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ABSTRACT

The local dynamics of efficient allocations are studied for heterogeneous-
agent economies with production where preferences are recursive but not time-
separable. In the case of a cne-sector neoclassical technology, it is shown
that optimal trajectories locally converge to a unique steady state, provided
that every agent’s utility satisfies normality and increasing marginal
impatience conditions. 1In the two-sector case, with the above restrictions on
preferences, it is shown that oscillations can result only if the consumption

goods sector is sufficiently capital-intensive.



1. TIntroduction

lnfinitely-lived representative agent models have been extensively used
as microfoundations for macroeconomic theory. At the same time, some
criticism has been directed towards these models for ignoring the
complications that can arise when many agents are introduced. Recently the
dynamics of efficient intertemporal allocations have been studied by Becker
[1980], Bewley [1982], Yano [1984] and Coles [1983] under the assumptions of
time-addicively separable preferences for the agents and stationary production
technologies. This paper, however, 1is based on the model of Lucas and Stokey
[1984] who used the Koopmans [1960] framework of recursive intertemporal
preferences for the agents in the economy. This framework allows the marginal
rates of substitution between current consumptioun and future utility of
different agents to adjust to each other. More recently, Epstein [1985a]
studied the local dynamics of the Lucas-Stokey model in a continuous time one-
sector economy. Using Uzawa [1968] utility functions, where the discount
factors of agents are allowed to depend upon consumption and aggrepgate utility
levels, and imposing the condition of increasing marginal impatience, he
showed that the stability results for the continuous time, one-sector model
carry over to the case of heterogeneous agents. In a later paper (Epstein
[1985b]) he generalized the Uzawa functionals to a class of preferences having
a recursive structure in continuous time, and obtained global stability
results for multi-sector models under restrictive assumptions, termed q-
conditions in the turnpike literature (see McKenzie {1981]).

It is well known that the stability results for one-sector models are not
generally obtainable in multi-sector models in continuous time (see Benhabib
and Nishimura [197%9a]). Moreover, in the discrete time framework, even a two-

sector model can lead to oscillations and "flip" cycles (see Benhabib and



Nishimura [1985]). The question, therefore, arises as to whether such
instability can occur due to the heterogeneity of agents (or even whether this
heterogeneity can contribute to stability) in multi-agent models in discrete
time.

In this paper we study the local dynamics of efficient accumulation and
allocations of agents’ utilities for general specifications of recursive
preferences in one-sector and two-sector models, respectively. For the one-
sector model, we show in section 3 (Theorem 1) that if future utility is a
normal "good" for all consumers, the local dynamics are nonoscillatory.
Furthermore, if all consumers display increasing marginal impatience, then the
steady-state is unique and locally stable. By contrast, in the cases where
agents have additively-separable preferences over time, only those agents who
share the highest discount factor own capital in the long run and the
aggregate steady-state stock adjusts to this discount factor. Moreover,
insofar as the highest discount factor is shared by more than one agent, the
distribution of the steady-state capital stock as well as the steady-state
utility levels of these agents cannot be determined independently of initial
conditions.

In section 4 (Theorem 2), we show for a two-agent, two-sector economy,
that if future utility is normal for both consumers, oscillations arise only
if the consumption goods sector i1s sufficiently capital-intensive. The
uniqueness and local stability of the steady-state follow from the imposition
of increasing marginal impatience upon both agents and an additional
restriction on technology. Thus, oscillations require either inferiority of
future utility, or the relative capital-intensity of the consumption goods

sector, or both (see Theorem 2 and the remarks that follow).



2. Technology and Preferences

In this section, the per-capita net output of the economy will be
characterized by a nonnegative production function of capital, f£(k). At any
time t, the output is divided between current consumption ¢, and the

capital stock for the next period K .

(1) c, +k, = f(k) t©=0]1,...

t

where we assume

(F.1) f is twice continously differentiable on (0,«), with £' > 0,

f* < 0, and 1lim f'(k) = «
k~0

(F.2) There exists a point k > 0 such that f£(k) > k if
0<k<kand £(k) <k if k > k.
Let K = [O,E], K= K XK x... . For k, < ﬁ, the feasible correspondence

F:K - K* 1is defined by

(2) Flk)) = t(kgk,...) € K[0 =k, = f(k), t=0)

L+l

which pives the set of feasible capital accumulation paths attainable from the

initial stock level ko. We shall write 0k = (ku'k1"")'

let R: = R X R+ ... and 0C = (co,cl,...). Let G:K® -+ Rf be defined
hy
(3) G k) = tlegie, . 0|0 s ¢ = £(k), t=20)

[1]

where oX € K'. Then the correspondence C:K - R: defined by

(4) Clky) = 1,6 € R), C = G(K) |k = (,k,...) € F(k))



gives the set of feasible consumption paths attainable from ku' We impose the
product topology on R:. It can be shown that C 1is upper semi-continuous

in ko‘ As K 1is a compact subset of R, C(K)y = U C(ko)
k 0EK

is a compact set (Hildebrand and Kirman [1976, p. 192]).
Following Lucas and Stokey [1984) we focus upon utility functions that

can be expressed as
(5) U (oc) = V(co,UCIC))
where V: RXR ~+ R 1is an gggregator function satisfying:

(V.1) V is continuous and bounded.

V.2) V is strictly concave. '

(V.3) V(0,0) =0

(V.4) (c,2z) < (c',2z') implies V(c,z) < V(c',z')

(V.5) IV(c,z) - V(c,z’)] =< §(z-z') for all c & R+; z, z' € R+; for some

0 =<4 =<1.

Lucas and Stokey [1984, Theorem 1] have established that, under
(V.1)-(V.5), every aggregator function V has associated with it a unique
ucility function U, which satisfies (5) and meets other regularity
conditions. For the purposes of the local dynamics studied in this paper, we
further assume
(V.6) V(c,z) 1is twice continuously differentiable, with V1 = Jv/dc > 0,

V2 = 3v/9z > 0, and Vu,sz < 0.

Due to the mature of the optimization over heterogeneous agents,

discussed in the next section, we wish te "invert®" the aggregator function in

order to specify current consumption as a function of current lifetime and

next-period's lifetime utility.



. th .
- . enote a sequence of
For the j agen;, let ncj 4 CLI'CLZ"' deno q

consumption allocations, and define

n
Z, 5 = {2, = U(,c) ljzlc“ <c, tz=0,and ce€ Ck))

as the set of initial lifetime utility levels attainable from the set of
initial capital stocks.
Let Kk = {kllkl € [O,f(ka)], ko € K}, be the set of second-period capital

stocks feasible from Iinitial stocks, and define

Z = |z

n
51 i = U(ICJ)IE cj =< c t>1 and \© € Cix)}

' .t L’

j=1

as the set of second-period lifetime utility levels attainable from the set of
feasible second-period capital stocks., Then given monotonicity of V in ¢,

we define the consumption mapping

J
(6) c = G (zJ

.0 07301

as an inversion of the aggregator function. It is easily shown that the

function G has the following partial derivatives.

Lemma 1:

(1) G, = V;I > 0

(ii) G, = _VZV;1 <0

(iii) G, = -vnyf >0

(iv) Gy = VI3[2V1V2V12 ) vzzvf ) Vllvz} =0
(v) G, = VIV,v, - vV I

Note that the sign of G, determines preclisely whether future utility is a

normal good (G12 < 0) or an inferior good (G, _ > 0). As such, it is not

12

determined a priori in the context of this paper.2
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For a separable utility function E:w 6Lu(ct) = u(co) + 6U1, the
discount factor 0 < § < 1 is independent of the levels of consumption. We
shall define the consumer’s subjective time discount factor from the
aggregator function by 6(c) = Vz(c,U(c,c,....,c). It can be shown that (V.6)
implies 0 < §(c) < 1 (see Beals and Koopmans [1969]). This is the impatience
condition. If it fails, utilities will be unbounded along constant

consumption paths. The following is the increasing marginal impatience

condition:
(M) 8(c) is decreasing in c.
Under (V.6) we have the following result:

Lemma 2: (M) holds if and only if Vmﬁl - VZ) + Vzgﬂ < 0 where partial
derivatives are evaluated at the constant consumption stream c.

Proof: Consider the derivative
' B i 2 - ) ) -1
§'(¢c) = avz(c,V(c,. ..))/8e = V__ + V£2V1(1+V2+V2+...) [(l VZ)V21 + Vézv1](1 Vz)

21

since 0 < Vz <1, 8'(c) <0 = (1 - VZ)V21 + V22V1 < 0. Q.E.D.

3., An n-agent Economy with_ Production

In this section,we provide a complete characterization of the local
behavior of optimal paths in an n-agent economy with production. One of the
main conclusions of this section is that a steady state is locally saddle-
point stable if the agents' utilities satisfy the normality and increasing
marginal impatience conditions. These assumptions imply the uniqueness of the
steady state as well. The more detailed results are given in Theorem 1 below.

Consider maximizing over an infinite horizon the utility of agent 1,

subject to technological constraints (given the initial capital stock) as well

-7-



as utility constraints for the other n-1 agents. It can be rigorously shown
that the solution to a planning problem of this type corresponds to a
competitive eqilibrium for a production economy with many infinitely lived
agents, where the utility constraints upon agents have been appropriately
chosen to reflect endowments. (See Epstein [1985a]) or Kehoe, Levine and Romer

[1986]). The constraints upon the optimization problem are:

kD < ko
i - _
u (Oci) z z i=2, n
O T Bt -
4y = f{k) k EFQG (zi'h ziﬂjl) t=0,1.

In the following, all constraints will be assumed to hold with equality. Let

. n-1,
z = (th,...zmt). Define X = [(kn,EQ € KxR_": (ZAJ,EQ IS U(ku) for

} ¢ R%. U(k,) represents the

1,0 n,0 +

some Z € R} and U(ko) = {ZLO,..,Z
vector of agents' utility possibility sets that are feasible from a given
capital stock. Given that (Eh,%p € X, the maximization problem may be

expressed as

V2

11 iy,
(7) wiky,z) = max  V[E(k) - k - X, G (z, .z |

Lk ) 1 i=2 ); w(kl,a)]
1'%

where k =k , z =z and optimal choices of k,, z must be such that

0

k1 € k& and le e ZLI, i=2,...n. The functioen V denotes the first agent's
utility from the aggregator function.

Following Lucas and Stokey [1984]) it can be shown that there exists a
unique function w: X + R satisfying (7). This function is bounded,
continuous, concave, differentiable, increasing in k and decreasing in z.

The corresponding policy function is single valued and continuous, and

generates all Pareto-optimal sequences of allocations.



The first order conditions for optimal choices of "next period" capital

stock and agent 2,...n's utilitjes are
(8) kt.+1: -Vl(cl t.'zl t.+1) * Vz(cl,t’ 1, |-.+1)""T (kn;+1'-r.+1) =0
(%) ziJﬁl: -vl(cln 1, Ui)G (z 1 ud) + v (clt’zl,ud)wi(k£+1’c+l) -0, i=2,...
where
n i
S T £y - Kk, - 2.0 (zi,t,’zi,ul)
zl,t.+1 - w(kt.ﬂ‘ gt.*l)

The partial derivatives of the value function satisfy the following

envelope relations

(10) wl(kt,gh) = V1(C ) £ (k )

1,t' 1 t+1

i . i
(11) w(k,z) = -V(c, 2z, )Gz .z ) t=0,1..., i=2,...n;

Substituting from (10) and (11) into (8) and (9) respectively, and combining

the resulting expressions vyields

(12) -vl(cl,t’ 1L+1) + v (C 1L+1)V1(th+1'zlJﬁ2)f'(kt+1) =0

(13) f£'(k )GZ(z z ) + G;(z

1,071, e+l

y =0 t=0,1,

Z
t+1 i,t+17 74, L2

A steady state for the optimal program is an n-tuple (k,z) that

solves the following equations

(14) £r(k) = 1/(V,(c,,2)))

i 1= = i- = i< = :
(15) V,(c ,z)) = -G,(z,,2,)/G (2 ,2) = V,(c,,z) i=2

where the superscript on the first agent's aggregator function remains
suppressed. Theorem 4 in Lucas and Stokey [1984] implies that, with the one-

sector neoclassical production technology and the imposition of (M) on all

t-0,1,



agents, the resulting steady state is unique. In order to see whether the
optimal sequence in fact converges to this steady state, at least locally, we
linearize the system around the latter and study its behavior for arbitrary
deviations in initial conditions.

Totally differentiating (12) and evaluating variables at the steady state

(where £/ = (V)™ = (VHYTh w .Gi/Gl,  is2,... n):

(16) (V1V_;V12 ) Vll)Dcl,t + (Vlv_;vzz ) Vlz)Dzl,tfl + VllDCl,t+1
*VDz L+ YV ENdk = 0

(17) De, , = f'dk - dk - I Gdz - I _Gdz .Vt

(18) Dz, , = wdk + I wdz =V [fdk - z‘i;zcldzi_c} vt

Substituting from (17) and (18) into (l6) and using Lemma 1:

vl 1 ol 1.2, ) 1
(19) £'GLdk, + [l + £7GL, -(G)¥E"]dk,, + G dk

1l i 1 e I 1
+ f GlZE‘;szdzir + [6 + £'G,,|Z]_G,dz

t =272 71, e

1 on i
+ G1221=2szzi,uz -0

Differentiating the set of equations implied by (15) and solving for dz1t+2

as a functio
f tion of dzit, dziAjl, dkt+r

_ £ . i y i i -1 S WP i
(20) dziﬁﬁa - -t dzi,t (G1f+ £ Gzz)(Glz) dziﬂil Gz/clzdkt+1 i-2,...n.

Plugging (20) into (19) and solving for dk ¢

— _f el i1 1 4-1 0 Iv2rn Al
(1) dk,,, = -£'dk, + [(-G)+ £G,) (617 + (6 /6 dk,

+2 1

n 1 i 141 )l 1 1,1 nd
+ zi=2[(ficzz + Gll)(GIZ) - (£ Gypt G11)(G12) ]szzi

L+l

-10-



(20) and (21) represent a second-order dynamic process in n wvariables. This

can be transformed into an equivalent first-order process in 2n variables by

defining the variables X = kt, Yyer = g i=2,...n. In addition let
1 r ad j 3oyl 3 o_ piy2ipd ol ‘,,.
R = (f G,, + G11)(G12) and Q (Gz) (G) j=1,...n.

Letting aé - [dkt,dzat,...,dzmt,dxt,dylt,...dynil be a 2n-

dimensional vector, we can express the local dynamies implied by (20), (21) as

(22) a =J. a where J =

In the partitioning of the Jacobian J, I and Q0 represent nXxXn
identity and null matrices respectively, while A 1s an n x n matrix defined

as

R+ £ Q0 (R%-RME. . (R™-RDGY|
A= |-frQ*(chH™ RE ... . 0
- QNG ! 0 ....-R"

For local stability, the dynamic system (22) must have n roots
inside and n roots outside the unit cirele, and there must exist an n-
dimensional stable manifold such that for any initial (xl,%) in the
vieinity of the steady state, we can uniquely choose (k ,z) so that the
path of capital stock and utilities converges to the steady state. The latter
requires (as discussed in Scheinkman [1976]; see also Epstein [1985a]) that
the stable manifold not be "vertical" at the steady state, for in that case
the appropriate (kl,gl) cannot be chosen as functions of (x1'Yi)' At

this point, we assume the following

(V.7) There exists an |R’| < |R*| for all ixj.

-11-



Without loss of generality, we let agent j be agent 1, so that |R1| < |R1|
for all iwl. This enables us to ensure that (ki,a) can be chosen as
functions of (xl,z) near the steady state (for a proof, see Appendix 2).3
The following theorem characterizes the roots of J when all agents have
normal future utility:

Thegrem 1: Let (F.1), (F.2); (V.1) - (V.7) hold, along with normality of
preferences for all agents. Then the Jacobian in (22) has 2n characteristic

roots which satisfy the following:

(1) For each root AJ there is a root f'/Aj.

(ii) All roots are real and positive,

If, in addition, assumption (M) (increasing marginal impatience) holds,
then:
(iii) For every AJ inside (outside) the unit circle, its conjugate f'/).j
is outside (Inside) the unit circle.

Proof: See Appendix 1.

Remark 1: When (M) fails locally, saddle point instability will occur due
to the emergence of multiple steady states, with each unstable steady state

bracketed between a pair of stable ones.

Remark 2: Normality assumptions on preferences assure the nonoscillatory
behavior of capital and utilities arocund the steady state. This follows
because the roots of the matrix J are positive. When normality assumptions
are relaxed we can expect oscillatory behavior. If future utility is inferior
for one or more agents, the accumulation of capital will lead to higher

current consumption and a reduction in the capital stock, giving rise to

-12-



oscillations. These oscillations get amplified the stronger is the
inferiority, leading in some cases to the loss of saddle-point stability in
the steady state (via a root crossing -1), and to the bifurcation of periodic
cycles. (For a discussion in the representative agent case, see Iwai {19/2)
and Benhabib, Majumdar, and Nishumura [1985].) Indeed, the proof of Theorem 1
can easily be generalized to show that, for each agent having inferiority in

future utility, J would have a pair of negative roots.

4. Extension to the Two-Sector Model

In this section, we consider the special case of a two-agent economy, but
allow for a two-sector technology. The main results of this section are that
when agents have concave, non-separable preferences, normality of future
utility can lead to oscillations only if the consumption goods sector is
sufficiently capital-intensive.

With the two-sector assumption, the consumption constraint upon the
dynamic programming problem has to be modified as follows:

2 )
c,, = T(kh,k Yy - G(z

1, “ )

t+1 2,L 72,1+l

where T(kt,kuq) denotes the production possibility frontier of an economy
producing consumption (CL) and investment (ku]) goods with given per-
capita stocks of capital (ku)‘ Full depreciation of capital is assumed in
the above formulation. 1t can be shown that: T1 > 0, T2 < 0, Tu,T22 < 0,
and 132 > (<) 0 as the consumption goods sector is relatively labor (capital)
intensive (see Benhabib and Nishimura [1985]).

Plugging the above constraint into the value function
) - Gz

(23) w(kL,z ) = Max V[T(kt,k

{k )

z Y, wik Z

2,t L+l 2,L772 41 t+1"’ 2,t+1)]

L+1'£2,L+1

which has envelope relations and fivst-order conditions

-13-



(24) ”1(kc’22,t) = Vl(clt'zlﬂﬁl)Tl(kt'ktfl) t=0,1,...

2 -
(25) wz(kt’zz,t) = 'Vl(cl,t’z1¢¢1)cl(zzn’zz¢ﬁ1) t=0,1,...
(26) Vl(Cl,t'zl,tﬂ)Tz(kr.’kt.ﬂ) + Vz(cl,t'z‘l,ul)wl(ktﬂ’zz,tﬂ) -0
2
(27) Vl(cl,t'zl,t+1)G2(22,t'ZZ,t+1) + VZ(Cl,t'Zl,t+1)w2(kL+1'22,t+1) =0

The steady state in this problem is a pair (E,EZ) that solves

(28)  V,(c,,z) = -(T,(K)/T,(K)) = -(Gi(z,)/Gi(2,))

which implies

1,—- = 2, < = TN o
(29) 0 < Vz(c1'21) = Vz(cz’zz) - - TZ(L)/Il(k) < 1

Due to the interaction between technology and preferences in the two-sector
case, assuming (M) on preferences is no longer sufficient to guarantee the
uniqueness of the steady state. 1In addition, a restriction has to be placed

on technology:

() Ty = (T/T)T,, + (1~ (T/T, )T, <0

Local analysis around the steady state is carried out by differentiating
(26) and (27) around their stationary values and solving the resulting

equations for dk d

142092, ,, In terms of dkb, dz dk d

2.0 b1’ zz¢&1‘ Defining

X, =k andy = 7y this second order system is transformed into the

first order system below.

r 1 i L - ]
dkt+2 A Vz I dkt+1
(2x2) (2%2)
309 92, vz | : 92, e
dx 1 0 dx
|
w2 (2%7) (2x2) | erl
| dyt+2 J dyt+1

“14-



where
-1 -1 41 2 plyn2 -1 T
K(T11+ V2 Tzz)(le) -R -(R*-R )Gz(Tz)

A= (1-K)?

- -1 1.2 2.1 -2 2
[T11+V21T22-Rlle]Qz(GiTz) [R'QMR*Q']T ,(T,) *-R

and RI,RZ,QI,Q2 and Gz are as in the previous section and
K = [Q'+ Q% T /(T)°
The Jacoblan of (30) has four roots which come in pairs (Aj,vaj)d.
[This result is entirely analogous to the previous section and can be seen
from the proof of Theorem 1]. Locally nonoscillatory dynamics for (30)
requlre all roots of the Jacobian to be positive. The following theorem
characterizes these roots.
Theorem 2: Let all assumptions on preferences hold, and let both agents have
normal utilities. Then
(i) All roots of the Jacobian in (30) are real.
If in addition, technology and preferences are such that 1Hz(Ql + QZ)(TZ)"z <1,
then
(ii-a) All roots of the Jacobian in (30) are positive,
Whereas if 'I'IZ(Q1 + Qz)('l‘z)-2 > 1, then
(ii-b) Two roots of the Jacohian in (30) are negative and two roots are
positive.
In addition, if (M) and (N) are both imposed:
(iii) For each palr of positive roots, one lies inside and the other outside
the unit circle.

Proof: See Appendix.

-15-



Remark: Part (ii) of Theorem 1 suggest that the relative capital intensity of
the consumption goods sector is by itself not sufficient to generate
oscillations. Intuitively, with concavity and normality of preferences,
agents may have Engels curves which slope in favor of future utility. Hence,
even if the accumulation of capital shifts the technological frontier out in
favor of greater current consumption, this shift, if small, may be offset by
the bias in preferences for greater future cousumption and the path to optimal
capital accumulation may behave monotonically. The shift in the technological
frontier has, therefore, to overcome the normality in future utilicy for
oscillations to ‘occur. The condition that le(Ql + QZ)(TZ)_Z <1 (>1)

implies nonoscillatory (oscillatory) paths reflects this. With normalicy in
both agents’ utilities, we have Ql + Q2 < 0. When le >0 (i.e., the
consumption sector is relatively labor-intensive), le(Ql + Qz)(T?_)"2 < 0

(.. < 1) and the condition for no oscillations is always met. However, when

T, < 0 the degree of mormality in future utility has to be taken into

12

account. The stronger is the normality, the smaller are Ql and Q2 in

magnitude, and the greater T12 has to be in magnitude to make
'l‘lz(Ql + Qz)(TZ)“2 > 1 and cause oscillations.

When pairs of negative roots occur, both can be less than -1 if the
consumption good is sufficiently capital-intensive (or if future utility is
sufficiently inferior for at least one agent). In that case, it can be easily
shown that period two cycles can emerge via a flip bifurcacion (see Benhabib
and Nishimura [1985]). The existence of cycles on the Von Neuman Facet has
been pointed out by McKenzie [1983). Futhermore, under some symmetry
assunptions, necessary and sufficient conditions for the local stability of

the steady state were given, in the single-agent case, by Dasgupta and

McKenzie [1985].

-16-



APPENDIX 1

Proof of Theorem 1

(1) The Jacobian in (22) has a characteristic equation which may be

expressed as
[-A1]- |a - a1 + £1[-a1] P T =0

or (Al) |-AT]- & - (A + £2a7HI] =0

&

where X = 0, Let X, be a root of (Al). Then substituting i = f’/Aj

]

into (Al) we get
' -1 . - ‘ -1 i ==
|-(£ AT | & - (£ A+ AL =0

which implies that if Aj is a root, then f'/Aj is a root.

(i1) From the proof of (i), (Al) reduces to
(A2) A - 4yl = 0 where v = A + £'A°L,

Hence, the n roots of A can be related to 2n roots of J wvia the

quadratic relation

(A3) QP - A+ £1=0 or A=y, E /()" - 4En)]

where 1, is the jth root of A. This enables us to state that each pair

(Aj, f'k;l) of the roots of J is real if and only if the associated

(a) v, is real, and

) || = 2/

-17-



and both X  and f'X? are positive if and only if
(c) 1J is positive.
The proof of (1i) therefore requires proving (a), (b) and (¢) for the roots of

(a) Define P as a real, nonsingular, diagonal n X n matrix with

P,~-1 and P, = [-£"Q'/(RY-RY) (6]) %] M2 i=2,..n.

Note that under (V.7) all elements of P are finite and real. Pre-and post-
multiplying A by P! and P respectively, we get a similarity

transformation to the following real, symmetric matrix

-R' 4 27 (- RERDEQE - RRDEQUT
. [-(R*-R) £"Q*)* -R? L 0
A = P AP =
—[ N (Rn-Rl).tﬂ'(gn ] kK 0 ) . ) . —R.“

Because it is real and symmetric, the matrix A" has real roots. Since it
was obtained from A by means of a similarity transformation, the roots of A
and A" are identical. Hence, the roots of A are real as well.

It helps in the flow of the argument to prove (e) before (b).
(e¢) Since a real, symmetric matrix is positive definite if and only if it has
all of its roots positive, we show that A" is positive definite in order to
prove that it has all of its roots positive.
(I) Under normality assumptions, all diagonal elements of A" are positive
(see definition of R’ and Qj on page (l1) in text and note that both are
negative under normality).
(IT) All principal minors formed by excluding the first row and column are
contained in the product Hiq(-Ri) k =2,...n. Since -R'> 0 for all
agents, this product is always positive.

-18-



(I11) Principal minors of order m, (m = 2,...,n) which include the first row
and column can be expressed as follows, when expanded sequentially along the

diagonal:

(a9) A= [T _(-R)}[-R' + £'3 Q" + £'5)_Q° (-R'/-R)] >0,

m=2,...0
where %:- lA'I. (I}, (I1) and (III) establish positive definiteness for
A",
(b} Since all roots of A" are positive, we need to show vy > 2/f'. Consider

the matrix R - A" - 2/f".1 which has roots equal to vy - 2/f'. A" and A
differ only in their diagonal elements. Let RI = R + 2/6" = BRI + ZV;*.

Therefore, it can be shown that

yd V‘j
2(1- (V) TH =V - ) - (DN
RI - : L j=1,...n
VJ
V11 B _;i Viz

Quasiconcavity of preferences ensures that the numerator of R’ is
positive. Therefore R’ < 0 due to the sign of its denominator (implied by

normality). By definition of R, and noting that R - R' = R® - R':

R+ 030 Q0 [-(RP-RNDEQN) - (RE-R'y £Q")¥
A = [- (RZ-RY)£Q?)™ RE L 0
[- (RP-RY) £rQR1 o ... _R" |

Using the same arguments by which A" was shown to be positive definite
in (a), we can show that A 1is also positive definite. Hence its roots are

positive, i.e. vy - 2/f' > 0 or vy > 2/f"'.
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(iil) (A,f'A-l) lie respectively Inside and outside the unit circle 1f and
only 1f, at A=l, the LHS of (A3) is negative, i.e. 1l-y + £/ < 0 or
v > 1+£f' .

Conslder the matrix A = A" - (1+f')I. The roots of A are equal to
7 - (1+f*'). Posltive definiteness of A would imply that g > 1+f’. To show
that this positive definiteness holds, define R = R’ + (1+f') = RI + (1+1/V)).

Therefore,

3 Ci1ovdygd L ydyd
— Vl (1 VZ)VI?_ VIVZZ

N2 oyl L ydpydylyd
VTl vy, - iV Ty,
Assumption (M) implies that the numerator of R is positive. So

R' is made negative by the sign of its denominator. The definition of A

implies
B2 Q) [E-RHEQY - (®-RD e ]
o= |- @®-RHeme -R* 0
[RGESEL 0 e R

Comparison of A with A" shows that the same arguments used to establish
positive definiteness of A" can be used (with R replacing Rj) to
establish positive definiteness of A. Q.E.D.

APPENDIX 2

Existence of a local stable wmanifold

Let B be a 2nx2n matrix of eigenvectors for J. Partitioning
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B
11 12 Lo .
B = where partitions are n xn, we have from Theorem 1(i):

21 22

I 0 B21 B22 B, B22 0 f'A

where we choose A as a nonsingular (see footnote 4) mnxXn diagonal matrix

of those eigenvalues of J that lie inside the unit circle. Let

E, - {(el,ezn[ij - B@:] where (d ,d,)) € R"x (0)}

be the eigenspace associated with the roots of J inside the unit circle. If
B, 1s nonsingular, then for the linear system the R" dimensional stable

manifold in R®* will be given by § = {(el,ez)] e, = HmBliel) (see
Scheinkman [1976], Lemma 14). Since the stable manifold for the nonlinear
system near the steady state given by equations (12),(13) is tangent to the
stable manifold of the linear system at the steady state, we can express
(kl,gl) as functions of (xl,yl) along this stable manifold where, for
small deviations around the steady state (dk1’dﬁ)' is approximated by
BlzB“il(dko'dgb)"

Multiplying the left hand matrix Iinto the first-column of the right hand

matrix, we obtain equations

(A.4) ABll - f’B21 = BllA
and

(A.5) B =58 A

. . . -1 ) B -1y
Combining (A.4) and (A.5): AB11 - t'B“A B A or AB11" BH(A+f'A ) BMF.

Hence B~ 1is the eigenspace of A. From Appendix 1, under assumption (V.7)
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the nonsingular matrix P performs a similarity transform from A to a real,
symmetric matrix A". Since a symmetric matrix has a nonsingular eigenspace,
the elgenspace of A" is nonsingular. Let this eigenspace be H. Hence

A"H = HI' or, substituting for A": P'APH = HI. Premultiplying both sides by
P we obtain the equality APH = PHI'. By inspection, B, = P.H. Since both

P and H are nonsingular, theilr product B  1is also nonsingular. This

conciudes the proof. Q.E.D.
APPENDIX 3

Proof of Theorem 2:
(i} Letting P= T11 + V;Tzz' we can partition the Jacobian of (30) as

A -V;ll

where A = (1-K)™%B

I 0

and
1t 2 nly 2 -1
KP(T ) '-R - (R*-RMGI(T,)

(B-R'T QT (R'Q® + R'QHT (T 7% - R

If v is a root of A and § a root of B, then v = 6(1-1()_1 so that
if & 1is real so is . Checking the discriminant of the characteristic

equation a sufficient condition for the roots of B to be real is b,b,, =0,

2 1 2 -1
where b12 = -{R°-R )GZ(TZ)
1, 2 2 -1 1 2
and b,, = (B-R'T )Q(GT)™! |, where R, R? G:,Tz, Q*, P <O,
So b,b, =0 if P-Rlle <0 and R%-R! < 0
or if P-RIT.. = 0 and R%-R!'> 0

12
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If, on the other hand P-R'T, 2 0 (<0) while R®*-R' <0 (>0),”
it can be shown that by rearranging terms and completing squares, the

discriminant of B can be expressed as

1 FA 2 1 1.2
(P-R*T)Q" - (P-R'T ,)Q 4(P-R*T ) (P-R'T ,)Q'Q

(1)? : (r)"

Thus, a sufficient condition for the discriminant to be nomnnegative is that
1 2
(A6) (P-R le)(P—R T,) =20

But R* - R' < 0 (>0) together with P-R'T, > 0 (<0) imply PT., - R* > 0 (<0)
and (A6) holds. This establishes that the roots of B, and therefore of A, are
real. To prove that the roots of the Jacobian in (30) are real, the roots of

A must further satisfy [v| > IZV;*I. It has been established from the

proof of Theorem 1 that
(A7) R+ 2v;" <0 i=1,2

Furthermore, it can be seen that

vt v
tyay Lo Lol 1y %\20,4
2(1+(V}) )Vlv12 (D, -+ D
i - 2 2
A8 R' - 2v* = <0
(AB) ) "
' Loyt
11 i 12

by quasiconcavity and normality of preferences, while concavity of technology

implies that

+ -k - -1 — X
(A9) P £ 2V AT T, + V)T, £ V)T, < o.
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We shall use (A7), (A8) and (A9) to show that the characteristie equation of
A has no roots in the interval [-2v;*, ZV;*]. The IHS of this equation

has the form:

1 KPP (R'Q%MR%QY)T 1 PR'Q? - PR%Q!
2 1,p2 12 r 1,2
(a10) 42 - — |-®RMRH 4+ — 4 - —— ¥+~ RR - —————
1-K T, (Tz)‘l l—KI. (T,)

which simplifies to:

1
(All) — [(—Rl-v)(-Rz-v) -
1-K

[Q'(-R*-7) + Q2(~R1—7)][-P-T127]}

(1,)*

Let 2 be the closed interval [-2V %, 2v_¥]. Then from (A7), (AB) and (a9)

it is obvious that (All) > 0 (< 0) for 1-K > 0O (<0) over all v € Z.
Hence, (All) » O for any v € Z, and A has no roots in Z,
(1i-a) Suppose that 1 - (Q1+Q2)T12/(T2)2 = 1-K > 0. From (al0), the

determinant of A 1is
(A12)  Det(a) = (1-K)'[R'R® - PT*[Q'R? + QR']] > 0O

Since the determinant equals the produet of the roots, both roots of A have

the same sign. To determine this sign consider
Tr(a) = [-R'(1-Q°T ) - R*(1-Q'r ) + P(Q' + @®))(1-K)'T}?

i -2 . .
If T, >0, 1 -Q Tm(Tz) > 1 (>>0) i=1,2. Also, when T, < 0 but
1-K > 0 as assumed, 1t must be true that 1 - (Q1+Q2)T12/(T2)2 >0, i.e.,

1~QiT12/(T2)2 > Qjle/(Tz)z >0 1,j=2. In either case, it can be seen that

Tr(A) > 0. This implies that both roots of A (and all four roots of the

Jacobian in (30)) are positive.
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(1i-b)  Suppose 1 -(Q1+Q2)T12/(T2)2 =1-K<0. From (A12), det A < 0.
This proves that the roots of A bear opposite signs. Hence, the roots of

the Jacobian in (30) come in pairs with opposite signs.

(iii) From the proof of Theorem 1{iii) it follows that palrs of roots
(A,(VZA))q'will lie Iinside and outside the unit circle respectively if and
only if the roots of A satisfy « > 1+V;1. Also from the proof of Theorem
1 (i11) we know that, under assumption (M), R' + (1+v;1) <Q i=1, 2.

Similarly, assumption (N) on technology implies that
-1
P+ (1+V2 )T, = T, -(T/T)T,, + (1-T1/T2)T12 < 0.

Defining the interval 0 = [0,1+V;1], it follows from assumptions (M) and

(N} that for any v € {1, the characteristic equation (All) > 0 (<0) as

1-K > 0 (< 0). Hence, A has no roots in Q. Q.E.D.
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FOOTNOTES

Although strict concavity of the aggregator functions is assumed to ensure
the differentiability and concavity of the value function , it is not needed
for the proofs of Theorems 1 and 2. In those proofs, only the quasiconcavity
of the aggregator functions is used.

z Normality and inferiority are defined in terms of the aggregator function.
The interpretation for the stream of consumption in a general utility function
is as follows. Normality (inferiority) of future utility implies a monotonic
(oscillatory) response of consumption in future periods to a perturbation in
Initial wealth. Under normality (inferiovity), an increase in wealth at t-0
increases (decreases) next period’s utility z,, in addition to inecreasing
initial utility z,. The latter implies an increase (a large increase) in

initial consumption ¢ while the former effect implies an increase (a

Ol
decrease) in next period’'s wealth. This in turn implies an increase (a
decrease) in next period’s consumption ¢, and an increase (increase) in the

1

subsequent period’s utility z,. By induction, it follows that normality leads
to an increase in the consumption stream for every future period, while
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inferiority leads to an oscillatory pattern.

3 Although assumption (V.7) is also used in Appendix 1 to show that A {is
similiar to a symmetric, positive definite matrix, a perturbation argument
would allow us to dispense of this assumption. If some arbitrarily small
perturbation of A where (V.7) holds has positive and real roots so will A,
although A may have repeated roots. The latter possibility is not a problem
for the proof of Appendix 1.

* To rule out A =~ 0, (J) has to be nonsingular. This requires that

£' » 0 and |A| = 0. (Because |J| = |A[.][£'I]A'T]). The former holds due
to assumption (F.2). To establish the latter, it will be shown that if all
agents have normal preferences, A is positlve definite.

*  Note that if RZ-R' m 0, as implied by (V.7), the discriminant of the
characteristic equation of B 1is not equal to zero. This ensures the
distinctness of the eigenvalues, and thus the nonsingularity of the

elgenspace, of B. While the proof that the roots of B are real does not

depend on (V.7), we continue to maintaln it for convenience.
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