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Abstract

An adaptive learning rule is exhibited for the Azariadis (1981) model
under which the economy may converge to a stationary sunspot equilibrium, even

if agents do not initially believe that outcomes are significantly different

in different "sunspot" states.
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A number of authors have shown that competitive economies may possess
"sunspot equilibria", that is, rational expectations equilibria in which
purely extrinsic uncertainity affects equilibrium prices and allocations.’
Such results demonstrate that it does not require a lack of faith in the
rationality of market participants to believe that competitive markets may be
subject to purely speculative fluctuations, driven sclely by expectations.2

The mere existence of sunspot equilibria as solutions to a system of
market-clearing conditions, however, might not be judged sufficient to
indicate that competitive markets with rational participants could ever be
subject to speculative instablility. The sunspot equilibria represent states
of affairs in which agents act differently in the case of different
realizations of the "sunspot" variable, and it is rational for each agent to
do so. But it might be thought unlikely that the beliefs of all the
participants in the market could ever come to be coordinated so as to bring
about an equilibrium of that kind. It is rational to believe that sunspots
convey information about future states of affairs once the economy is in a
sunspot equilibrium, but why would rational agents ever begin to believe in
such a thing, so as to create the conditions under which the belief is
rational?

In order to address such a question, one must go beyond the mere
statement of the conditions for equilibrium and discussion of what states of
affairs satisfy them; one must specify an explicit dymamic process according
to which the beliefs of agents adjust when out of equilibrium. Any exercise
of this kind is necessarily unsatisfactory, as there is no univecal meaning
for the postulate of "rational" behavior outside of an equilibrium.’ It may

well be the case that different "learning” processes -- all equally plausible
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or implausible, in that all satisfy some weak criteria for rational decision-
making and all involve quite arbitary choices -- yleld different conclusions
as to the stability of a given equilibrium. Yet there seems no other way to
address doubts about the economic significance of sunspot equilibria. And the
exercise is not without value, even when it must be inconclusive. An example
of instability of the non-sunspot rational expectations equilibrium, even for
a particular learning rule, indicates that a coherent story can be teld in
which speculative instability arises in a competitive economy. And
contrariwise, an example of stability of the non-sunspot equilibrium even when
sunspot equilibria exist would indicate that competitive economies may be less
subject to speculative fluctuations than a mere consideration of the set of
equilibria would suggest.

In fact, an exercise of this kind is, iIn our view, more interesting in a
case where there are multiple rational expectations equilibria to which the
learning process might converge, than in the case more often considered in the
learning literature, where there is only one. For in the usual case, if the
analysis indicates that the learning process fails to converge to the rational
expectations equilibrium, one may well conclude that agents will not in fact
follow the postulated rule of inference forever, as they should eventually
realize that their forecasts are not becoming more accurate despite the
accumulation of data.® 1In the case of multiple equilibria, by contrast, it is
possible for one equilibrium to be found to be unstable under a learning
process that nonetheless converges to another equilibrium, so that agents need
not ever modify their rule of inference (and hence possibly somehow get back
to the equilibrium that was unstable under the original rule).

In section I, we review the Azariadis (1981l) example of a simple infinite
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horizon general equilibrium model for which stationary sunspot equilibria may
exist. In sectlon II, we introduce a plausible rule by which agents in this
economy might seek to learn whether the sunspot variable is of any use in
forecasting future variables of interest to them, and in section III we
discuss the convergence of the dynamics generated by this learning process to
rational expectations equilibrium. We exhilbit conditions under which the non-
sunspot stationary equilibrium is unstable under the learning process, and
under which certain sunspot equilibria are, on the contrary, stable. Section 4

concludes.

I. STATIONARY SUNSPOT EQUILIBRIA IN THE AZARIADIS MODEL

The example of an infinite horizon economy with statlonary sunspot
equilibria considered here was first presented by Azarladis (1981). The
analysis of this example has subsequently been extended by Azariadis and
Guesnerie (1982, 1984), Spear (1983), and Grandmont (1985b). We choose to
consider this example not only because it is so well-known, but because models
with stationary sunspot equilibria of this kind are of interest for modeling
repetitive "business cycle" fluctuations. We re-derive here a sufficient
condition for the existence of stationary sunspot equilibria in this model,
because certain topological concepts used in this proof also play an important
role in the stability analysis of section IITI. (Our analysis here is a
varlant of that given in Azariadils and Guesnerie (1982).

Consider a stationary overlapping generatlons exchange economy in which
all agents live for two consecutive periods, there is a single perishable

consumption good each period, and fiat money is the only asset. Let us
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suppose further that all agents have identical preferences, represented by a
utility function u(c)-v(n), where n is the amount of labor supplied during the
first period of life, and c is the amount of the single good consumed during
the second period of life.” The good is produced at constant returns to scale
using the labor of the young, and units are chosen so that one unit of labor
produces one unit of the good.

The utility function is assumed to satisfy

(A.1) wu,v are Cs; u({c) is defined for all ¢ > 0, v(n) for all 0 <= n < n:
(A.2) u' >0, u<0, v >0, v' >0, forallec >0, 0=<n< n < o
(A.3) v'(n) + = as n - n; and

(A.4) there exists ¢ > 0 such that u’'(n) > v/ (n) for all n < e.

The differentiability assumed in (A.l) 1s necessary in order for us to be able
to use results from the stability analysis of smooth dynamical systems in
analyzing convergence in section III. Conditions (A.2) state that preferences
are monotone and concave in consumption and leisure. (A.3) is assumed in
order to avoid the possibility of a cormer solution for optimal labor supply
{this simplifies some equations but is inessential). Condition (A.4) is the
only assumption that is at all restrictive; this is the condition (defining
the "Samuelson case" in Gale's (1973) typology) well known to be necessary in
order for an equilibrium to exist with valued fiat money.

A young agent in period t, facing a known price P, for his period t

supply and expecting a (possibly stochastic) price p for the good in period

t+l

t+l, chooses his labor supply n, to maximize
(1.1) E, [u(p,n,/n,,) — v(n)]

where E denotes the expectations of agents in period t. (Throughout, we
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assume that all agents form expectations in the same way.) Since (l1.1) is a

concave function of n., the optimal labor supply is the unique n, satisfying

a2 v B)

pt,+1 pb+1

assuming that there is a solution for n 0. If Et(pt/pbﬂ) < v'({0)/u' (0),

there is no solution and n_ =~ 0. 1In either case, n_1is the unique solution to

PyDy, Py
(1.2) nv'(n) = E[— w({—]]
P Peay
We assume a constant supply of flat money M > 0. This must be held by
the old at the beginning of each period; hence the consumption demand each
perioed is c, = H/pt. Goods market clearing then implies P, = M each period,

which together with (1.2) implies
(1.3) nt'v'(nt) = Et‘[nr’+1 u’(ntﬂ)].

A statlonary rational expectations equilibrium (s.r.e.e.) is then a statlonary
stochastic process for n that satisfies (1.3).

One statlonary equilibrium is n = n" for all t, where n" is the unique
solution to u'(n‘) - v'(n‘). ((A.1) - (A.4) imply that the solutlon exists,
is unique, and satisfies 0 < n < Ef) This is the famillar monetary steady
state of the overlapping generations model of fiat money. If %i% cu’(ec) = 0,
then another stationary solution is n = 0 for all t. This is the familiar
non-monetary (autarchic) steady state of the overlapping generations model.

These are the only equilibria in which n,_ is constant for all t. Azariladis

shows that there may also exist s.r.e.e. In which prices and allocations are
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stochastic, despite the absence of any random element in preferences,
endowments, or technology.

Azariadis considers the case in which agents observe a random variable s,
(the "sunspot" variable), which takes a finite number of values (1,...,m)
and follows a Markov process with transition probabilities > 0 for
i,j=1,...,m (ﬂu = probability of moving to state j from state i). The
sunspot variable has no effect upon the economy except through agents'’

expectations that may be conditioned upon it. He considers the existence of

stationary rational expectations equilibria in which n = n, whenever s =1,
for i =1,...,m. In this case, {1.3) becomes a system of m coupled equations
for (nl,...,m):

(1.4) njv'(nj) = Z LN u'(nk)

for j = 1,...,m. A stationary sunspot equilibrium is any s.r.e.e. (i.e.,

solution to (1.4)) in which n, n, for some 1i,j.

If we define, for any vector n € (0,n)”, the vector F by

Zm g (nu’(n)) -n,v' (n,)
n[vi(n) - Ex (n/n)%"(n))

F(n) =

then s.r.e.e. in which money is always valued are just zeroes of F. (The
denominator, which is always positive, 1s included in the above expression in
order to simplify certain expressions that arise in connection with the

stability analysis of section III.) Let us assume the regularity condition

(R) At each s.r.e.e. with n >> 0, no eigenvalue of DF has zero real part.

Consequently, A = (-1)™ Det DF = 0.

Condition (R) implies that O is a regular value® of the map F.
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We now observe the following consequences of our assumptions on

preferences.

Lemma 1. There exists an g > 0 such that 0 <n_=<n, and n < n, < n for all
j = k, imply F;(n) > 0.

<n such that n < n <n, and p < n, <n, for j

[= 4

Lemma 2. There exists an

#* k, imply Fk(n) < 0,

(The proofs, which are simple, are omitted.) Note that necessarily n < ﬁ,
since we know that F(n*,...,n*) = 0. The consequences of these Lemmas are
depicted geometrically in Figure 1, for the case m=2. Two consequences are of
interest to us. First, one observes that all zeroes of F with n >> 0 must lie
in the interior of a cube B = [g,ﬁ]”. Second, one observes that the vector
field F points into the interior at all points on the boundary of B,

Since no zeroes of F lie on the boundary of B, we can define a map
¢: 3B = st by ¢(n) = F(n)/IF(n)l. Because F points into the interior of B

at all points on the boundary, ¢ is a map of of degree one.’
Then the Poincare-Hopf index theorem® immediately yields the following:

Theorem 1. Let s.r.e.e. be assigned an index of +1 if A > 0, and -1 if A < 0,
where A is defined in (R). Then the sum of the indices of all s.r.e.e. other

than n = 0 is +1.

Theorem 1, in turn, has several immediate consequences for the existence

of s.s.e.

Corollary 1.1. The number of s.s.e. is even.

Corollary 1.2. If any s.s.e. exist, at least one has an index +1.
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Corollary 1.3. If u’'(c) + cu”(c) > 0 for all ¢ > 0 (i.e., preferences satisfy

the condition of gross substitutabilityg), then no s.s.e. exist.

If the condition of gross substitutability holds, A > 0 at any s.r.e.e.

n > 0. For let F}k denote the partial derivative of F} with respect to n .

Then for any j =~ k,

Ijk[u'(nk) + nu"(n)]
n [v*(n) - 3, (n/n)%"(n,)]

Jx

Gross substitutability implies that the numerator is positive, while (A.2)
implies that the denomlnator is. Hence all off-diagonal elements of DF are
positive. Furthermore, regardless of whether gross substitutability holds,
one can show that [DF]n = -n at any s.r.e.e. n >> 0. Hence all diagonal
elements of DF are negatlve in the case of gross substitutability, and DF has

10 i+ follows that

a dominant diagonal. By the familiar theorem of McKenzie,
all eigenvalues of DF have negative real part, so that Det DF has the same

sign as (-1)”, and A > 0. Hence all s.r.e.e. other than n = 0 have an index

of +1, and there can be only one, the monetary steady state.

Corollary 1.4. If A < 0 at the monetary steady state, then there exist at

least two s.s.e., and at least two of them have index +1.

Corollary 1.5 If
(1.5) nvr(n’) + nu"@) + 2u () <0

(i.e., if perfect foresight equilibrium is indeterminate' near the monetary

steady state), then there exist sets of transition probabilities , > 0 such

that A < 0 at the monetary steady state. Thus there exist sunspot variables
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for which s.s.e. exist.

Note that if (1.5) holds, A < 0 for the probabilities T, - 1, niy - 0 for all

j#2, %, - 1 for all j = 1, and LI 0 for all j,k = 1. By continuity, A

J
continues to be negative even when the zeroes are made small positive
quantities.

Here we have drawn attention, not only to conditions for s.s.e. to exist,
but also for them to have index +1, because the index is related to the
stability of a s.r.e.e. under the learning dynamics discussed below. Finally,
it should be noted that condition (1.5) can hold for well-behaved utility

functions (even when both leisure and consumption are mnormal goods); hence

s.s.e. of the kind described here can exist.

II. AN ADAPTIVE LEARNING PROCESS

We now wish to consider a learning process appropriate for this economy.
Agents seek to determine the relevant parameters of the process generating the
rates of return on money holdings RH1 - pt/pvuf We suppose that agents
believe the rates of return to be generated by one of a certain class of
stationary processes, and that they use standard statistical procedures to
estimate the relevant parameters. In particular, agents use a rule of
inference that is consistent if the rates of return really are generated by
one of the models in that class. The set of models considered by the agents
is too small to include the true process (which is non-stationary) generating
the rates of return while learning takes place, but is broad enough to include
the s.r.e.e. -- so that if the economy eventually converges to a s.r.e.e., the

maintained assumption of the agents comes to be correct. In all of these
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respects, our learning process is similar to those considered for other types
of dynamic economic models by Cyert and DeGroot (1974), Frydman (1982), Bray
(1982,1983), Bray and Savin (1984), and Marcet and Sargent (1986).

We wish to conslder whether the economy could ever converge to an
equilibrium in which sunspots matter. Hence we must assume that agents
entertain the possibility that the current state S, provides information about

the distribution of R and that they determine how much difference s makes

t+1’
by looking at past outcomes. The simplest case which allows this issue to be
addressed is that in which agents suppose that the distribution of R
depends only upon s, (if upon that). The class of models in which R 1is
drawn Iindependently from a distribution GJ whenever s, = j, for j =1,...,m,
is broad enough to include the true model in the case of any s.r.e.e. of the
kind discussed above. (In a s.r.e.e., Gj is a discrete distribution that

assigns probability L

to the value n&/nd, for each k = 1,...,m.) We may
suppose, then, that agents seek to estimate the relevant parameters of G,
using the set of observed values of R, in periods following periods in which
s, = 1, and independently seek to estimate the corresponding parameters of G,
using the set of observed values for periods following perlods in which
s, = 2, and so on. If Rbu is In fact drawn from the same distribution
regardless of the value of s , the estimates based upon the m sets of data
should eventually converge, and agents' actlons will cease to be any different
in the different states.

The only parameter of the distribution of R values of interest to an
agent 1ls the optimal cholce of n, for a given distribution of possible values

for R,,,. Let us then suppose that agents seek directly to estimate this

parameter, using the set of past observations. Let n, denote the optimal
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choice of n when Rt+ is to be drawn from Gj, for j -~ 1,...,m. A reasonable

1

Fal
estimator n, is then

1
(2.1) n, - arg max {— 2 (uemr) - v(n)]}

O=n<n M
where [Rh} is a sequence of M observations of R believed to have been drawn
from distribution GJ. {(Note that a maximum exlsts for some n < n because of
{A.3).) This estimator is easily shown to be consistent.!® That is, if a

sequence of observatlons (R} is in fact drawn from a single distribution Gj,

then as M + o,

ﬁj > n, = arg max f[u(nR) - v(n)] de(R)

The estimator (2.1l) is an example of what is known as an off-line
identification procedure in the optimal control literature; that 1s, the
entire data sequence is used agaln at each sucessive step 1in the procedure. A
recursive ldentification procedure13 requires only a constant finite number of
quantities to be stored at any stage in the procedure. The following
recursive procedure represents a "stochastic approximation“1“ to procedure

Eal

(2.1). Two quantities, n_, and ﬁﬁﬂ are stored at the end of stage M; when a

M

new observation R, 1is obtained, these are updated according te the rule’®

(2.2a) ﬁdm - BJH + (M+1)_lﬁ;:!+1[RH+1u‘(RH+lﬁJH) - v-(ﬁm)]

A A -1 “ A _ 2 . A _ A
(2.2b) HJM+1 - l-lJM + (M+1) “[v (nJH) R.u (RHHnJ,H) HJM]

A
Here T is the estimate of n, after M drawings from Gj have been observed,

.
and Hﬁlis an estimate of minus the second derivative of the criterion
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function V&(n) = f[u(nR) - v(n)] dGJ(R). The quantity ﬁﬂlplays the role here
of the Hessian of the criterion function in Newton’s method for numerical
maximization of a function;'® larger ﬁﬁ!results in a smaller adjustment In
response to a given size of gradient of the criterion function. The
approximation of (2.2) to (2.1) becomes increasingly accurate as the number of
data observed Increases; hence not only is (2.2) an equally consistent
procedure, but (2.2) has the same asymptotic efficiency as (2.1).17 We
therefore suppose that agents update theilr estimates of each of the n, using
the recursive procedure (2.3); stability analysis 1s greatly simplifled as we
need only trace the evolution of a finite number of state variables.

Let us suppose furthermore that in each perlod t, the young agents
observe s _and choose n_accordingly, using the estimate of the best response
that they form from observations of [Rm} for periods m = 1,...,t-1. That is,
they choose n, before updating the estimates Ed on the basis of their
observation of R this choice of n, then determines P, and hence Ru' This
assumption simplifies the dynamic equations; if agents used their observations
of R, 1in choosing n, ve would have to write down equations for the
simultaneous determinaton of n_ and R.. The simplified procedure is slightly
less efficient (agents fall to use one available observation), but the
simplification does not affect our analysis of asymptotic convergence,18 since
for large t the most recent observation has little effect upon the estimates
anyway.

Then the complete state of the economy evolves stochastically as follows:

A A -1 A -1 A A

(2.3a) n, LU + t (thHJt) [Rtu’(Rtndt_l) - v'(njt_l)] 'I!d(st_l)
A A -1 -1 " A _ 2w A A

(2.3b) » Hjt_1+ t q;, [v <n,jt.—1) Ru (Rtndt_l) - HJt-lma(St-l)
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-1
(2.3¢) Q-1 — © (¥, (s y) - qjt-ll

(2.3d) R = Zn,. ¥(s )/z ¥ (s, )

| j_jt.l.j ,jJtZ_j t-1

for j = 1,...,m, and where ¥ (s) =1 if s = j, and 0 if s » j. Here ﬁj
and ﬁj are the estimates described in (2.2). The state variable q, indicates
what fraction of the total number of observations of R thus far have ocurred
in periods following periods in which the sunspot state was j. The functions
wd indicate that ;5 and ﬁj are updated in period t only 1if S,., = J. The
observed rate of return R 1s determined by their relation

R, - p,.,/P, = n,/n, _,, and equation (2.3d) then follows from the behavioral
rule n, - 23“3t1“5(5 ).

III. CONVERGENCE TO RATIONAL EXPECTATIONS EQUILIBRIUM

The asymptotic behavior of the system (2.3) can be studied using the
method of Ljung (1977).19 Briefly, it can be shown that as t grows larger,
the stochastic trajectories of a system like (2.3) come progressively closer
to following the deterministic trajectories of a certain system of
differential equations. Asymptotic convergence of (2.3) to constant values
for (aj,ﬁj,qj) then depends upon whether trajectories of the differential
equation system converge to a rest point or not.

Ljung treats algorithms of the form

(3.1a) X, =% + tUx_,,z,)

(3.1b) z, = Ax, Dz, + B(x e,
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where e, is a vector of stochastic forcing variables with compact support.

System (2.3) can be put in this form by writing

C.V. Starr Center for Appliad Economics -15-



o>

1t

nmt.
n
rs t
H, ¥.(s,)
. D1 ’
xt = ’ zt - ' et = '
aC St .
H ¥ (s)
8¢
Ay
Ut
0 0 0 0 n, n, n
1 0 0 0 0 0 0
A = 1 B(xt) -
0 0 0 0 1 2 m
0 0 1 0 0 0 0

Then the functions Q(x,z) are given by equations (2.3a-¢), with Rt in
equations (2.3a-b) replaced by nt/nbi.

The regularity conditions required for the Ljung therorem are easily seen
to be satisfied; we use the set of conditions (A) of Ljung (1977). 1In
particular, we observe that the functions Q(x,z) are ¢! in x, and that A and B
are Lipschitz continuous functions of x, as required. It remains only to
verify condition (A.5): that, if for any fixed x, one comnstructs the sequence

z: defined by z: -0, z: - A(x)z;_ + B(x)e_, then the sequence

1

fﬂzti(x,z:) converges with probability 1 to some £(x). In our case, z:

always takes on one of n’ values, depending only upon the values of s, and
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s .: let z* denote the value when s

£-1’ i3 ey =L, s, = 3. Then the law of large

numbers implies convergence to f(x) = I

Q(x,z:j), where q: is the

*
13 4™y
fraction of all periods in which state i occurs over the long run.

When these conditions are satisfied, Ljung shows that the asymptotic
behavior of x, approaches a trajectory of the deterministic differential

equation x = f(x), where f(x) is defined above. For the system (2.3), the

associated differential equation system is

(3.3a) o, = (q/qH) [Br, (n/n)u(n) = v (n)]
(3.3b) B, = (a}/q,) [v"(n) — Zr (n/n)%u"(n) - H]
(3.3¢) q, = (q — q,)

where the dots denote derivatives with respect to a rescaled time variable r,
which increases as r = E:dsd, and where we have dropped the hats on the

A

state variables ﬁd,l%.

If the system (3.3) is such that all trajectories converge to a unique
fixed point, then with probability 1 the system (2.3) converges to that fixed
point as well. This is what happens in the usual applications of the approach
in control theory, and in the case of the learning mechanisms treated by
Marcet and Sargent (1986). 1In our case, it 1s evlident that the subsystem
consisting of equations (3.3c) for the state variables q, has a globally
stable fixed point q"; hence for the system (2.3), q, converges to q; with
probability 1 (as also follows from the law of large numbers). But the full
system (3.3) often does not have a globally stable fixed point.

Nonetheless, the system (3.3) reveals a good deal about the possible

asymptotic behavior of (2.3). If an open subset D of ®°® is such that almost

all points in D lie on trajectories that eventually leave D under the dynamics
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(3.3), then it follows that under the dynamics (2.3) as well, the state
variables (nB,HJ,qJ) eventually leave D with probability 1. Hence the state
variables cannot converge to any constant values that are not a locally stable
fixed point of the system (3.3).zu On the other hand, if X is a locally (but
not globally) stable fixed point of (3.3), then (2.3) converges to x with a
positive probability (but less than 1), assuming that some pattern of
stochastic realizations can take x to a nelghborhood of x starting from the
given Initial conditions. If the system (3.3) has an attracting set that is
not a fixed poilnt (e.g., a limit cycle), then (2.3) need never converge. (The
same ls true 1f all trajectories of (3.3) do not eventually remain within some
compact set, although we show below that this case can be ruled out for our
example.) In such a case, presumably agents will eventually modify the
learning process described above, to allow for more complicated hypotheses
about the process generating (R,}.

Inspection of (3.3) indicates that n = H=q = 0 1if and only if n,H,q

satisfy F(n) = O,
(3.4) Hy = v"(n) - B, (n/n)%u"(n)

and q, = q:. Accordingly, the system (2.3) cannot converge except to a
s.r.e.e. Gonversely, one observes that to each s.r.e.e. n there
corresponds a unique fixed point (E,ﬁ,q*) of the dynamlcs (3.3); H is
simply given by (3.4).

One also observes that, for all n,H,q > 0, the sign of ﬁd is the same
as the sign of FJ(n). It follows from Lemmas 1 and 2 of section I that under
the dynamics (3.3), n always moves into the interior of the cube B from any

point on the boundary of B. If we furthermore define
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H, = 2 [v"(n,) - Er, (0 /n)%"(n)]

and ﬂj as the corresponding minimum value, and choose q,,4, so that

0<g< qz < E& < 1, then all trajectories of (3.3) that start inside ﬁf:

eventually enter and remain forever within the rectangular region D C e
A -

defined by n =< n, < n, HJ < HJ =< HJ, a, =< q, < EJ. Hence specification

A

of the rule used by agents when (2.2) implies a negative value for RJ or H‘j
is not important; whatever rule is specified will not affect the asymptotic
dynamics.

The mere fact that the asymptotic dynamics remain confined to a compact
set does not suffice to guarantee convergence to any of the s.r.e.e. contained
within the cube B; a result of this kind is possible only if the dynamics
(3.3) have a unique, globally stable fixed point,21 or if (3.3) represents

z Still, it does suffice to insure that under

dynamics of the gradient type.z
the stochastic dynamics (2.3), the values of n, are bounded away from zero in
the long run with probability 1. Hence the learning dynamics specified will
never lead agents to the s.r.e.e. in which money is not valued and n = 0.
This suggests that the attention given in the overlapping generations
literature to the possibility of a self-fulfilling hyperinflation may be
misplaced.

Local stability of a fixed point of (3.3) is evaluated by linearizing

(3.3) around the fixed point. One obtains

n B 0 0 n-n
(3.5) | - c -I 0 H-H
q 0 0 -I q-q"
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where B is exactly the matrix DF of section I, and where the elements of C
involve second and third derivatives of u and v evaluated at n. The eigen-
values of the matrix in (3.5) are just the eigenvalues of its three diagonal
blocks, i.e., -1 (occurring 2m times) and the m eigenvalues of DF. Condition
(R) then guarantees that every fixed point is hyperbolic, so that local
stability depends only upon the linearization (3.5).%2

We thus obtain our main result.

Theorem 2. The adaptive learning dynamics described by (2.3) cannot converge
except to a s.r.e.e, with n > 0. They can converge to such a s.r.e.e. if and
only if all eigenvalues of DF, evaluated at that s.r.e.e., have negative real

parts.
This has the following consequences.

Corollary 2.1. 1If preferences satisfy the condition of gross substitutability

(see Gorollary 1.3), then the monetary steady state is stable (and no s.s.e.
exist).

Corollary 2.2. Any s.r.e.e. with index -1 is unstable (i.e., the learning
dynamies cannot converge to it). Hence if (1.5) holds, then there exist
transition probabilities Ty > 0 such that the monetary steady state is

unstable.

Corollary 2.1 cbtains because, as noted above, gross substitutability implies
that all eigenvalues of DF have negative real part. More generally, Det DF
must equal the product of the eigenvalues of DF, so that if A < 0 (i.e., the
index is -1), there must be an odd number of eigenvalues (and at least one)

with positive real part. Hence Corollary 2.2 obtains. When the index of a
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s.r.e.e. 1s +1, one can say only that the number of eigenvalues with positive
real part is even, while stability requires that that number be zero.
However, we observed in section I that [DF]n = -n, so that -1 is always an
eigenvalue of DF. Hence when the index of a s.r.e.e. is +1, the number of
eigenvalues with positive real part must be an even integer no greater than

m-1. Hence in the case m=2? (the case considered by Azariadis), we obtain:

-

Corollary 2.3. If m = 2, the learning dynamics can converge to a s.r.e.e. if

and only if the s.r.e.e. has index +1.

Hence in the special case m = 2, we obtain the following results, as a

consequence of Theorems 1 and 2.

Corollary 2.4. If m = 2, at least one s.r.e.e. is stable.

Corollary 2.5. If m ~ 2, and any s.s.e. exist, then at least one of the
s.8.e, is stable.

Corollary 2.6. If m = 2, and the monetary steady state is unstable, there

exist at least two s.s.e. that are stable.

These results establish that it is Indeed possible for an adaptive
learning process of the kind described in section II to lead the economy into
a stationary sunspot equilibrium. This may occur with positive probabllity
even if the monetary steady state is locally stable, as long as the initial
estimates (n,,n, ,H, ,H,) are not exactly those needed for the monetary steady
state, 1.e., n =mn,= n" and H =H, = H = v"(n*) - u"(n*). When the
monetary steady state is stable, however, convergence to a sunspot equilibrium
requires a long chain of low-probability events, that perturb agents’

expectations sufficiently far from (nf,n*,H*,H') for them to be attracted to
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the s.s.e. While this may occur with positive probability, it is probably
safe to regard it as a relatively unlikely outcome.

On the other hand, when the monetary steady state is unstable, the
learning dynamics canmot converge to it, even if expectations are initially
quite close to (nf,n',H*,H'), as long as the initlal expectatlions are not
exactly consistent with the steady state. If agents begin with exactly the
estimates (rf,nf,H*,H*), then they will never be lead to change them. But even

a slight deviation in the initial conditions will result in n  evolving

1
separately from n, (and H, from H)) due to sampling effects; the estimate

that the suspot state matters slightly will then lead agents to act
differently in the two states, in such a way as to produce outcomes that
further reinforce this belief. The estlmate of the extent to which the suspot
state matters will grow, driving the economy away from the monetary steady
state; it may eventually converge to one of the s.s.e. We cannot prove that
it must (since the dynamics (3.3) may have limit cycles or a strange
attractor), but simulatlions Indicate that this can occur.

It 1s not clear that results like corollaries 2.4-2.6 are true for the
case m > 2. Nonetheless, it 1s possible to construct robust examples with an
arbitrarily large number of sunspot states, for which the monetary steady
state 1s unstable and at least some of the s.s.e. are stable.

Suppose that, In addition to the sunspot variable s,, agents also observe
another, independent, sunspot variable r, (the "moon-spots" of Azarladis and
Guesnerie (1982)). Suppose that the variable r  1s also a Markov process,

t

taking wvalues in the set (1,...,p), with transition probabilities T Then

the total number of distinct states Is mp. Every s.r.e.e. of the m-state

model will also be a s.r.e.e. of the mp-state model (these are s.r.e.e. in
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which n_ does not depend upon r ), although there will often be other s.r.e.e.
of the mp-state model as well. How is the stability of s.r.e.e. of the m-
state model affected if agents also observe (and seek to determine the effects
of) another variable r? Stability depends upon the eigenvalues of DF. The
mp-vector whose elements are €. (j =1,...,m, a=1,...,p) 1is an
eigenvector of DF, with eigenvalue A, if and only if

(3.6) | Zk.b’rjkaahukekb - (v, + AnH e

where Uj =y (rh) + nu (ru), ‘n"‘j = v (rﬁ) + nyv (na), and l-l‘j is given by

(3.4). 1In the case of the m-state model, the elgenvector equation is simply
(3.7) EkakUkek - (v, + AnH)e,.

It is evident that, 1f the m-vector e, satisfies (3.7) with eigenvalue A,

then the mp-vector such SN for all a satisfies (3.6), for the same

eigenvalue A. Hence If the m-state model has an eigenvalue with positive real

part, the mp-state model also does, and we obtaln:

Corollary 2.7. If a s.r.e.e. of the m-state model is unstable, that s.r.e.e.
continues to be unstable if an independent p-state random variable is added to

the model.

If the variable T, is 1.,i.d., then L does not depend upon a, and all
solutions of (3.6) must be such that ©i is the same for all a. But then
all solutions of (3.6) must solve (3.7), so that the eigenvalues of DF in the

case of the mp-state model are exactly those of the m-state model (each

repeated p times). Accordingly we obtain:

Corollary 2.8 If a s.r.e.e. of the m-state model is stable, that s.r.e.e.
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continues to be stable if an i.i.d. p-state random variable is added to the

model .

On the other hand, a s.r.e.e. of the m-state model may be stable when
agents only consider the use of s_in forecasting, and yet become unstable if
agents begin to consider an additional, independent variable r,, if r, is
not i.i.d. This possibility is illustrated by our results above regarding the
possible instability of the monetary steady state. For the monetary steady
state is a s.r.e.e. of a 1-state model, and if only the l-state variable is
considered in forecasting (i.e., if agents assume that the rate of return
R, 1s drawn from the same distribution G each period), the monetary
steady state is necessarily stable.?* (Recall that one eigenvalue of DF is
always -1; when m = 1, this is the only eigenvalue.) Corollary (2.2) can then
be interpreted as referring te a case in which m = 1 but an additional
variable with p > 1 states is observed; evidently the stability of the

monetary steady state is not preserved when another variable is considered.

Note that these considerations also imply the following general result:

Corollary 2.9, 1If agents observe only i.1.d. sunspot varilables, the monetary

steady state 1Is stable.

Corollary 2.8 implies that we can construct examples with an arbitrarily
large number of sunspot states, in which the monetary steady state is unstable
and at least some s.s.e. are stable, For Corollary 2.6 guarantees the
existence of such cases when m = 2. But then by adding an i.i.d. p-state
variable, one obtains an example with 2p states. One can then perturb
slightly the transition probabilities in the 2p-state example without

affecting the stability results; hence existence of an example of that kind
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does not depend upon factorization of the 2p sunspot states into a 2-state
variable and a p-state i.i.d. variable.

Remark 1, Our stability result is related to that to Marcet and Sargent
(1986). They consider the general class of models in which the true dynamics

of some vector of state variable z  are given by
z, = T(B)z, _, + V(B )u,

where u, is a vector of stochastic forcing variables and g, 1s the matrix of

parameters in the dynamic law that agents believe to be true, i.e.,
z =BXx , tw

Our system (2.3) does not have this structure, so we are unable to directly
apply their result. Yet we can define an operator somewhat analogous to the
Marcet-Sargent operator T that maps the structure agents believe in to the
actual structure.

Suppose that agents'’ estimates remain fixed for some time at n. These
beliefs generate a distribution of values for R given by (2.3d). Whenever
s, = i, Rt+1 takes the value ak/ﬁj with probability LI for k =1,...,m.
There is then an optimal choice n, corresponding to this distribution Gj. Let
it be denoted n = T(a). A s.r.e.e. is then a fixed point of the map T.
Furthermore, one can show that the derivative matrix DT, evaluated at a
s.r.e.e., is equal to I + DF, where DF is defined in section I. A s.r.e.e.
is a stable fixed point of T iIf and only if all eigenvalues of DT have
modulus less than one; this 1s only possible if all eigenvalues of DT have

real part less than one. Since for each eigenvalue ) of DF, 1+X 1is an

eigenvalue of DT, stability under the map T 1mplies that all eigenvalues of
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DF have negative real part, which implies stability under the dynamics (3.3).
Hence stability of a fixed point under the map T 1s a sufficient (though not
necessary) condition for it to be stable under the learning dynamics. Hence
the insight of Marcet and Sargent, into the comnnection between the notion of
"expectational stability" introduced by DeCanio (1979) and Evans (1983,1985)
and stability under adaptive learning dynamics, appears to apply to an even
broader class of models than is considered in their paper.

Remark 2. Our stability result is also related to that obtained by

Grandmont (1985a) and Grandmont and Laroque (1985) in their analysis of
deterministic temporary competitive equilibrium (t.c.e.) dynamics in an
overlapping generations model like that considered here. They exhibit
conditions upon an adaptive learning rule (designed ﬁo pick out repetitive
deterministic cycles of certain orders) under which local uniqueness of the
monetary steady state within the class of perfect foresight equilibria
(p.f.e.) guarantees stability of the steady state under the t.c.e. dynamics.
On the other hand, when p.f.e. is indeterminate near the steady state, they
show that a period-2 cyclic p.f.e. exlsts, that for some learning rules the
steady state 1s then unstable under the t.c.e. dynamics, and that the t.c.e.
dynamics may then converge to the'cyclic equilibrium instead.

A period-2 deterministic cycle is a limiting case of our (and Azariadis’)
s.s.e. -- the limit of a model with m = 2 in which n,, and n,, are reduced to
zero., In that limit, condition (1.5) is equivalent to A < 0 at the monetary
steady state, so that determinacy of p.f.e. at the monetary steady state is
both necessary and sufficlent for stability of the steady state under our

learning dynamics, and indeterminacy is a sufficient condition for the

existence of a period-2 cyclic p.f.e. that is stable under our learning
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dynamics. Hence the result of Grandmont and Laroque, relating "stability of
the backward perfect foresight dynamics" (i.e., determinacy of p.f.e.) and
stability under learning dynamics, is obtained as a limiting case of our

Theorem 2.
IV. CONCLUSIONS

Our results indicate that stationary sunspot equilibria cannot be
dismissed as a possible positive model of economic fluctuations on the ground
that rational agents could never come to have such beliefs. We have exhibited
an example in which, when agénts use a plausible learning rule (one that is
not optimal, but that agents will not have reason to reject if it leads to
convergence to a rational expectations equilibrium), the economy can converge
to a stationary sunspot equilibrium.

Our results also indicate that the mere consideration of stability under
learning dynamics does not remove the large multiplicities of rational
expectations equilibria found for many economic models. It might have been
hoped that one could show that, in the case of some reasonable sort of
learning rule, only one of the s.r.e.e. is stable, so that one could then
confidently predict that as the long run state of the economy. We have found,
however, that while considerations of stability under learning dynamics can
rule out some rational expectations equilibria (e.g., the monetary steady
state under certain conditions, several equilibria may all be locally stable.
(In the case of the model considered here, whenever multiple s.r.e.e. exist
with n >> 0, at least two of them must be locally stable.) When several

locally stable equilibria exist, which one the economy eventually converges to
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(if it converges) depends upon random events during the learning process --
not simply upon tastes, endowments, and technology. Not even specification of
the initial state of expectations is enough to allow precise prediction in
many cases, for the space of possible initial conditions camnot be divided
into disjoint basins of attraction of the several fixed points, as in the case
of a deterministic system.

The long run state of the economy is even more indeterminate if one
supposes that more than one publicly observable random variable exists that
may play the role of a "sunspot variable"., Even i1f one supposes that all
extrinsic variables follow two-state Markov processes, the set of transition
matrices for which s.s.e. exist can be very large. For example, if (1.5)
holds, there is an (mz-m)-dimensional manifold of matrices such that A < 0
at the monetary steady state. If agents seek to determine the effects of any
variable of this kind, theilr actions drive them away from the monetary steady
state and may result in convergence to one of the two or more s.s.e. But the
set of s.s.e. that may be reached is different for each such transition
matrix, i.e., it depends which random variable agents first decide to try
using in their forecasts. If one takes into account "sunspot" variables that
follow more complicated Markov processes as we11,25 or sunspot equilibria in
which state variables depend upon lagged as well as current realizations of

26

the sunspot variable,”™ the set of s.s.e. to which the economy can converge is

expanded still further. It is impossible to predict the long run state of
such an economy Iindependently of the vagaries of the historical process

through which agents reach a comsensus about what to expect of each other.?
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The earliest examples of sunspot equilibria in general equilibrium
models were given by Shell (1977) and Cass and Shell (1983). Equilibria of
this kind in ad hoc macroeconomic models were previously exhibited by Black
(1974), Taylor (1977), Shiller (1978), and others. Other general equilibrium
examples are cited in section I.

z For a discussion of the potential relevance of such models for
equilibrium business cycle theory, see Woodford (1986b).

3 Townsend (1983a, 1983b) seeks to ground the evolution of beliefs upon
Bayesian updating, but his solution to the problem requires an assumption of
pre-existing coordination of agents’ beliefs at a higher level, e.g., common
knowledge of a certain covariance matrix describing the jeint distribution of
agents' beliefs. On the general need for more than a simple assumption that
agents understand the structure of the economy in order to derive determinate
learning dynamics, see Frydman (1982).

N See, e.g., the comment of Marcet and Sargent (1986), foonote 11.

This specification follows Azariadis (1981). A model in which agents
supply labor and consume in both periods of life results in equilibrium
conditions of the same form as those derived here, so that extension of the
results to that case 1s trivial. See, e.g., Grandmont (1985a). 1In that case,

n, in the equations below is to be interpreted as excess supply by the young

(i.e., labor supplied in excess of their own consumption), and ¢, as excess
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demand by the old.

The model presented here also has a structure quite similar to the cash-
in-advance monetary economy of Lucas and Stokey (1984), in the case of no
endowment shocks or money growth shocks. (On the existence of stationary
sunspot equilibria in the Lucas-Stokey model, see Woodford, 1986b, sec. 2A.)
Hence the results of this paper immediately indicate that the monetary steady
state may be unstable, and that stationary sunspot equilibria may be stable

under adaptive learning dynamilcs in that model as well.

8 Mas-Golell (1985), p. 37.
7 Ibid., p. 46.
8 Milnor (1965). For applications of this theorem to general equilibrium

theory, see Mas-Colell (1985), pp. 188-222,

9 The condition of gross substitutability is also known to rule out

deterministic cycles in this model {(Grandmont, 1985a), and to preclude
indeterminacy of perfect foresight equilibrium near the monetary steady state
(Woodford, 1984). For extension of both of those results to the general
stationary overlapping peneratlons exchange economy, see Kehoe et al. (1986).
10 See Theorem 4.C.2 of Takayama (1974), p. 382.

1 Woodford (1984).

12 For example, this can be proved using the Ljung (1977) differential

equation approach discussed in section III.

13 For the contrast between off-line and recursive identification

procedures, see Ljung and Soderstrom (1983), chapter 2, and secs. 3.3-3.4.

14 Ibid., sec. 2.4.

15 Equations (2.2) must be modified so as to prevent n from ever leaving

4

the interval (0,n), and ﬁj from ever leaving (0,»). We do not bother to
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write this explicitly, since, as shown in section III, the boundary
modifications have no effect upon the asymptotic dynamics.

18 Ljung and Soderstrom (1983), secs. 2.4.5-2.4.6 and 3.5.2-3.5.3.
i Ibid., sec. 4.2.1.

18 See the discussion by Marcet and Sargent (1986), sec. 7.

18 See also the exposition of Ljung's method in Ljung and Soderstrom
(1983), sec. 4.3.3. The technique was first applied to the problem of
convergence to rational expectations equilibrium by Marcet and Sargent (1986).
20 Ljung (1977), Theorem 2.

21 Ibid., Theorem 1.

22 Ibid., Corollary 2 to Theorem 2,
23 Hirsch and Smale (1974), p. 187.
24 This learning process 1s closely related to the one for which Lucas
(1985) shows the monetary steady state to be stable.

23 Grandmont (1985b).

28 Farmer and Woodford (1984), Woodford (1986a).

z This does not, however, mean that the model implies no testable
predictions about the long run state of the economy, if we assume that it must

converge to some s.r.e.e. Certain restrictions upon the data are implied by

all s.r.e.e. of a given model; see Woodford (1986éb), sec. 4.
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