equilibrium strategy Fﬁ for a game GA. For any integer

n such that © £ na < T,
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R a _ g0 .
(.11 Fotan) =t - F5_T1-r (3]

[1-qh (M 108-10_

A .. A,
[l-ratJJ]] t qatOJ

Extending the analysis of Section 5 to an arbitrary game GA, WE Wmay

infer from equations (5.1) to (5.5) and relation (5.8) that ry(i) ¢ rg
tor all j €4, 0 <3< p*a_p 1B Then, since r? and rg go to zero as a

becomes small, it follows that for any t € [O,Q—A),
A Y L iy AgtiaA A
Falth = [1-gq 10101 (1 r*) tola)) + g (0}
and for any t-a ¢ t ¢ t*4-a,

N -~ "
FAie) = t1mgdmarr ~ (-rht Ap-pdy ttot)rza

A
q + olarl + 0, (0.

Upon substituting the expressicons for rf and ra

Taylor ‘s expansion, we then obtain, for any t < t*A-A,

and using &

- Y
(6.2)  FAt) = g2 + [1-qdrdr1-e AV IBTAYy 4 g ()

= Ettjalo,t* + ot

[+ the equilibrium is fully mixed or hybrid, qﬁ{O) = rf which
goes to 0 as A hecomes small. ¥For alternating equilibria, however, if
qﬁ(&) = ¢, then qﬁ(ﬂ) can be any number between r? and 1. In any case,
equation {6,.2) implies that, between ¢ and t*A-A, the equilibrium strategies

are approximately the same as the solution of the differential equation which

FEXEEXEEXREEREERF
1E’Since rA £ rA.
f g
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characterizes the continuous time eguilibria on t0,t*). Any differences
between the continupus time eguilibria and the limit of discrete time
equilibria, therefore, must be the result of differences in the terminal

conditions.

6.2 Continuous Time €Eguilibria and the Limit of Discrete Time Equilibria

Iln this section, we complete the characterization of the distributions
which arise as the limit of equilihria of discrete time games and explicitly
tompare these limiting distributions with the continuous time equilibrium

1 and Fz, define

distributions. For any two distributions F

iFl-fdy = suptIFl(t)—F‘?(t) i

s in Sections 4 and 5, it is useful to distinguish between games with

infinite and finite horizons.

6.2.1 Games with an Infinite Horizon

When the horizorm is infinite, Theorems 4.1 and 5.1 guarantee that
t*4 = o for any game GA. When combined with Theorem 4.,!, equation (4.2) then
implies that the limit of successively finer discrete time equilibria must
converge to a continuous time eguilibrium. Furthermore, when combined with
Theorem 5.1, equation (4.2} implies that any continuous time equilibrium is
the limit of some sequence of discrete time equilibria. We may conclude,

therefore, that there is a one to one relationship between the continuous time

eguilibria and the limiting distributions of the discrete time game.

Theorem &.1: Suppose T = @. Then (Fa,Fb) is a nondegenerate equilibrium for

By if and only if for any ¢ > 0 there is a & > 0 such that for any
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A € {0,A), there is an equilibrium (Fﬁ,Fﬁ) for 6, such that

IF, - Fol < ¢, « = a,b.

4.2.2 Games with a Finite Horizon

When the horizen is finite, both players wait with positive
probability until the end of the game in both the continuous and discrete time
formulations. As a consequence, there are additional restrictions on the
equilibrium strategies that do not arise when the horizon is infinite. These
restrictions have different implications for discrete and continuous time
games with respect to the gxistence and number of nondegenerate equilibria,

To complete the characterization of the distributions that can arise
as the limit of discrete time equilibria in games with a finite horizon, note
first that, since tﬁ converges to T, 25 A goes to ¢, it follows from Lemmata

9.9 and 5.4 that

o
N
(%]
~+
"
[~
1]

ta + ota)

for a = a,b. It then foliows from Lemmata 5.4 and 5.5 that T, Ty is
necessary for the existence of a nondegenerate equilibrium for GA as A goes to
0. Since Theorem 4,2 also implies that Ty = Ty is necessary for the existence
of an nondegenerate equilibrium in continuous time (i.e. for the game EO}, LG

may state

Theorem 6,2 Suppose T < © and Ty # Ty Then there is a 4 > 0 such

that for any A € [0,a), there is no nondegenerate equilibrium for EA.

In view of Theorem 4.2, we may confine our attention to games where

Ty ° Tpe There are two casces to consider.



Suppose first that T, = Ty but L, (T) > 0 for at least one player
a. Then Theorem 4.2 implies that there is no nondegenerate equilibrium in the
continuous time game. MNow consider any discrete time game. Since La(T} >0,
it follows from the definition of T that Ty = Ty = T. It then follows from
the definition of rB that LB(T-A) » @ which tmplies that LB(t*-A} » 0.
Lemma 5.5 then implies that an alternating or hybrid equilibrium cannot exist.

Theorem 5.2, on the other hand, does guarantee the existence of a fully mixed

equilibrium. Using equation 6.1, we may then state the following result.

Theorem 6.3: Suppose LI and La(T) > 0 for some a. Then
{a) There is no nondegenerate equilibrium for GO;
{b) For any ¢ » 0, there is a A » 0 such that for any & E (0,4},

there is a unigque nondegenerate equilibrium (Fg,Fg). For all & € (0,4)

and t € L0,T-ab, IF3t) - Eqt;0,THi ¢ &,

Consider next the rase where L and L _(T} < & for a = a,b.
In this case, Theorem 4.2 implies the existence of a one parameter of
gequilibria {(Fa,Fb)} where Fa = E(-;qa(O),rd) and, if qB(O) =0, qm(O) may
take on any value in [&,1). For a discrete time game Ea with A sufficiently
small, equation (6.2) implies that Fﬁ is approximately egual to
Et-3q%(0),t*%) over the interval [0,t*2-a), T

(30, ' ' . 10 complete the

characterization, therefore, we need only examine the behavior of Fﬁ over
the interval [t¥2-4, T).

By definition, ra(nn) = 0 for any integer n with an € [t*2, Ty,

Then combining (6.1} with (&.2), we obtain for any t € [t*A—A,T),

(6. 41 Flit) =1 - 11 - Etiqf (00, t*4101-r8it¥4-210 + o(a).
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[f the equilibrium is not fully mixed, then either rﬁ(t*“—a) = aor elce

rg(t*A-A) = 0 in which case relation (5.7) implies that

0 ¢ rig*ten ¢ Pt

9
LB(T) ¢ 0, Lemma 5.4 implies that Lﬁit*a) £ 0. Applying the definition of

. 1f the equilibrium is fully mixed, then, since

rf, it is then easy to show that equation (5.6) implies again that
ra(t*ﬂ-a) ¢ r? < rg. Since rg it of order o{a), we may conclude that
Fﬁ(t) is close to E(t;qﬁ(@),r) for all values of t.

The relation between the limiting discrete time equilibria and the
continuous time equiiibria then depends on the permissible values qﬁ(ﬂ). if
G, is generic, then Lemma 5.5 implies that the equilibrium must be fully

A

mixed. Consequently, for 4 small, qﬁ(U) is approximately 0. If GA 15
nongeneric, however, then alternating equilibria exist. In this case, qg(O)

can take on any value in the interval Er?,i), provided qg(O) = (.

We may summarize our concliusions &as!

Theorem 6.4: Suppose Ta S =7 and L (T} ¢ 0, « = a,b. Then

] )
{a) (Fa,Fb) is a nondegenerate equilibrium for BO if and only if, for
a = a,b, Fa = E(-;qa,r) where q, € [o,1} and 9,9, = o.

(bt For any ¢ > 0, there is a2 & » 0 such that for any 4 € ({,A):

(i1} It GA is pongeneric, there is an equilibrium (F:,Fﬁ? such

that IIF, - Fﬁn ¢ ¢, @ = a,b, if and only if (F,F) is a
nondegenerate equilibrium for GO'

(i1} It GA is generic and (F:,FQ) is the (unigue) nondegenerate

equilibrium, then “F“ - Ete30,0)0 < & for &« = a,b.

A summary of the comparison of the nondegenerate equilibria in the
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discrete and continuous time games with a finite horizon 1s presented in the

following table.

EA generic G, nongeneric

no equilibrium for BO

|
I
|
L (T) >0 | one {(fully mixed)
| equilibrium for G,, & > 0
!

continua of equilibria continua of equilibria

| f
| |
i for 60 for Go |
LT £ 0 f |
| one {(fully mixed! continua of equilibria [
| equilibrium for &,, &4 > 0 for B,, 4 » 0 !
f '
6.3 Upper Hemicontinuity and Convergence in the Sup Norm Jopoloqgy

One implication of Theorem 4.3 is that the equilibrium correspondence
of GA is not upper hemicontinuous in & whenever L (7} > 0. To understand this
result, it is useful to clarify what we mean by saying that two strategies are
ctlose to each other. One possibility is to use the topology of weak
convergence (see e.g. Loeve(1943), p.l?Ei to say that two distributions are
close to eacn other 1f they have approximately the same value except near

points of discontinuity. lnspection of equation (4.1) reveals that, for a

fixed qa(o), the equilibrium strategy of a sequence of ever finer discrete
time games always converges weakly to the distribution E(-;qm(O),ra).
Consequently, if the expected paycff functions were continugus in this

topology, standard limiting arguments could then be used to establiish the

upper hemicontinuity of the equilibrium correspondence at a = 0,

Unfortunately, in order for expected pavoffs to be continﬁous in this
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topology, the payoff function must generally be continuous in the space of

pure strategies. Since, for the games studied here, the payoff functions are
not continuous on the diagonal, this notion of closeness does not 1mply that
two distributions which are close to each other generate payoffs which are
approximately equal.

A stronger notion of closeness is implied by the sup norm topology
which defines two distributiorns to be close to each other whenever they have
approximately the same value at every point. Under this definition of
closeness, the expected payoff is continuous in the space of mixed strategiecs
for any inteqrable payoff function. Thus, even in the War of Attrition, the
expected payoffs to either player from two strategy combinations which are
tlose to each other in the sup norm topology are approximately equal. Looked
at from this perspective, the reason why upper hemicontinuity of the
equilibrium correspondence may fail is that a sequence of discrete time
equilibria may not converge in the sup norm tapalugy.19 In fact, for this
particular model, Theorems 4.3 and 6.4 imply that the eguilibrium
correspondence 15 upper hemicontinuous if and only if the sequence of discrete
time equilibria converge in the sup norm topology.

To see why convergence in the sup norm topology fails in those cases
when a nondegenerate equilibrium in continuous time does not exist, note that
equation (6.4} cowmbined with equation {6.3) implies that in order for the
discrete time equilibria to converge, the last "step" of the discrete time
equilibria, rﬁtt*A—A), must converge to 0 as A becomes small. However, when
L“(T) > 0, equation (5.6) implies that this number must be bounded away from
0. As a result, there is a downward jump in the expected pavoff to each

EEREEREEREEREY

19The cpace of distributions in this topology is not segquentially cowmpact.
Consequently, there may be no convergent subseguences.
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player & as we reach the limiting strategy (in the topology of weak

ronvergence}. 1n such a case the limiting distributions do not form an

e . . . 20
equilibrium in continuous time.

&.4 fpproximate Equilibria

I the set of equilibria are not equivalent in the two formulations,
one might hope that the set of approximate equilibria are.

Define an e-eguilibrium for GA to be a GA strategy combination

(F%,F¥) such that Pa(F;,F*B) 3 Pm(Fa,F;) - ¢ for all 6, strategies

F « = a,b and A # o. Fudenberg and Levine (1¥B3) have argued that in many

o
instances the equilibria in the continuous time formulation can be
approximated by discrete time e-equilibria and conversely. They establish
such an approximation theorem for degenerate {(more precisely, pure strategy}
eguilibria in games of timing where the payof+ functions are piecewise
continuous.

When we consider nondegenerate equilibria, however, the approximation
goes only one way: continupus time equilibria can be approximated by discrete
time e-equilibria, but not vice versa. The reason is that while the concept
of e-equilibrium may be used to guarantee lower hemicontinuity of the
equilibrium correspondence, it does not help guarantee upper hemicontinuity
whern the exact equilibrium correspondence does not satisfy that property,.

FEEEEEERENFEEF

2Ul}alsgupta and Maskin (1982) have obtained similar results in a much more
comprehensive study of the existence of mixed strategy equilibria for games
with discontinuous payoffs. Fudenbero and Tirole {1985%), in analyzing a game
of timing in which the return from leading exceeds the return from following,
have also demonstrated that equilibria in a game formulated in discrete time
may have no analogue in the continuous time formulation. The reason is the
same as in the War of Attrition., The limiting distributions contain an atom
at a point of discontinuity in the payoffs (in their case it is at time O
rather than at time T) and the discontinulty is not inessential, to use the
terminolgqy of Dasgupta and Maskin.
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In the model analyzed here, an equilibrium strategy in continuous time
is discontinuous only at ¢ and T. Therefore, it is always possible to
construct a discrete time strategy which is arbitrarily close to it in the sup
norm topology for any & sufficiently small. GSince the expected payoffs are
continuous functions of the mixed strategies in this topology, it then follous
that any equilibrium in continuous time is close to an e¢-equilibrium in any
sufficiently finely partitioned discrete time game. Formally, we may

establish

Theorem &.5: Suppose (Fa,Fb) is an eguilibrium for EO' Then for any & * 0,

there is a A > 0 such that for any & € {0,a), there is an ¢-equilibrium

A

i
for BA, (Fa,Fb

a : =
}, such that "Fa"Fa" < €, & = a,b.

A proof is supplied in the Appendix.

7. Discussion and Conclusion

One conclusion we draw from our analysis is that the equilibria of the
continuous time and discrete time formulations of the War of Attrition are not
always good approximations to each other. 1In some instances, there are
nondegenerate equilibria in the discrete time formulation for which there is
noe counterpart in the continuous time formulation. Ffor instance, if T is
finite and La(T) » 0 for each &, there is one nondegenerate equilibrium inm
the discrete time formulation but no nondegenerate equilibrium in the
tontinuous time formulation. In other instances there are nondegenerate
egquilibria in the continuous time formulation which have no counterpart in the
discrete time formulation., Specifically, if o % Tp and Lﬂ(T) ¢ 0 for

gach @, there is a continuum of nondegenerate equilibria in the continuous
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time game but generically only one (fully mixed) nondegenerate in the discrete
time pame. Corresponding to any continuous time equilibrium, there is always
an "approximate” equilibrium in discrete time, however,

The guestion then arises, which formulation to choose? The cheoice
between them clearly involves more than computational convenience. Thus, one
needs to think carefully about the way in which the agents are likely to
reasan about their optimal responses in the two formulations.

Grne way of explaining why the continuous time formulation sometimes
leads to a larger set of equilibria is to note that there is always a "last®
time to move in discrete time which does not exist in continuous time. In &
discrete time game, each player realizes that there is a period in which both
players still have some incentive to move and after which both players plan to
wait. The restrictions on the equilibrium strategies in this "last” period
then eliminate all but the unigue pair of #ully mixed strategies. When time
is continuous, however, there is no analogous restriction to eliminate any of
the continuum of strategy combinations which are otherwise best responses.

I+ time is really discrete and agents explicitly take into account
this "last" period effect, then some of the equilibria of the continuous time
game are probably bad approwimations to likely behavior of rational agents., On
the other hand, if agents essentially ignore any discreteness in their
calculations, then the discrete time formulation may eliminate some possible
patterns of behavior. 1In this cace, it may be more appropriate either to waork
in tontinuous time, or i¥ the problem must be formulated in discrete time, to
use the e¢-equilibrium as the solution concept.

There are examplec, however, where the agents might explicitly account
for the discreteness of time in their calculatiaons. Consider, for instance, a

bargaining problem, organized in bouts, in which the issues are in some sense
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indivisible and each party hires an agent to "bargain® on its behalf. Another
example is & problem where time is essentially continuous but each player
observes the other player’s move with a lag of 4 units of time. The presence
of this observation lag implies that each player will plan to move only at

21

times which are integer multiples of a. Furthermore, the equilibria of this
game coincide exactly with the equilibria of the corresponding discrete time
game.

The “tast" period effect can also explain why the discrete time
formulation sometimes leads to a2 larger set of equilibria than the continuous
time forwmulation. When time is discrete and the return frowm leading is always
positive, the probability with which a player moves, conditional on reaching
period T-4, can always be adjusted to make the other player indifferent
between moving and waiting to obtain a2 nondegenerate equilibrium. When time
is continuoug, however, there is no last instant prior to T at which the
players can move. This means that the probability with which a player moves
in an arbitrariiy small interval before period 7 must be arbitrarily small.
Consequently, neither player is willing to wait until period 7, and, as a
recult, a nondegenerate eguilibrium cannot exist.

In this case, the implications of the continuous time model are
probably misleading., One can argue that either there is likely to be some
uncertainty about the actual date of the terminal time T, or agents are aware
that there 1s a last instant in which to move. ]+ there is some uncertainty
about the terminal date, then, by assuming this uncertainty is sufficiently
“smooth”, continuity of the pavoffc can be restored and the one parameter

3 KRR ¥

21The observation lag implies that neither player can be a follower in the
interval [0,a). Then since L _(t} is decreasing, if player ¢ plans to move in
this interval, he must plan to move at time 0. Arguing by induction, it then
follows that neither player will ever move at a time outside the set
{0,800, . T-47.



famiiy pof equilibria will appear. If agents are aware that there is a "last’
instant te move, the discrete time formulation is probably more appropriate.
In any case, we should be cautious about accepting the conclusions pf a
continuous time model which does not exhibit any nondegenerte gguilibria in a

symmetric game.
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fppendiyx

Froof of Theorem &6.5:

Suppose (Fa,Fb) is an equilibrium for GO' Let I be the nonnegative
integers and let n = supin € Y: n ¢ T/A}., For any & * 0, define Fﬁ to he
a right continuous A step function satistying Fﬁ(nn) = Fa(An) for all
integers n { n and FA4) = 1 for 21l t » T. Note first that

a =

Nu(O)

sup{Pa(t,t’): t,t’ 2 03

and, for all n <{n

sup{Fa(An+5)-F2(An+5}: 0 £ 8 © A} 5up{Fa(An+5)—Fa(t): 0 ¢ 5 ¢ A}

Fu(An+A)—Fa(An) L A[l—Fa(t)ISRI(B-Q)

I

A[SA/(B-A)3[1-qB(0}IExp(-[6ﬁf(B*A)IAn)

n~

ALSA/ (B-R)Jexp(-[&A/{B-A) Ian)
A similar argument establishes that
sup{Fm(Aﬁ+5)-Fﬁ(Aﬁ+5}: 0 ¢ s < T-nad { A[BA/(B-A}Jexp(-L5A/(B-R}1An)

Therefore,

JoUF (t)-E2t03 = }0_ ALEAZ (B-A) Texp (~[8A4/ (B-A)1an) < 2a08A/(B-A) ],

Ehonse ¥ > max{l,Ha(O),Nb(O)} and choose A » 0 sop that

286A/(B-A) < €/3K. Then condition IFS-F I € e
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We will show that (Fg,Fﬁ) is an e-equilibrium for 6,. Let F; be

any GA strategy tor player . Then for a = a,b,

*# A, _ A A, _ ¥ cA, _ *
Fm(Fa’FH’ Pa(Fa’Fﬂ’ Pa(Fa,FB) Pa(Fa'Fﬁ)
* - : - — A
+ Pa(Fa'FB) Pa(Fa'Fﬁ’ R FagrFg) Pa(Fu*FB)
& ¢ pd b
+ PatFa,FB) - Pa‘Fa'FB)

¥ .0 . * -
[P iFa TR gt —F (t31 + [P (£ F)dUF}(t)-F (4)]

8
& A A
IP“(t,Fﬁ)d[Fa(t)—Fatt)] + IPa(Fa,t)d[Fﬁtt}—FB(tll

+

I~

€/3 + /3 + 0 + /3 = &,

B.E.D.
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Figure 1, The Discrete Time Game in Extensive Form
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Figure 2.
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Possible Patterns For Nondegenerate Eguilibria
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