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In recent years there have been a number of studies looking at the
equilibna and/or dynamical evolution of overlapping generations exchange
economies (Balasko er al [2] and Kehoe and Levine [i4, 15]). One
phenomenon that has drawn the attention of researchers is the possibility
of cycles or chaotic behavior in equilibrium {Benhabib and Day [4] and
Grandmont [9]} and their relation to sunspot equilibria (Azariadis and
Guesnerie [|] and Guesnerie [11]). More recently, in the tradition
initiated by Diamond [6], some work has studied overlapping generations
models with production (Jullien [ 13], Farmer [7], and Reichlin [16]).
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146 BENHARIB AN} LAROQUE

The present paper studics an overlapping generations economy with
production, in which consumers live two periods, work when young, con-
sum¢ when old. and have scparable utility functions while production takes
place through a neoclassical production tcchnology. There is a constant
nominal quantity of outside moncy. We are intercsted in the possible
existence of recurrent competitive cycles ncar the golden rufe steady state
cquilibrium in such an economy.

Our subject of study is the sct of competitive intertemporal equilibria for
all ¢, from —« to + ». With this definition one can think of a subset of
these equilibria which cxhibit some properties of recurrence as limits of
dynamical learning {or capital accumulation) processes (contrast with
Kehoe-Levine [15]). In this framework. the emergence of cycles ncar a
stationary equilibrium is directly related to the characterization ol a subset
of critical economies.

We characterize this set of critical economies. This involves three basic
paramelers, the elasticities of the demand for savings and of the demand of
capital with respect to the intcrest rate and the ratio of the stock of capital
to consumption, all evaluated at the golden rule steady state, We provide a
complete description of the critical economies in terms of these three
parameters. This allows us to confirm earlier results that were obtained in
more particular. or diiferent, setups. We see that, as in Grandmont [9],
period two cycles are likcly to occur when savings is a decreasing function
of the interest rate. We find also that there may exist Hopf cycles, even
when savings increase with the interest rate, provided that the quantity of
outside money is negative at the golden rule and that there is enough
complementarity in thc production function. In our model, these cycles
seem to be linked with a destabilizing real batance effect. This is consistent
with results obtained by Reichlin [16] for a nonmonetary economy, by
Farmer {7] in a model where the real quantity of outside money is
determined by endogenous government policy, and by Benhabib [3] where
a similar mechanism generates Hopf cycles in a model without production.
The paper is organized as follows. The model is presented in the first
section. The formal definition of critical economies is given in Section 2.
Section 3 characterizes the set of critical economies of interest. An
application to CES production functions and the economic interpretation
of the results appear in Section 4. The main proofs are gathered in
Section 3.

I. THE MODEL

We consider an overlapping generations economy, with money, a
durabie asset with no intrinsic value, labor, and a good which can either be
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used for consumption or be stored in the form of capital. We take the good
as the numeraire. Al date ¢, the pricc of money in terms of good is @, and
the real wage is W, The gross ceturn on capital is R, ;. There 15 a fulure
market on which the two assets, money and capital. can be traded, and
arbitrage. under perfect foresight, implies R,, | =0, . ,/Q,.

The consumers live two periods. They work during the first periods of
their lives and consume during the sccond. The representative agent born
at date 1 supplies a quantity ol labor [, when young and consumes C, |
when old. L, is bounded above by a maximuwmn physical bound L, L >0.
The utility function of the representative agent is separable in labor and
good and is equal to U(C, . ) — ¥(L,).

AssumpTION L1, U is a strictly increasing concave function from R,
into R. It is smooth on the interior of B, and

lim L'(C)= +3c.

£ =0
V is a strictly decreasing convex function from {0, ] into B. It is smooth
on [0, [), and

Vi0y=0, lim V'(L)= +oo.
[AE
The consumer born at date 1 chooses, under perfect foresight, a labor

supply L,, a consumption level C,, ;, and savings in form of capital K, , |
or money M, , , by maximizing his utility function U(C, ) — V(L,) subject
to the budget constraints of the two periods of his life:

Kr+l+M,'+lQr=WrLi
C1+l=Rf+lKr+l+M:+1Qr+1-

The technology is described through a (gross) production function
F(K,, L,). A stock of capital K, invested at date (f— 1) combined with an
input of labor L, at date 1 gives an overall quantity of good F(K,, L,) at
date 1.

AsSUMPTION L2, Fis a strictly increasing strictly concave function from
1”7 into B, . It is homogeneous of degree 1. It is smooth on the interior of
&2 and

hm FK LYyK<g1l—d<!
J

iim FK L)=+x forall L>0
C—= )
m F (K. L)=+x forall K=>0.

PR
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Assumption L2 states that the technology exhibits constant returns (o
scale, and that the depreciation ratc 4, in the limit for K very large. is
stricldy positive {this will provide a bound on the set of feasiable
allocations). The producers maximize their profit FIK,, L,)- R K,— W, L,.
Since there are constant returns to scale, at a competitive equilibrivm their
maxtmum proftt is equal to zero, and the level of production adjusts to the
level of demand.

Finally, for simplicity, we assume that there is a constant quantity of
(positive or negative) outside moncy M over time.

In all the following, we consider the maximum physical quantity of labor
L as given and fixed. An econonn ¢ is therefore characterized by the data of
(U, V, F, M), where U, V, and F satisfy Assumptions [land 1.2 and M is a
real number. We shall say that an economy e, is close to an economy e’
when M' is close to M2 in B and (U, V', FY) is close to {U7, V2, F7) for
the C? topology (ie., on any compact set of their domain of definition, the
functions and their two first derivatives are close).

We now proceed by describing the competitive cquilibria of an economy
e= (U V,F, M)

Dernimion 1.3, An intertemporal compelitive equilibrium with perfect
foresight is a sequence X, =(K,,L,,C,, R, W,,0,), X,in B, 1= —c0, ..,
0,1, .., + 2o, such that

(iy {L,.,C,,, K, _,.M)is an optimal action of the consumer born
at date ¢, given the price system {W,, R, . Q,, Q.. )
(i) (X,, L,) maximizes the profit of the firm under the technological
constraint, given (R,, W,).
(i) F(K,.L)=C,+K,_ lorall:

(Note that in the presence of [utures markets, ie., when there are no sign
constraints on K, ., or M, in the consumer’s program, the existence of
an optimal action for the consumer requires R, ,=Q,,,/Q, WNote also
that (ili) represents the equality between demand and supply of good. The
equalities between demand and supply of money and labor are satisfied
because of our choice of notations. )

The following characterization of the intertemporal competitive
equilibria with perfect foresight (for short: equilibria) will be very useful:

ProvosiTiON L4, Anv equilibrium is canonically associared with u unigue
sequence Y, ={(K, L,.,Q) Y, in R, 1= —x,..0, L, +x which
satisfies
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F’;“[K"*" L"*]) F;(K“ Li) U’(F.:\’[K.'r 1 LI+I)F£(K13 Ll) L:); V’(L.’]:O
K.'+I +MQ,—‘F£(K,, Ll) Lr_——O

Q1+I*F;\‘(K1+Iva+I)QJ=O
(L.1)

and converselv.

The proof is given in Section V. Let ¥ be a sequence of (Y,), ¥, in R,
t=—x,..0,1,.., +2, and lel ¥ be the space of such sequences equipped
with the uniform topology. Let Z(Y,, ¥, _; e} be the mapping defined by
the left hand side of {(1.1) for the economy e. Z is smooth with respect to
(Y., Y,,,) Given ¥, let Z(F.e¢) be the sequence Z(Y, Y., ;e
Z{Y,. Y, , ,e)inR 1= —x,...0 |, .., +x. Z(;¢)is acontinuous map-
ping from Y into ¥, and Proposition 1.4 says that the set of equilibria of the
economy e can be described by the roots ¥ of the equation

Z(Y,e)=0

This is a complicated equation to study. A preliminary step is to look for
stationary equilibria, along which all quantities stay constant.
Proposition I.4 shows that these equilibria are characterized by a
Y= (K, L. @)in B> that satisfies

FlK, LYFUK, LY U KK LY FI(K, LYLY=V'(L)
K+MQO=F/(K L)L {1.2)
FUAK LYy=1 or g=0

The last line of (1.2) proves that, as usual in overlapping generations
models, there may exist two types of stationary equilibria, the golden rule
steady states where Fi{K, LY=1 and the nonmonetary steady states where
o=0.

First, the golden rule steady states. The first and the third equations of
{1.2) give the unique real allocation corresponding to the golden rule. In
fact, they are the first order conditions associated with the concave
program:

Max U(Cy— (L)
C+K=F(K. L)

{The feasible set 1s compact under Assumptions [.! and 1.2: see Lemma V.1
in Section V.) We shall denote by C*{¢), K*(e), L*{e) the solution of this
program. The second equation in (1.2) gives ¢ provided that M is of the
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same sign as F {K*(e), L*(e)) L*(¢)— K*(e) (note that under constant
returns to scale, given that Fp(K*(e), L*(¢)) =1, the sign of this quantity
depends only on the technology). Following Gale [8], the economy may
be called “Samuelson™ when its is positive {requiring a positive quantity of
outside money to sustain the golden rule path) and “classical” when it is
ncgative. We shadl limit our wttention from now on to the subset E of
economies which possess « (unique) monetary golden rule sieady state. From
the above discussion, £ is the open subset of economies which satisfy

Q*e)=(F (K*(e), L*(e}) L*(e}) — K*(e))/M > 0.

Second, using the last two equations of (1.2}, the nonmonetary steady
states are associated with eapital-labor ratios K/L that satisfy
F, (K, L)L =K. According to the technology again, there may exist none,
one, or several such eapital-labor ratios. The equilibrium labor supply 1s
then uniquely determined by the consumer’s program.

As mentioned earlier, we shall focus our attention in the rest of the paper
mainly on non-steady state equilibria which are near the golden rule
equilibrium. The reader familiar with bifurcation theory can simply note
the definitions of ¢, U, ¥, and a as well as the contents of Proposition I1.1
in the next section and then skip directly to Section ITL.

II. EquiLiBria NEAR THE GOLDEN RULE

Let us denote by Y*(e) the golden rule equilibrium of the economy ¢,
ie., such that Y* = (K*(e), L*(e), Q*(¢}) for all r. We have by construction

Z{Y*(e);e)=0.
We want to look for economies which possess equilibria close to but dif-
ferent from Y¥* e, such that there is an infinite sequence

T=(r, =k fogNt=—x..,0, 1+, 70, with | v ] small for all
t and

Zi¥*He)+ me)=0.
or equivalently
Z{Y*e)+ v, Y¥e)+ v, :e)=0 for ali «.

We shall denote by ¥=(x,=(k,, !, ¢,,r,. v, g,)) the deviation from the
golden rule of the equilibrium under consideration.



COMPETITIVE CYCLES WITH PRODUCTION 151

This leads us to look Tor a subset of critical economies C,' such thal,
using the differentiability propertics postulaied in Assumptions I} and 1.2,
iz 4
__,1"+~_ Vs :0 21)
“ Y.' ’ A Yr+l ’ I (
for a sequence v =( y,) different from zero such that || y,|| <1 for all ¢ from
— o6 1o + oo, where the derivatives &Z/¢Y, and ¢Z/2Y,, | are evaluated at
the golden rule equilibrium { ¥*{e), Y*ic})).
To characterize the subset of critical economies C of interest, the foHow-
ing notations are useful:

__ K*e) KidK*(e). L* ()
FilK*e), L*(e})

oo ) U(CHe)) g L) VI(L*(e))

U'iC*e)y V(L*(e)}
_U+V
1-U

o (= +sc when U =1).

The concavity of the utility functions and the convexity of the technology
imply that ¥, ¥, and & are strictly positive. I and ¥ are the measures of
relative risk aversion at the golden rule, and ¢ is the inverse of the elasticity
of the demand of capital with respect to the real interest rate, changed of
sign. « can take any real value outside the interval [0, —17]. The sign of x
has a simple economic interpretation. It is easily shown that savings, here
WL, is increasing (decreasing) in the interest rate if and only if 2 is positive
(negative).? In other words, the gross substitute assumption is satisfied if
and only if « is positive. All the parameters ¢, U, ¥, and « depend of course
continuously on the economy. To save on notations, we do not make that
dependence explicit.

! The terminology is botrowed from Debreu [5]; O is a critical value of 7 at the point
7*(¢). Nole that there are of course critical economies outside €. where 0 is a critical value of
2 al points different from ¥*(e).

*To prove this assertion, note thal the consumer program can be writlen

Max U{C)— V(L)
C=RWL
which gives the first order condition

RIWU(RWL)— ¥ (Ly=0,
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Prorvosimion 1L ff U is different from |, an economy befongs to C if
and ondy if the matrix of the finear svstem

(G (K1)
r=\e et e K*) 0%

[, K*
r’+l:2L*+Ff {22)
" [, K* 4,
or IRt e

has at least one eigencalue of modulus 1.
When U is equal 1o 1, an economy belongs to C if and ondy if the mairix of

the linear system
C*
r, ,=3r,-£(l R B (3
- K* Q *

devi / . eC* Y,
o :ar,+(l~n+ K*)—

Q*
hus at least one eigenvalue of modulus 1.

(2.3)

Here (/,, r,. g,) stand {or the deviations [rom the golden rule. When there
1s an eigenvalue of modulus |. one can construct a sequence along the
eigenvector which does not explode when ¢ goes either to +oc or to — oo,
The formal proof of Proposition I1.1 is given in Section V.

where L is the endogenous variable, Dilferentiating with respect to L and R gives
. o L .. e
{R-H-L" — L"]ﬁ+ WL+ RWLL"=0.
!

Rearranging terms and using the frst order condition, afler multuplying through by Li}”,
leads to

oodl L _
—[C+FIE5+ 241 =y =0
[ TRT R '

or

(!L¥ L
dR~ Ry

The elasticity of savings WL with respect o R 1s equal to +1:x.
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Our interest in considering the above subset C of critical economies
stems [rom the following result, which is u consequence of the analysis
dcveloped 1n the next section:

PropPOSITION I1.2.  Let V obe any apen neighborhiood of the golden rule of
an economy ¢, Then every open neighborhood of ey, in E contains an
ecoromy ¢ which possesses an intertemporal equilibrium thar differs from the
golden rule of e and that lies in V., if and only if ¢, lies in C.

For proof see the arguments [ollowing the prool of Proposition I1L.3 in
Section V.

I, CrimicaL ECONOMIES AND THE ASSOCIATED CYCLICAL BEHAVIOR

Proposition IL.1 allows us to describe precisely the subset C of critical
economies which we are interested in, and bifurcation theory is the
appropriate tool to analyze qualitatively the nature of the cycles that may
occur at economies near C. A direct examination of (2.2) and (2.3) shows
that four parameters are suflicient to describe C: K*/C*, ¢, 2, 7. We have
seen that £>0, 2 >0o0ra< —1, U>0 and K*/C*>0, K*/C* #1 because
the golden rule equilibrium is monetary. Computing the characteristic
polynomials associated with (2.2} and (2.3) gives the values of (K*/C*, ¢, x)
such that the economy e belongs to C. When 7 is different [rom 1, e isin C
if and only if the equation '

K* Cc*
(A a)= -4’ +(F+F+l+ )
(K“‘ c* a al*

Gttt +K*

)2+l+a=0 (3.1)

has at least one root of modulus 1. When /=1, e is in C if and only il the
equation

. . eC*y |
PZ(/k}zf_*—(l+K*)A+£:0 (3.2)
has at least one root of modulus 1.

One can furthermore classily the critical economies, and the associated
cyclical behavior, according to the nature of the roots. First note that i=1
implies K*/C* =1 (the golden rule equilibrium is nonmonetary), and
therefore 1 is never a root for the set of economies which we consider. We
can have cither i= —1I. and we shall denote by C,. the subset of C with



154 BENHARIB AND LAROOQUE

this property (F for {iip bifurcation), or a pair of complex conjugalc roots,
and we denote by C,; the corresponding subset (H for Hopfl bifurcation).

Proposimion ML An economy ¢ belongs 1o Cp if and onfy if

4+ 22K C*+C* K*)
142,64+ C*K*

In any opeit neighhorhood of an economy ¢ in C, there is an cconomy ¢ with
an intertemporal equilibrivm Y which exhibits a cycle of period 2, ie.
Y, =Y, Sor t odd,
. Y, #Y,.
Y, =Y, for t eren,

Remark 111.2.  An open problem 15 to find conditions (maybe boundary
conditions on Y in order to use index theory as in Guesnerie (117]) such
that the set of economies with a cycle of period two is globally charac-
terized by the inequality

4+ 2K*C* + CHE?)

—l>x2> -
| +2/e4+ CHK*

Another related gquestion would be to exhibit a subset of economies
{defined by some general assumptions) which would have a unigue cycle of
period 2 if and onliy if the above (strict) inequality was satisfted. This would
extend some of the results obtained by Grandmont [9] in the context of an
exchange economy. In this circumstance, the inequality would mean that,
to get period two cycles, one must have x= (U + F) (1 — U’) negative but
not too large in absolute value. Savings must be a decreasing function of
the interest rate. Note that increased substitutability in production {i.e., ¢
smaller and smaller} would reduce the scope lor cycles. This should be the

subject of further research.

We now turn to Hopl cycies.

Prorosimion TH.3.  Cy is the subser of ccononties whicl satisfy

el

U=¢=1 or a2 = . U1, e#1.
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In any open neighhorhood of an economy ¢ in Cy there Is an economy ¢
which possesses an intertemporal equilibrium ¥, ¥ # Y* such that, after a
suitable change of coordinates, the Y5, 1= —oo, .., 0, 1, .., +00 appear to
helong to a bwo dimensional closed curve in R,

(For prool see Section V.)

IV. SOME DHAGRAMS AND ECONOMIC INTERPRETATION

The results that we have obtained depend heavily on the particular
mode! under study. It would be of interest to know which part of them
extend 10 a more general setup, for example, to economies where con-
sumers supply labor and consume good at both periods of their lives. On
the other hand, it is also useful to develop a better intuition of the
empirical relevance (or absence of relevance) of our Proposition I11.t and
I11.3. To come closer to empirical formulations, we specialize the produc-
tion function to be of the CES type in this section,

FK,LY=A[qL "+ (1 =) K=?] Y 4+ (1 = 8)K

il

where p> —1, &= 1/{1 + p) is the elasticity of substitution, 4 is a strictly
positive constant, 0 <np <1, and §, 0<d <1 is the rate of depreciation of
the stock of capital. 6 = +2 corresponds the perfect substitutability
between labor and capital (it violates Assumption 1.2 of strict concavity of
the technology, and can only be approached in the limit}, ¢ = 1 is the Cobb
Douglas production function, and when ¢ approaches zero, one obtains the
strict complementarity Leontief technology. As noted at the end of Sec-
tion I, the golden rule capital-labor ratio, and therefore the value of ¢, is
entirely determined by the technology. Some straightforward (but tedious)
calculations give

1 d
oK I+ 1 (4.1)
Substituting the above formulia {or & in Propositions I11.1 and 111.3 allows a
discussion in terms of K*'C* o, ¢ and x, where 4 and &, hopefully two
parameters directly related to empirical work on production functions, take
the place of &

We analyze the shape of Cr and Cy, for fixed ¢ and &, in the plan
(K*/C*, a). Letting v=K*/C* and using Propositions [1I.1 and II1.3, we
obtain:
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Proposmion V.1 O s characterized by the equation

26(x+ 1)

qA = ‘\): N - T T .
N 20 00"+ {0+ 2%+ 0

where © stands for K* C* and is a positive number. We have

(i) A0)y= -2
{ity lim,._, fivi= —l/o
(i) flx)= =2 has a single positive root x =(26 —-8),(8 —20d) if and

ondy i 072 < o< 1/2 (otherwise it hus no rools).
(tv) f(x)=—l/c has a single positive root  x=(0—26d)
(480 — 26 — 8}, if and only if &6 < 1/2 and o > /2 (otherwise it has no roots).
(v} f(x) has one cero A{and one change of signy  for
X={20—06)/(26 + & —43a) positive if and ondy if (d<1,2 and o > 0/2) or
(d > 1,2 and 5/2 < o< 3:2(28 — 1)) (otherwise f{x) keeps the same sign for
all positive x).

ProeosiTion V.2, Cy is characterized by

Slx—1) .
T =0 d—0—00x for x>

We have

(1} Jor o < 8/{) + d), h(x) increases from O to + x when x goes from
UV te (6 —a)ida, and from — v to —1'a when x goes from (d — o)jdo to
+

{1} fora=3{1+ 0k Mx}=—(1+d)d= —l/s:

(iit) for o> d/(1+0). h{x) decreases from O 1o — 10 when x goes
Srom | o + .

The two above propositions show a structural difference between
cconomies such that o <d{1 4+ ) and economies with o= /(1 + &), ie.
between economies with little  substitutabilities in the production
technology and cconomies with large substitutabilities. These differences
are shown in Figs. I, 2, and 3 where we have represeated the intersection of
C with the plan (x, 2). where x stands for K*/C*, for =1, and ¢ =1/3.
1/2. and 1, respectively.

To understand these diagrams, one must recall first that the region
—1 €20 has wno economic interpretation. Sccond the line x=|
corresponds to economies with a zero quantity of outside money al the
golden rule stationary state, economies which we have excluded from our

P
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analysis (recall thal, for x=1, the polynomial P,(4) has i=1 as a root).
Thercfore, the image of our space of cconomies on the plane (x, 2) for fixed
dand ¢ is given by {2>0orx< —1, x>0, x#1}. It is the union of four
open rectangles.

The diagrams confirm of course that the {lip bifurcation can only occur
for x < —I, i.e, when savings is a decreasing function of the interest rate.
Proposition IV 1{ii} and (iv) show that, for {ixed ¢, the domain of
economices in (x, 2) which possess a [lip cycle shrinks when substitutability
in production (o) increases (see Remark 1.2}

Similarly, the drawings do show that the Hopf bifurcation eoncerns only
economies with a negative quantity of outside money at the golden rule
(K*/C*>1). Following Proposition V.2 we see that with low values of o,
1.e., complementarity in preduction, we may get Hopl cycles for positive «
{Fig. [). A tentative economic interpretation of these cycles can be made
transparent in the simple case where U=1. Using first order
approximations, the deviations x, = (k,, !,, ¢,, r,. w,, q,) of the equilibrium
quantities from their golden rule values are given by (see Proposition I1.1)

K*
k!: ——F
1,=0
]
(r—kl_kri-l- (r,+,—r,)
e (4.2)
u',:z;r,

Qf-rlzqr+er*
£

K*

r,. =¢er+ Mg,

In this circumstance, the employment level is constant (we have
approximately an inelastic supply of labor). We have written the system in
a way such that (k. {,. ¢,, w,) are derived from the evolution of r,, the driv-
ing force of the system being the interaction between r, and ¢,. The descrip-
tion of the cycle goes as follows. During the phase where &k, is positive
foveraccumulation of capital). the rate of return is smaller than 1, implying
g, smaller than ¢,. The money price of output (1/g,} increases: inflation
increases the profitability of capital and explains its overaccumulation.
Wages are higher than their level of reference. Looking at the first period
budget constraint of the consumer

K1+|: l'VrL_MQr
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(2)

(1}

Fitg. 1. {x) The number in parentheses is the number of eigenvalues of system {2.2) of
modulus smaller than L d=1:9=173

we see that while the increase in wage allows for a further increase in the
stock of capital, inflation (the decrease in (,), the stock of outside money
being negative, counteracts this effect. Therefore, when the real balance
effect becomes big enough, the stock of capital starts decreasing-—the cycle
originates in the interaction between income distribution and the real
balance effecl.

Fig. 2. (x) The number in parentheses is the number of eigenvalues of system (2.2y of
modolus smaller than L o=1.o=12
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S

FiG. 3. {x) The number 1n pareniheses is the number of eigenvalues of system (2.2) of
modulus smaller than 1. §=1; ¢ = | {Cobb Douglas production function).

When ¢ =09/(1+0), as in Fig. 2, C; is located all in the region x < 0 (for
d =1, it coincides with a part of Cp, that corresponds to x> 1). When ¢
becomes larger, € becomes smaller and smailer. It 1s reduced to the empty
set in the Cobb Douglas case (Fig. 3).

V. Proors

Proof of Propoesition 1.4. The existence of an optimal action for the
consumer requires the arbitrage condition

Qr+I=Rﬁ+IQ.'

10 hold. Furthermore, the optimal action is then characterized by the first
order condition
R, W UNC,,)=VI(L,)
and the budget constraints
K, +MQ =W.L,
C...=R, . W, L.
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The optimal decision of the firm satisfies also the first order conditions
R,=FuK, L)
W,=F/ (K, L,

Eliminating C,,,, R,, and ¥, among the six above relutionships gives

(1.1).

To prove the converse, let {¥,) be a sequence satislying (1.1) and define

R =FdK, L}
W.'zF;_(Kn L:)
CJZRIWF--]LF 1

Parts (1) and (i1} of Definition 1.3 are satisfied by sufficiency of the first
order conditions. To prove that (i1i) holds, we use the constant returns to
scale assumption. From Euler’s identity,

FIK,LY=F{K,K)K +F/{K, L)L,
=R K + WL,
=R K +MQ +K .,
=R,K,+MRQ, +K, .,
=R W, L, +K, .,
=C,+K, ., Q.ED.

Proof of Proposition 11.1. By definition, an economy e belongs to C if
and only if there exists (v,} different from zero, | v,J| < 1 for all 4, such that

4 ez
— “ ————
&Y, Y

I

v, =0

Using the definition of Z, the above equation can be written as the follow-
ing system of three equations:

[F,’\’,\k, D Fl | Ok FL
£ Fi
+(FLF) UL — V", =0

k,, +Mg,— Fjl,— LIF{ k,+F/ 1}=0

G — QUELRK o+ Fil ) — Frg, =0

] (FLFLU + (FyFLLU")
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All the derivatives are taken at the golden rule equilibrium, and we have
dropped the asterisks from the variables (K, L, Q, C). To simplfy, it is
useful to eliminate &, and use instead r, the deviation of the rate ol return
on capital from its equilibrium value. One has

rr:F;kkf+F;Lll
and using the homogeneity ol degree zero of Fy and F
Fin K+ ELL=F, K+ F/, L=0,

L
r,= _E-(F:lk.'+F[”L'I1)

Using Fy =1, C=F; L, and F/ U =J", one obtains

LK Ve cut Lyl
a Cr’) v )T UL v LT

! .
K(%‘—r’;’)+MQ%—CZ'+ Kr,=0

Finally

! rH—! Mqu C!r

ot ik LR 1
L % tkorL? (>-1)
qu+l_ :+1_%_0

Note that by the second equation in (1.1), K+ MQ=C.

Now an economy is in € if we can find a sequence ({,, r,, ¢,) different
from zero, satisfying (5.1) and such that ||({,, r,, ¢,)lf <1 for all . When T
is dilfcrent [rom |, we can divide the first equation by (1 — ') and we
obtain (2.2). The determinant of the matrix of the linear system (2.2) is
equal to (14 z). which is always different [rom zero. Thus the system is
invertible and starting from any {/,. r,, o). one can compute (/,, r,, ¢,) for
all . To ensure that [|{/,, r,. ¢,)} stays bounded, a necessary and suflicient
condition is that the matrix of [2.2) has at least one eigenvalue of
modulus 1.

When = 1, the first equation gives /,= 0. all 1 (the supply of labor stays
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constant)., The system reduces to (2.3) whose matrix has a determinant
equal to & different from zero. The same argument as above applies.

Q.E.D.

LEMMA V.I. Given the production funciion F, the set of feasible
stationary allocations, ie, (K, L, C) such that K20, 0<L<L, C20 and
C+ K= F(K, L), is compact,

Proof of Lemma V.1. By defipition, it is a closed subsct of B, . We have
to show that it is bounded. Wc prove this lact by contrapesition.

Let (K% L* C*) be a sequence of [easible allocations with
HK*, L*, C*| — = with k. Since L* is bounded, we can assume (take a
subsequence) that L* converges to L. Because of the -equality
C* 4+ K*= F(K*, L). we must then have K* — « with 4. Dividing through
by K* and using Assumptions 1.2 give the desired contradiction. Q.E.D.

The prools of Propositions [11.1 and IIL.2 split into two parts. The charac-
terization of Cy and Cy in terms of the parameters (K*/C*, &, a) is easy
and we shall begin with it. The use of the results on bifurcation to prove
the existence ol a cycle 1s more involved and needs a lot of steps. We deal
with that later.

LEMMA V.2

(1)  The polvnomial P4, a) has a root equal to — 1 if and only if

4+ 2(K*/C* + C*/K*)
14+ 26+ C*K*

P,(4) does not have a root equal 1o —1.
(1) For the polynonials P,(4, 2) or Ps(4) to have a pair of complex
conjugate roots of modulus t, one must have

Then P (4. 2) has a pair of complex roots of modulus 1 iff e # | and

K*/C* |

q=
I —1/e

while Po(4) has a puair of complex conjugate roots of modulus 1 iff & =1.
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Proof of Lemma V.2,

{1} Comcs dircelly from the computation of P {— ., x)and P.(—1).
(it} s immediate as Tar as £,(2) is concerned. The product of the
roots is £, and their sum must he smaller than 2 which gives K*/C¥ > 1.

The product of the roots of P,(4, 2) is equal to (1 +x). Therelore,
P, (4, ) has two complex conjugate roots of modulus I il and only if 1t is of
the form —(i—1—x2)}(A?+2a++ 1), for some a with |a| < (. By iden-
tification, wc obtain

K* * x
1 —u=—t—+1+-
+ o c* + K+ +1+ -
K* (C* x al*
—2&(1+I)+1=F+—K*;+ +;+K*.
By diflerence, we obtain 2¢= —1— C*/K* and therefore |a|<1 1is
equivalent to K*/C* > 1, Replacing a by its value in the first equation gives
the desired result. Q.E.D.

To prove the second part of Propositions I11.1 and II1.2, we proceed as
follows. We take an economy ¢, in the criticai set C (except perhaps lor a
negligible subset in C). We construct a one parameter lamily ol economies
¢ near ey and we apply to this family the bilfurcation theorems.

Let e, =(Uq, Vy. Fy) be an economy in C with

Uy= —C*ep) U(C*ep))/U(C*leg)) # 1,

so that o,=(T,+ Fy)/(l =U,) is well defined. We consider a one
parameter family of economies e close to e, built in the following way (there
are many other possibilities). e has the same functions V' =V,, F=F; as ¢,
and the same golden rule steady state, which s implied by the equality
U (C*eg)) = Uy(C*(ey)). The only diflerence is in the concavity ol U,
U”(C)=é_ UiC) for Cin (0, C*(eg) + 1),

0

where {7 and # arc linked through

b+ 7,
| —

x =

]

It is easy to see that on (0, C*(ey) + 1),

v =L v+ (1 —_ﬁ) U(CHeo))
(]0 1]
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and therefore there is an open interval 4 around 2, where U'(C*e,)+ L) s
strictly positive and U'(C) can be extended in a smooth way on (0, + )
with positive values. 2 will be our parameter of interest. [t is immediate
to check that the demand function of the consumer, and thercfore the
mapping Z. is smooth with respect to % In all the following, we shall replace
e by a as an argument of the functional relationships.

LemMa V3. Assume [Fy# 1. Then there is a neighborhood Nx A of
(Y*, %) and a smooth function H: Nx A — N such that, for all Y, in N,

Y. =HY, 2
if and only if

ZlY, .Y, ;=0

FProof of Lemma V.3. Take N small enough such that C,<Cy+ 1.
Apply the implicit function theorem (in fact the proof of Proposition IL.1
has shown that 3Z;/¢Y, . | is regular whenever {7 # 1). Q.ED.

The eigenvalues of DH(Y* x) are. by construction, the roots of the
polynomial £ (4, z), defined in (3.1). To apply the standard results of bifur-
cation theory, we have to make sure that the eigenvalues ol modulus 1
cross the unit circle when x crosses x,. This is the purpose of the next two
lemmas.

LEMMA V4. Assume a, satisfies (1) of Lemma V.2, Then, there exists a
neighborhood A of 2, and a uniguely defined smooth function ip(a) defined
on A such that

(1) Ap(x)= =13
(ii) P4, 2y=0for i in a neighborhood of — 1, and x in A if and only
if A= Ap(2);
(i)Y Aplay) s strictly negative and P (— |, 24) s strictly positive.

Proof of Lemma V.4, 1t s straightlforward applications of the implicit
function theorem:

K C =z K C 2 %xC
Poi—la=-3—2(228 2 (R 8 20, ,.%€
R (C+K+e+1) (C+K+E+I+K)

K C =z aC

B N VRV s
[ +C+K+J K’
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which gives, using Lemma V.2(1)

. 2 oy O Xy Ay C
P\q.,:ﬁk Lt LY I SRl
14 o) 22 K) K 2( *'K)<

We have ip(ag)= —P(~1, %,)/P\(—1. 2,). and to prove {iii), we
show that P (—1.%,) is posituve:

o L G
Pmmmmbrﬁ+?)wﬂ

2 C
Pid— L) ==+ 1+2>0. QED.
c K

LeMMa V.5 Assume K*/C*=>1 and x,=(K*C* - 1)/(1 —1/¢). Then
there exists a neighborhood A of 1, and a uniquely defined differentiable
Junction | iy ()| defined on A such that

(1) |iuleg)=1:
(i) |Aul2)| is the modulus of the complex roots of P (A, x) for « in A;
(1) |Agl=2g)|” is strictly positive.

Proof of Lemma V.5. Since the product of the roots of P {4, a} is equal
to (L +x), at &,, P,(4 2) has a real eigenvalue i, equal to (1 +2x). An
argument similar to that of Lemma V.4 gives a continuousiy differentiable
function 4g{x) with

Pl + x4, 24)

A = —
(%) Pl + 2y, 20)

Straightforward calculations, using the fact that x5/ = jig(x,) — K/C, give
¢ - > C -
L+ 2. 2g) = —Ag(2g)" + [ | +K’ Arlog}—1

which is always negative for K/C > |. Now
Aul® An=1+x
give again by the implicit function theorem
2aglxe) taplag)l’ =1 — Aglag)
or

! P+ g, a0) + P+ o, 2,)
2iglag) Pl +ag, ap) )

[Aul2)] =



166 BENHABIB AND LAROQUE

Now

. . . . 1
Pl + oy o)+ P+ 2, 2y) = Aplag)[2pl2y) — 1] (;t ])

. K*
_"“(1”)(_5‘*])'

7

I

Thereflore
/K* l
; ==l — 0.
P EN] (C* )2P'|,-7(1+10,%}>

Q.ED.

Proof of Proposition 1111, The irst part of the proposition is a direct
consequence of Lemma V.2(1).

Let ¢, be an economy in Cp and tuke an open neighborhood V of ¢,
This implies that, using our one dimensional parametrization, there is an
open neighborhood 4 of x,, such that for x in A, the economies associated
with 2 belong to V. We shull show by contradiction that there i1s an
economy x which possesses a period two cycle.

Suppose this is not the case. The mapping H(Y, x) huas a unique fixed
point Y*, independent of . Let T(Y, #) be the second iterate of H, ie.,
T(Y, x)= H(H(Y, 2), x). This implies DT(Y*, x)=(DH(Y¥*, 2))’, and the
eigenvalues of DT(Y*, 2) are the squares of the eigenvalues of DH(Y*, #).
Consider the mup Y — T(Y, 2). By our contradiction argument, it has a
unique zero at Y* for all x in 4. Its topological degree over a circle around
Y* is a homotopy invariant and is equal to the sign of det(f — DT{¥Y*, a)).
But det[Af— DT(Y*, )] = — (5 — ap{x)i — 230202 — Ad{a)), where Ap(x)
is as in Lemma V.4 and 2 (x), £.(x) are the two other roots of P (4, 2).
Since (A — A7{x))(% — A3{x)} does not change sign for A=1 and % in a small
enough neighborhood of x,, Lemma V.4 shows that det{f— DT(Y* a)) as
a function of » changes sign at x= ;. This implies that 7T{ Y, x) has some
other fixed point than ¥*, the desired contradiction. Q.E.D.

To prove Proposition [1L.2, several more steps are necessary. The first
one is to reduce the dimension of the problem to 2, in order to apply stan-
dard results on the Hopfl bifurcation. This is done through the center
maniflold theorem. Let ¢, be an economy in Cy and denote by £ (resp. E°)
the two dimensional (resp. one dimensional) eigenspace of DH(Y*, ay)
associated with the two complex conjugates eigenvalues of modulus 1 (resp.
the simple real eigenvalue equal to (1 +%,)). Any ¥ in & can be written in
a unique way as Y+ ¥, Y in E5 Y in E°, and we set, with obvious
notalions.

H(Y, x)=H(Y, Y, 0+ H(YS, ¥*, %),

where HE(YS, Y7, %) belongs to E€ and H*(Y*, Y™, 2) belongs to £,
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LEMMa V.6 (Center Manmilold).  Assume — | > a,> —2. There existy a
sooth map ¢ EX x B — E" with the following properties. Let F, £ — E° be
e faimily of maps indexed by x defined as F (YY) = H(YS, $( Y-, 2), x). Then

(i) {(invariance) HOYS, S Y5 2) 2)=g(F (Y*), 2} for (x, Y°) in an
open neighborhivod of (x,, Y*).
{1y (tangency) D ${Y* 2,)=D, $( V¥ 2,)=0.

Proof of Lemuna V.6, Since — 1> 2y> —2, the real eigenvaiue of
DH(Y*x,) | + 24, 1s smalier than | in absolute value. The center manilold
theorem applies (see looss [12]) (o the map from R* into itsell which
associates to (( Y, z), 2). The center manifold is of dimension 3 and ¢ is its
chart. The local invariance property is described by (1) which says that any
peint (Y*, ¢(Y*, 2)) on the manilold is mapped by H into another point
(F(Y°) ¢(F,(Y°), 2)) on the manifold. The tangency property, given our
choice of coordinates, is simply expressed by (ii). Q.ED.

Remark V.7. For 2,>0 or ay< —2, the same result as Lemma V.6
holds for H~' (instead of H). This allows us to treat directly all cases
where x,# —2.

We are now in a position to apply the Hopl bilurcation theorem to the
[amily F, which maps E¥ into itsell.

THE HorF BIFURCATION THEOREM FOR Maps (Guckenheimer and
Holmes [10, p. 1627). Let F_: R* — R? be one parameter family of mup-
pings which has a smooth family of fixed points at which the eigenvalues of
DF, are complex conjugates ilx), A(a). Assume

[ilxg)| =1 but Aoy # 1 for j=1,2,3,4 (SH1)

d%’[(\ﬁ_(oz)l)=d¢0 art a=1,. {SH2}

Then there is a smooth change of coordinate h so that the expression of
hE I ' in polar ccordinates has the form

WF R 0Y=(r(1 + dlx— 2} + ar’), 0 + ¢ + br7) + higher order terms.

if in addition 2 #0, there is a two dimensional surface X in R*x R having
guadratic tangency with the plane R* x {ay} which is invariant for F. If
S (R x [al} is larger than a point, then it is a closed curve.

Proof of Proposition 1113, The [irst part of the proposition is a direct
consequence of Lemma V.2(i1).
Take an economy e, in Cy; and an open neighborhood of ¢,. Without
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loss of generality, we can take £, # 1, £, # 1, and 2, # —2 {otherwise pick
an economy ¢, satislying the above requirements close to ¢, and a
neighborhood of ¢, in the given neighborhood of ¢).

Assume [, satisfies (SHI} and (SH2}, to be checked later. The Hopf
bilurcation theorem applied to F, gives a closed (rajectory in £°. By {i) of
Lemma V.6, we obtain the desired result.’ By Remark V.7, this arguments
works both for —1 > %,> —2 and for (2,> 0 or 2, < =2).

These remains to be checked that F, satislies (SH1) and (SH2).

(i} F, satislies (SH!}).
By construction DH* (¥Y**, ¥Y*'_ %,) has the same two complex conjugate
cigenvalues of modulus | as DAH(Y* z,). Therefore |A{x,)| =1. We check
that A/(xa)# | for j=1,2, 3,4 In fact, we know that | is mot a root of

P+ 2)=01n the relevant domain. Given that the product of the roots is
1+ —1isa root ifl x,= —2. which was ruled out above. Finally

l4i 3
ReP,(—"—;\—.x”J:Iﬂ(I—%j#O.

and

, oK C C
RePl(r,z(,)—:rU(\l—E)—E—E=AI—E#O.
(i1) F, satisfies (SH2).

By construction, DH(Y*. x) is a matrix of current element h,(x), J,
k=12, 3 which 1s a continuously differentiable function of x and satisfies

Ial2e) = a2y = iy (2 ) = Jigal2 ) = O
Alag) =l (2o ) Il zg ) = hya(ag) g (2,) = |
{eigenvalues of modulus 1)

and

fzy) =1+ =, {real eigenvalue).

' In the Hopf bifurcation theorem if « = 0. the invariant eircle can exist above or betow ay.
depending on higher order terms ol hF, i - that appear in the stalement of the theorem. If all
higher order 1erms disappear the problem of finding an invariant cirele is siill open. However,
in the case where the system 15 completely linear, invariant eireles can be constructed for any »
L 2 = 7.
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A direct computation shows that, at o= a,,

ddet DH{Y*, %)

KA ( X ”J ( D i
2 ) d 13 J
(!‘1

—_ 1.
x dx

(1 +a,)

It s easy to see that dh,{x)/dx is equal to the derivative of the real
eigenvatue of DH{Y*, x) with respect to a (take the equality involving the
eigenvector associated with this eigenvalue and compute derivatives). By
Lemma V.5 this implies

da{x)

0.
d >

Now by Lemma V.6(ii), the derivative of the determinant of DF_( Y*°) with
respect to « is equal to dd(a)/dx. This completes the proof of
Proposition 1113, Q.E.D.

The “if” part of PropositonIl2 is a direct consequence of
Proposition I11.1 and II1.3. The “only if” part follows from the following
consideration. From Proposition 11! if ¢, is not in C, its golden rule
equilibrium is locally unstable cither in the forward or in thc backward
direction in time (no roots of unit modulus). Therefore any initial con-
dition ¥, with Y ¥*, but in a sufficiently small neighborhood ¥ of ¥*,
will give rise to trajectories that move out of the neighborhood V, either
going forward in time or going backward in time. This will also be true for
economies in a sufliciently small open neighborhood of ¢,. This contradicts
the requirement of Proposttion I1.2 that every open neighborhood of e
contain some economy ¢ such that any open neighborhood ¥ of the golden
rule of e possesses an intertemporal equilibrium that differs from the golden
rule of ¢ but that lies in ¥ for ¢ varying from — o to + .

The proofs of Propositions IV.) and 1V.2 are straightforward. They are
left to the reader for the sake of brevity.
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