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ABSTRACT

This paper specifies a decentralized process for the
diffusion of knowledge, and investigates its properties.

A central question is the effect of an improvement in the
efficiency of the diffusion process. Another is how one's
opportunity to learn is intertwined with others’ search
behavior. Equilibrium is shown to be unique; because of
the public good aspect of information, too little learning

takes place, and ideas are implemented too early.
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the technical assistance provided, and Francesco Goletti for capable
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1. Introduction

That search leads to the discovery of knowledge is not a new idea -- much
work in economics is based on it. That the growth and diffusion of knowledge
moreover depends crucially on the interaction of heterogeneously informed
agents also has been understood at least since Schumpeter (1948) but has not,
it appears, been modelled. Our aim here is to formulate such a model, and to
investigate its positive and normative implications.

A direct link between search activity and information is made in several
recent papers -- e.g., Telser (1982), Nelson (1983). Although important, this
research does not explicitly recognize that the distribution that one agent
samples from depends on what other agents know: Even with near-infinite mater-
ial resources at his disposal, Robinson Crusoe could not learn much alone.

Diamond (1982) and Mortensen (1982) have recently modelled positive
externalities of search. Closer to the present context, interactive aspects
of learning have been stressed in theoretical work by Spence (1984), Romer
(1986), Shleifer (1986), Prescott and Boyd (1985) and others, and they also
have been documented empirically -- see Grilliches (1979, section 7) for a
survey. The theoretical work highlights the beneficial externalities that
agents bestow on each other in various dynamic contexts. In contrast to this

work, our paper focuses on learning and on spillovers in information.

Description of the model and results. Ideas arrive exogenously and differ in

quality. Each period, an idea can either be implemented, or further improved.
Improvement -- i.e., learning and the diffusion of knowledge -- takes place
through bilateral meetings in which agents exchange ideas. Gains from search

thus depend on what others know; hence the positive externality in learning.
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In spite of the positive externalities, equilibrium is unique
(proposition 1, theorem 1). This unique equilibrium isg inefficient
(proposition 3) -- as one would expect, too little development of ideas takes
place.

A central question is the effect of an exogenous improvement in the
efficiency of diffusion. At equilibrium, such an improvement raises the level
of search (proposition 2) as well as the level of per-capita GNP and welfare.
Moreover, as diffusion becomes infinitely fast, GNP tends to its highest
possible level (proposition 6).

Our model emphasizes the joint determination of opportunities and search-
rules. Consequently we present, in section 5, results (analytic and
numerical) on how the distribution of search opportunity depends on the search
policies followed by agents. 1In particular, as the intensity of search
increases towards its maximum, the distribution of opportunities becomes quite -

sensitive to search behavior (proposition 4 and figure 1).

2. The Model

The population is constant and of size 1. 1In each period, a fraction §
of agents gets new ideas. An agent has the choice of developing his idea
further, or putting it to immediate productive use. Each idea can be used
Just once, and for one period only. Once used, it becomes valueless and is
forgotten.

The‘development of an agent’s idea does not depend on other ideas that
the agent may have. 1t does require, however, that the agent meet other
agents with ideas. Since the different ideas an agent may have do not

interact, we take ideas, not agents, as the unit of analysis.
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2A. Influx of new ideas: An idea will be indexed by x € R, this being the
value of its immediate use in production. Each period, a number § of new
ideas arrives; the cumulative distribution of the values of these new ideas is
F(x). This distribution is fixed and exogenousy given, with support contained

in [0,x].

2B. Diffusion and growth of ideas: Diffusion and growth of knowledge occurs

as a result of pairwise meetings between agents who share information. There
is no incentive to withhold information because agents are of measure zero
and, thus, the probability of the two agents later competing in the use of
shared ideas is nil.

If prior to meeting the two agents know x and vy - respectively, they

both leave the meeting knowing 2z, where

(2.1) { z = ¢(x,y,€).

This is the production function for new ideas in terms of the old, and ¢ is
a random term. Once the distribution of ¢ is specified, the growth-process
can be equivalently represented by the cumulative distribution of new ideas

given the old:

(2.2) ¥(z;x,y) = P[¢ < zlx,y].

Thus, what one agent learns depends on what his partner knows. This

specification of production embodies in it the notion that knowledge is a



public good. It is assumed that ¢ 1is uniformly bounded by X which

implies that ¥ has, for all (x,y), support in [0,x].

2C. Use of ideas: At any time the agent can put his idea to productive use
and collect x. Once the idea is used, other agents can no longer use it to
augment their knowledge. Direct imitation is therefore impossible, perhaps as

a result of indefinite patents.

2D. Timing convention: At the beginning of each period agents who in the
previous period decided to further develop an idea, meet and exchange ideas.
Then, the arrival of new ideas occurs. Finally, each agent must decide
whether to develop the idea one more period, or stop and put his idea into
productive use. The distribution of ideas at the beginning of each period is

denoted by H(x).

2E. The individual maximization problem: Agents are risk-neutral, live

forever and discount future rewards by the factor B. 1In addition, an agent
must pay a fixed cost, c, per meeting. Under these assumptions the present

value of idea x satisfies:
(2.3) v(x) = Max (x, -c+ B[ v(z)¥(dz;x,y)dH(y)}.
Assume the regularity condition

(A.1) 8/6x[jf zW(dz;x,y)] <1, all (x,y) € Rf.



This is a bound on the expected marginal productivity of x in the production

of =z.

Lemma 1. If (A.1) holds, equation (3) has a unique continuous solution wv:

[0,x] » [0,%], satisfying

(2.4) v(x') - v(®) =< x'- x

for all x' > x.

Proof: Write (2.3) as v = Tv, and let T be the nu’iterate of T. Since
under the sup norm T is a contraction operator that pPreserves continuity,
and since the space of continuous functions is complete with this norm, a
unique fixed point exists Since, by (A.1), T preserves property (2.4), the

fixed point of T inherits this property as well, Q.E.D.

Corollary. Since v(X) = X, equation (4) implies that if v(x) = x for some

X € [0,x], then v(x') = x' for all x’ e [x,x].

We adopt the tiebreaking rule that if v(x) = x, idea x is implemented,
Then all ideas x e [X,x] will be implemented, where ) € [0,X] 1is the

smallest number satisfying X = v(d), i.e.,

(2.5) A = -c + ﬂj'v(z)w(dz;k,y)dﬂ(y).

The pair (A,H) will be determined in equilibrium; for the time being we
assume that H is given and that a ) solving (2.5) exists so that we can

quickly proceed to some propositions. We now assume
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(A.2) max (x,y) < x = #(X,y,€) > max (x,y) w.p.1l.

This says that knowledge is strictly increasing as a result of each meeting
(i.e., information is not lost or destroyed at a meeting, and is fully shared) .

We also assume

(A.3) V(zix,y) = ¥ [z;max(x,y)], all (x,y,z).

This says that while the production of information requires two partners, it
is dominated by the more knowledgeable of the two.

As a consequence of (A.2),

(2.6) supp ¥(-;x,y) € [max(x,y),X], V(x,y).

In particular, WO(A;A) =0 for all A < X. The following lemma will be

used to simplify (2.5).

Lemma 2. If all traders in each period implement their ideas as soon as

X € [X,x], then the support of H 1is contained in [0,A].

Proof: Although H is as yet undefined, it refers to the distribution of
ideas at the beginning of each period. Since no one with x > A has survived
from the previous period, and since no new ideas have yet arrived, the claim

follows. Q.E.D.



From the corollary to Lemma 1, from Lemma 2, from (A.3), and from (2.6),

we find that (2.5) simplifies to
(2.7) A = -c + ﬁJ:' z¥ (dz;)).

Remark: Equilibrium consists of the pair (A,H) but it can be determined

recursively: First A can be obtained from (2.7), and then once A is given,
H can be determined (uiquely, it will turn out),
For the existence of a unique interior solution to (2.7) for A, we make

a further assumption:
(A.4) ﬂjo"zwo(dz;O) > .

This states that the least informed can cover the search cost in terms of what

they expect to learn.

Proposition 1. Under (A.1)-(A.4), equation (2.7) has a unique solution

A€ (0,x).

Proof: The RHS of (2.7) is, as a function of A, initially strictly positive
(at A =0) by (A.4) and is (at X = x) strictly less than x. Since the RHS
of (2.7) is also continuous in A, and by (A.1) is a contraction with modulus

B < 1, the assertion follows. Q.E.D.

Remark: The key assumption needed for uniqueness is (A.1). 1Its role is to

limit the extent of externalities in the transmission of information,.



2F. Comparative Statics: The dissemination of information depends on three

parameters: c, B8 and J‘zwo(dz;x). An exogenous improvement in each affects
the equilibrium level of A. It is easily shown that
ax -1

(2.8) — = < o0,
dc 1-ﬂd/d,\fA z¥ (dz;))

since the denominator is positive by (A.1).

DY [ z¥ (dz;2)

(2.9) -— - > 0
ap 1-gd/drf z¥ (dz;))
ax ﬂa/aa[f z\pg(dz;,\))

(2.10) -— - > 0
a6 1-pd/dAf 240 (dz; )

where 4 is a shift parameter, higher 4's corresponding to WO(-;A)
distributions with a higher mean for each fixed A. (Note that such an upward
shift in ¥ is possible for each X € [0,x].) Interestingly, the parameters

of F do not affect .

2G. Limiting case of perfect diffusion: As the time unit goes to zero, B goes

to one. More precisely, if we let A be the time interval between
consecutive meetings, then B=¢e™ and § =3a where r is the
instantaneous discount rate and § the probability of coming up with a new
idea per unit of time. Then we can think of both B8 and ¢ as measures of
speed and the frictions surrounding the diffusion process. The efficiency of
this process is maximized when B » 1 (which happens as A - 0) and c¢ - 0.

The consequences of this for A are contained in the following proposition.






Lemma B.5. 1If
(a) C 1is the set of real-valued, continuous functions on [0,)\], and
(b) A = D(T g) for any density g in C,

then (i) and (ii) are met with c¢ = ).

Proof: (A.8) implies that D(T"g) maps C into C. To verify that (i)
holds, note that (2.6) implies that supp Wo(-;x) is in [x,x]. Then

Y(z;x) =0 for z € [0,x). Thus one can express (C.5) as

(C.6) [D(Tem|(z) = [*$(z;x0mGax + [* p(z;%)gf* mdsdx

and property (i) follows.

For (ii) let a € [D,A-¢] be given. Note that for m € C;u’
[D(T“g)nq(z) is given by (C.6) for =z € [a,\], but is zero for z € [0,a),
because ¥(z,a) = 0 for z € [0,a], and because m(x) = 0 for x € [0,a].
Now let K denote the uniform bound on 3% assumed in (A.8). Since by (A.9)

f has a continuous density, this implies, along with (A.8), a uniform bound

on g which we denote by K’. Then for m,m’ € C* ,
ate

sup I[D(T”g)nq(z) - [D(T"g)m’](z)l < K(e + K'ez) sup Im(z)-m'(z)l.
z€[a,ate] z&[a,ate]

Then € can be chosen small enough such that K(e+K’ez) < vy for some <+ < 1.

Since this can be done independently of a, (ii) holds. Q.E.D.

Corollary: For each =« = 0, a unique solution to (C.4) for g, and hence to

(C.2) for G, exists.
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Proof: TUniqueness is an immediate consequence of Lemmas (B.3)-(B-5), while

existence follows from the existence of a solution H to (3.8).
Lemma B.6: At most one solution exists to (C.2) and (C.3) for the pair («,G).

Proof: Suppose on the contrary that more than one solution exists. Denote
two of these solutions by (ﬂl,Gl) and (wz,Gz). Write (C.2) as G = T'G.
Since the pairs (wl,Gl) and (nz,Gz) are different, it follows that

LRl (1f T, = m,, one must have G1 = G2 because the solution to

G= T/ G 1is unique and would coincide with the solution to G = T! G so
1 2

that the pairs would be identical.) Suppose then WLOG that n >mn,. If we

can show that this implies G, 2 G,, we will evidently have a contradiction to
the assertion that both ("1’G1) and (wz,Gz) are solutions to (C.2) and (C.3).

The proof concludes with a demonstration that G, 2G,. First, T' is

th

a monotone operator. Hence if G0 =0 and (T’:)n is the n iterate of
i

' n _ n :
(T;i), let G = (T;i) G,, 1i=1,2.. Then
(C.7) G, = lim G’i' i=1,2.

But evidently TG =2T'G for any G, and in particular for G = G,
1 2
Along with the monotonicity of (T!) (i=1.2), this implies that G: > G:
i

for all n, and hence that G1 = G Q.E.D.

.
Corollary: Equation (3.8) has a unique solution for H.

Proof: Immediate consequence of Lemmas (B.2) and (B.6).

-925-



1.3. Validity of (3.9). The proof here is similar to the proof that G = G,
in Lemma (B.6), and therefore it will only be sketched.

(a) By Lemma (B.1l), TA is monotone.

(b) Let A’ > ). Then for any H with support on [0,)], T,,H=<TH, because
F(A) and ¥(X,-,-) are both increasing in ).

(c) Choose H0 = F(-)/F()\) so that TAH0 < H0 and TAJ% < Ho' Iterating the

two operators produces in each case a monotone decreasing sequence of H's.

Then proceeding as in the proof of Lemma (B.6) yields (3.9).

2. Derivation of (6.1). Starting from equation (5.2) we note that:

(a) QM) = W, by (3.5) and (4.2).
() q(z) = w[)P(z;x)dH*(x) + (1-w)f(z), A =<z =<1, which follows from
(4.2). Thus,
q(z) w aH?(x) W 1 H2(z)
- —=n +Ez) = —[— - P——ax] + £
1-Q()\) 1-w, 1-x l-w,~ 1-a (1-x)?
using integration by parts.
(e) v,/(L-w,) = GQA)/8, by (4.3).

Since § = A =1 by assumption,

H?(x)

1
w) = Fe) {ftz[ — -

Jaz - =} +
dx|dz - — + 6j zf(z)dz.
1-A (1-x)2 A *

But,
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1 H%(x) A
>\

_— - 0—————;dx = ————, by (3.5) and integration by parts.
1-a (1-x) (1-2)G(X)
Therefore,
_ by 1-2% ¢ B L+
u) = Fe(f : - }sa-n—
(1-2)G() 2 A 2
_ A1) c (L-X) (1+x0)
- §[—— - ey + —— 1],
2 A 2

which yields (6.1) of the text.

3. Computation of HA underlying the plots of figure 1. With F(x) = x and

A € [0,1], integration by parts on the RHS of (3.8) (as was done in Appendix

2) and rearrangement yields

H(z) = (z/2)[1 - (1-2)f) B3 (x) (1-x) %ax] + (1-z)f; B (x) (1-x)%ax = TH.

Since TA is monotone, and since with H1 = x/A for x € [0,)], T/\H1 < Hl,

the sequence T:'H1 converges pointwise to H as n + ». The numerical

N
computations for Tle were done in FORTRAN. The interval [0,1] was
divided into 100 subintervals and the approximations of the integrals were
done using the trapezoid rule. Convergence up to the third decimal point was
achieved with at most 8 iterations. With 4 iterations, one gets convergence

up to the second decimal point. As ) gets closer to 1, the number of steps

needed to get convergence increases,
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