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l. TIntroduction

In this paper we will study the global dynamies of capital accumulation
for a two-sector model of technology which is not necessarily convex and where
the preferences of an infinitely-lived agent are stationary but not additively
separable.1 In the last section of the paper, we will also study the global
dynamics of efficient allocations over time in a pure exchange model of two
agents that have additively non-separable preferences.

One-sector optimal growth models with non-convex technologies have been
studied by Majumdar and Mitra (1982), (1983) and Dechert and Nishimura (1983).
Benhabib and Nishimura (1985) gave a characterization of the monotonic and
oscillatory dynamics of a two-sector model of growth with a representative
agent having additively separable preferences. The dynamics of optimal growth
models with stationary but non-separable preferences have been studied by
Beals and Koopmans (1969) and Iwal (1971), among others, for one-sector convex
technologies. Recently, Lucas and Stokey (1984) and Epstein (1985) also
studied the dynamics of capital accumulation in models of many agents that
have non-separable utility functions.

The paper is organized as follows. The general model is set up in sec-
tion 2. 1In section 3 we obtain monotonicity and convergence results for the
capital stock under "normality"” assumptions on preferences and factor
intensity assumptions on technology. In section &4 we obtain results on oscil-
latory dynamics under alternative factor-intensity conditions or under the
assumption of inferiority of "future utilities." Section 5 considers a model
where the stock of capital enters the utility function and gives conditions
under which it converges to a non-zero steady-state, and also we consider a

pure exchange model with two agents and show that utilities over time will be




monotonic or oscillatory depending on the normality or inferiority properties

of the agent’s preferences.



2. Technology, Preferences

Let ¢ = T(y,k) be a social production function where k is the amount of
capital stock available, and y and ¢ are the maximal amounts of the capital
stock and the consumption good producible. c¢ = T(y,k) may be understood to
represent the joint production of outputs c¢ and y from the input k or it may
be viewed as an aggregated social production function in a two-sector economy,
in which one industry produces a pure consumption good ¢ and the other pro-
duces a pure capital good y.z In either case, all the variables are normal-

ized by labor. We assume that
(P.1) There exists k > 0 such that for 0 < k < k, T(y,k) = 0 implies y > k,
and for k > k, T(y,k) = 0 implies y < k.

{(P.2) T(y.k) is continuous on [0,k] x [0,k] and of ¢? class on

{(0,k) x {(0,k) and T1 < 0, T2 > 0, T, < 0, T, < 0,

where T, = 3T/dy, T, = 83T/3k, T,, = 3°T/3y’, T,, - 8°T/ak’
and T,, - 3%T/3yak.
{P.3) For k = 0, ¢ = T(y,k) implies ¢ = y = 0,
Let k = [0,k], KK =K x Kx ... . Given (P.2) we can obtain a function y(k)

as a solution of T(y,k) = 0. Then the correspondence F:K + K° is defined by
(1) F(ky) = ((ky,k,,...) € K0 <k, =<y(k), t=0},

which gives the set of feasible capital paths attainable from the initial

stock ko' We shall write uk = (ko’kl"")'

Let R =R, xR ... and ¢ = (cge,...). Let G:K° = R] be defined by




(2) G(k) = (T(k k), T(k,,k),...)
where k € K°. Then the correspondence of C:K -+ R: defined by
(3) C(k) = {,c € R} c = G( k), k= (kjk,...) €F(k))

gives the set of feasible consumption paths attainable from k,. We impose the
product topology on R:. It can be shown that C is upper semi-continuous in

ko' As K is a compact subset of R, C(K) = U C(ko) is a compact set
k €K
0

(Hildebrand and Kirman (1976, p. 192)).

We assume that choice among consumption paths in C(K)} can be represented
by a preference ordering which is complete, transitive and continuous in the
product topology, or equivalently we assume that there exists a continuous

utility function U:C(K) + R such that oc’ > © if and only if U(oc') > U(oc).

Below we explicitly state assumptions on this intertemporal utility function.
(U.1) U is continuous on C(K) with respect to the product topology.

(U.2) Sensitivity: There exists c¢_,c¢! and 1€ such that

o' o

U(cé,lc) > U(Co’1c)'

(U.3) Limited non-complementarity: For all ¢,

o € C(K),

1]

U(co,lc) > U(cé,lc) implies U(co,lc') > U(cé,lc'),

U(co,lc) > U(co,lc') implies U(cé,lc) > U(cé,lc').
(U.4) Stationarity: For some ¢, and all 1S U(co,lc) > U(co,lc')
if and only if U(lc) > U(lc').

Since C(K) is a compact, there exists .¢ and S in C(K) such that

1]

(4) a=U(e) <U(e) =< U(OE) = b for all c € C(K).
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Let ¢ = max [col(cu,cl,...) € C(K)}. Then it follows from Koopmans
(1960, pp. 287-295) that on C(K) there exists a function V:[0,¢] x [a,b] ~ R,

such that

(5) U(oc) - V(cO,U(lc)) for _c € CG(K).

1

This function V 1s called the aggregator., We further assume the following

properties for this function.

(U.5) V(c,U) has positive continuous derivatives V1 and Vz on
(0,¢) x (a,b) where V, = 9V/3c and V, = 8V/3u, and

1lim Vl(co,u) = o, lim Vz(c ,u) are bounded.
0
c0+0 c0+0

Given (5), this assumption implies that U = 3U/3c and U, = aU/acl exist on

(0,E)° and U1 =V, U = V2 X Vl. The relation

1’ 2

U(,e) = V(ey, V(e ,...,V(c,,U(, c))...)

can then be used to prove that U = 6U(0c)/act exists.



3., Capital Accumulation
Let W(k)) = max U(G(k)). Then the optimal capital path
keF(k )
0 0
correspondence i1s defined by
B(ky)) = (k€ F(k) UG K)) = W(k))

and the optimal consumption path correspondence ¥: K » K° is given by
(7) ¥(k) = G((k)).

Let @t(ko) and wt(ku), t 2 0, be the set of capital stocks in the tm'period of
optimal capital paths and optimal consumption paths arising from ko' The
existence and the upper semi-continuity of optimal paths are easy consequences

of the compactness of K' and the continuity of U.
Lemma 3.1:

(1) @(ko) » @ for any ko e K.

(ii) & is upper semi-continuous on K.
The value function W:K + R is defined by
(8) W(k) = U(B(k)).
It satisfies the following function equation:
() W(ko) - max U(nc)

,C€CG (k)

- max V(cD,U(lc))
0ceG(ko)



= max V(cn, max U(lc))
c0=T(k1,ko) 1cEG(lcl)

(10) W(k,) - max V(c, W(k)))
~T(k.,k.)
CO T( 1’70

Lemma 3,2: 1If Ofc e c»(i%o) and DE € ¥(k,) for k, > 0, then ﬁt > 0 and

3L > 0 for all t = 0, that is, optimal paths from fco > 0 are interior paths,

Proof: (i) Suppose that lAcl = 0. Then given (P.3), 31 = ﬁz = 0 and
V(EO,V(O,a)) is the maximum of V(cD,V(cl,U(lc))) on the set of feasible con-
sumption paths where a = U(0,0,...). Let g(kl) = V(T(kl’kn)’ V(T(O,kl),a)).

Since kl > 0, 1if 1?1 maximizes g(kl), we must have

lim g'(kl) = 0.
k1+0

However,
(11) g'(kl) - Vl(co,V(T(O,kl),a))'Tl(kl,ﬁo) + Vz(co,U(cl,O, .. .)Vl(cl,a)-TZ(O,kl).

The derivatives are evaluated at (ﬁu,kl,o,...), (cn,cl,0,0,...) and
a =1(0,0,...), where ¢, = T(k,,k ) and ¢, = T(0,k,).

Let kl -+ 0. Then

(12) 1im g’ (k,) = V,(c,,a) T, (0,k) + V,(c,,a)lim[V, (c,,a)-T,(0,k )]
ky~0 c~0
k0

V,(¢,,a), V,(c,,a) and T (0,k,) are bounded by (U.5) and (P.2). Also,

T,, < 0 implies that for k > ¢ > 0,

TZ(O,]:c1 - €e) > Tz(O,kl) > 0.
Hence

(13) lim T,(0,k ) > 0.
kq~0

Also (U.5) implies lim Vl(cl,a) = o and the second term in the
c -0
1
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parenthesis goes to «. Hence lim g'(kl) > 0, and this is a contradiction.
k-0

Therefore ﬁo > 0 implies fcl > 0. By induction fct > 0 for all t = 0.

(ii) Suppose that ¢ = 0 and 31 > 0. Let h(k) = V(T(kl,ilo), V(T(ﬁz,kl),U(zé))).

0

Note that given kn' k1 can be bounded above by the solution to 0 = T(kl’ko)

(which is unique if it exists), since c, = T(kl'ko) and ¢, = 0. Therefore, if

A

kl maximizes h(kl), limAh'(kl) = 0 should hold. However,

kl—vkl
(l4) h'(kl) - V1(co'v(°1’u))'T1(k1'kn) + Vz(cn’v(c1'u))'v1(°1'u)'Tz(kz'k1)'
The derivatives are evaluated at (ﬁo,kl,ﬁz,...), (co,cl,az,ea,...), and

G = u(ze) where c, = T(kl,l::o) and c, = T(ﬁz,kl). Let k1 - 121. Then

(15) lip h' (k) = [lim V,(c,,V(c,,u))]-T (k k)
k,~k c -0
1 0 ~
Cl"cl
+ [1m V,(cy,V(e,,w)]-V, (e ,0) T, (k, k).
cn—vOA
Cl"Cl

Since 121 > kl, T11 < 0 implies
(16) T k. k) < Tk k) <o,
T, < 0 implies
(17) 0 =< T,(k, k) < T 0k, k).
As V,(c,,0) is also bounded, (U.5) implies lkimAh'(kl) = -©. This is a
1+k1

A A A
contradiction. Hence if k0 > 0 and c, > 0, then ¢, > 0 must be true. Next

suppose that k > 0 and ¢, = ¢, = 0. It is clear that there exist some t
such that ¢ > 0. Choose the smallest such t, say t’. Then k,,>0,
Cpiy = 0 and c,., > 0. Otherwise, since c, > 0 is feasible for some t > 1 on

-8-




account of k > 0, any program with some ¢, > 0 would dominate a program with
c, = 0 for all t. We can apply the same argument as above and reach the con-

tradiction. Hence ﬁo > 0 must imply Et > 0 for all t = 0. Q.E.D.
Corollary 3.1: If k € ®(k)), , € ¥(k)) for k; > 0,

(18) V(. Ve, anT kK )+ V,08,, Ve, 1)) Y (e, W) T, (k, k) = 0,
where G = u(ze).

Proof: V(T(kl,fco), V(T(fcz,kl),ﬁ) is maximized at fcl and its first order

condition is satisfied with equality by Lemma 3.2. Q.E.D.

We will refer to (18) as the Euler equation.

By the principle of optimality, if 0k e ¢(k0), then 1k e ¢(k1) or
tk S ¢(kt), t=1. We write con(k) = (k,k,...) and call it a constant path. A
steady state is defined to be kK € [0,k] such that am(k*) e?d (k‘). Zero is

called a trivial steady state. All the other steady states are called non-

trivial steady states. Let K" be the set of steady states. Since it is easy

to show that k' < K, every non-trivial steady state k" satisfies

(19) V(e Ve, u )T (KK + V(e V(e u) v (et uh) T (KT KT) = 0,
or
(19a) v (e’ u")y = - T (k' KN/T,(k", k")

where ¢’ = T(k k'), u’ = u(__(e")).

It should be noted that we so far did not assume even the quasi-concavity
of the utility function. There may be many optimal paths from the single ini-
tial steck kU (see Majumdar and Mitra (1982)). The following assumption

assures the convergence of the optimal paths to the steady state:




M V1(T(k1’ko)'W(k1))'Tz(k1'kn) is strictly increasing in kl.

If V is twice differentiable and W is differentiable, this condition is
easily interpreted. We have 4V T,/dk =V, TT + T,V ¥ + VT, From the
first order conditions in the maximization problem given by equation (10) we
also have W' = -V,T /V, so that 8V,T,/dk, = - T,T,(- V., + (V,/V)V ) + VT .~
The first term on the right hand side is positive if future utility V(lc)) is
normal. This follows because T, < 0, T2 > 0 and (-V11-+ (VI/VZ)VIZ) is positive
under the normality assumption. T, , is positive in a two-sector model if the
consumption good is labor intensive (for a proof, see Benhabib and Nishimura
(1985)) and is always positive in a one-sector non-joint production model
given by U(c) = U(T(k1'ko)) = U(f(ko) - (1-g)k0 - kl), where g is the
depreclation rate, f is the concave production function and U is a concave and
increasing utility function. We now can give an informal diaprammatic exposi-
tion to show the role of assumption M. For expositional simplicity, we assume
the concavity of the aggregator function V(co,w(kl)) in e, and k1' In figure 1
we draw indifference curves showing the trade-off between current consumption
¢, and future utility W(kl). These isoquants can then be drawn in the c, - k1

space since w(kl) is concave and increasing in k1' Similarly, we can also

draw the production possibility surface giving the tradeoff in ¢_ and k,

o
(assuming full depreciation) for k, fixed. In Figure 1 assume that the
optimal choice of k., ﬁl > k. This implies that the production possiblity
curve shifts out. In a one-sector model this shift is a parallel one since
¢, + k, = f(k,). Note that whether ﬁz is preater than or smaller than ﬁl
depends on whether the current consumption is a "luxury good”; Ez depicts
such a situation. On the other hand, ﬁz is possible if "future consumption"

A

is not inferior and kz is greater than k., implying a monotonic trajectory.

-10-




T 2JnB14




If V(co,W(kl)) - G(co)) + ﬂW(kl), where B8 ig the discount facter, we have an
additivity separable form in ¢, and k , which implies that the trajectory is
monotonic because both ¢, and k will be "normal goods." Even in the addi-
tively seperable case, however, if we have a two-sector model where the con-
sumption good is captial intensive, oscillatory behavior is possible if T, is
negative. This is shown in Figure 2. Therefore, whether V -T, is monotonic
in k, or not depends on whether or not future consumption is a normal good or
not, as well as on the factor intensities of the two-sector model, Note that
our assumption on the concavity of the aggregator function V was for the con-
venience of diagrammatic exposition only. We will not use it for the proofs
in this section.

We shall prove several lemmas before we formally prove convergence of the

optimal trajectory.
Lemma 3.3: 1If k* e K*, the @(k*) is a singleton.

Proof: If k* = 0, it is clear that (__(0)} = &(k*). Let 0 < k* < K. Sup-
pose Lemea 3.3 is wrong. Then if k' € 2(k*) and k' k*, then for arbitrary

T = 1 any path 'k defined by

kr_-k* 0<t=<T

k =kl, t>2T+1

is optimal, since k" is also optimal. Consider then the triplet
(k, ko k) = (k*,k*,k{), giving rise to utility
V(T (R*, %) V(T (], k%), 0) = V(T(K®, k%), u*) for G = W(k!). The last

equality follows since (k*,k*,k*) is also optimal. Thus we obtain

* ;) LR\ D . .
U" = V(T(k;,k"),u). Using (18) yields

(20) Vo (e®,u®) T (KK + v, (e, uF) V(TR KR WD) T, (kL EY) = 0.

-12-
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However, (M) implies that (20) has a unique solution ki = k* because it
assumes that Vsz is strictly increasing in ki. Hence Q(k*) consists of a

unique path ccm(k*). Q.E.D.

Lemma 3.4: If k1 - kU for nk = Q(kn), then k0 € K¥ and ok = (k).

con 1]

Proof: 1If ko - k1 and ok c Q(ku), then 0].vc € d?(kl) by the principle of
optimality. It follows by induction, using the uniqueness implied by (M) as

in Lemma (3.3), that mm(kﬁ) c Q(ko), and k0 is a steady state. Q.E.D.

Corollary 3.2: If k =k, , for k € ®(k)), then k, = k¥, t = T, where k* is

a steady state.
lemma 3,5: Let kt;'kn € K. Given ok' e Q(ko') and ok € @(ko),

(i) ké > kU implies k;

v
.

(ii) ku > kl implies k1 = k.
(<) (=)

Proof: (i) Suppose that k{ < k1 holds. Then T(k1'ko) z 0 and '1‘1 < 0
implies that T(k{,ko) > 0. Hence k{ is attainable from ku‘ The optimality

of 0k implies
(21) V(T(k k) W(k,)) = V(T(k! k) W(k]).

Also, T(k,k)) 2 0, K= k! >k, =0 and T, > 0 implies T(k k) > O.

Hence k, is attainable from k;. The optimality of ok’ implies
(22) VCT(R! kD) W(kD) = V(T(k, k) W(k)).
Adding (21) and (22), we get

V(TCky, k) W(k)) + VCTCK: kD) W(K])) = V(T(!, k), W(kD)) + V(T(k, kD), W(k)).

-14-



That is,

V(TCk, k) WCkD) - VOTCK] kg) W(KD) + V(TCk k) W(k)) - VCT(k k), W(ky)) = 0

or,

(23) JRo[v (T(k!,0) W(K))T, (k@) - V,(T(k ,a@),W(k))T,(k,e) [da = O,

Note that both kl' and kl are attainable from a € [kn’kt;] . (M) and the

hypothesis k/ < k, imply that
[V, (T(k!, @) W(kI)IT, (k! @) - V (T(k,,a) W(k))T,(k,a)] < 0.

This together with kc; > ko makes the value of the integral in (23) negative.

This is a contradiction. Hence k{ > ].-:1 must be the case.

(ii) 1If ].v:(J < k1’ then we consider an optimal path 0].v:' from kt; = k1' By

applying the result of (i), we get k, =< k/ = k. Q.E.D.

Theorem 3.1: (Monotonicity) If ok 3 fb(ko), and kn > kl, then kt > ktﬂ,t = 1.
(<) (<

The equality holds only for k, € K*.

Proof: Suppose that ko > k,. Then kl > kz by Lemma 3.5. If k1 - kz' then

k € K* by Corollary 3.2. 1If k. > k,, then k, > k,. It is clear that induc-

tion leads to the theorem. Q.E.D.

Theorem 3.2: Assume that (P.1)-(P.3), (U.1)-(U.5) and (M). For any k(J € K an

optimal path monotonically converges to a steady state.

Proof: As {kt} is a monotone bounded sequence, it has a 1limit. Say

k = 1im kt. Consider a sequence of optimal paths. That is, c'ku,al.vcl,ukz, ..
tow
0 1 t
where ko - ku’ku = k1" . ,k0 = kt, ... . This sequence converges to

-15-



“m(i) in the product topology. mm(E) is an optimal path by the upper semi-

continuity of ®. Hence k e x*. Q.E.D.

If we assume that K* contains a finite number of elements (steady states

only), we can write K* = {k;, ...,k;}, 0= k; < k: < ... < k;.

L] L]
Let K = (kK

)

K, = (k,k]

Theorem 3.3: If K" has a finite number of elements and kn € Ki, nk c Q(ko),

L] *
then {k } converges to k, or k, ..

Proof: By Theorem 3.2 the optimal path converges to a steady state monotoni-

cally. Let k = lim k.. By lemma 3.5, k; > k, implies k, > k,.

- ud L g * -
If k., =k, the k=k . Ifk, >k, thenk >k By continuing

1’ 2"

this argument, k,, =k, t = 0. Similarly, k, 2 k;, t = 0, must hold.

1

Since k € K*, k must be either k: or kLi. Q.E.D.

Suppose that one optimal path from k € K converges to a high steady state
k; > k_while some other optimal path from k, converges to a lower steady

state k: < kc. Then kc is called a critical level of capital stock. We can

have the following generalization of Dechert and Nishimura (1983).

Corollary 3.3: Let kc € (k: ) be a critical level of the capital stock.

*
’ lc_1_+.'l.

*

141 while all of

Then all strictly increasing optimal paths converge to k
strictly decreasing optimal paths converge to k:. Moreover the critical

level in (k:,k'

i+1) is unique (if it exists),

Proof: Let k € ®(k) be a strictly increasing path. Since k <k,

lemma
. s . * * .

3.5 (1) implies k < k,,, for all t. Hence k-~ k,,,- Similarly any

strictly decreasing path in Q(kc) converges to k:.

-16-




Next we show the uniqueness. Suppose that k ,k’ are both critical

levels in (k:,k'

) - Let k< k!. Then there is a strictly decreasing
c

path is @(k'c), say tﬁ'. And there is a strictly increasing path in ¢(kc),

A

A . &« "' L] .
say tk. Since 'k converges to k,,, and k' converge to k,. There is T

~

such that ﬁé < kt' This is a contradiction to k0 - kc < ké - k'c and

lLemma 3.5 (1). Hence kc = k'c must be the case. Q.E.D.

Remark 3,1: We proved the monotone convergence of the optimal capital stocks

to a steady state in a more general framework than Beals and Koopmans (1969)
or Iwai (1970). Their function f, resulting in f(kt) -k is a special

t+1’

case of our T(kﬁq,kt). The significant difference here lies In the fact that
we do not assume the concavity of the production function or the quasi-

concavity of the intertemporal utility function.

Remark 3.2: As we lose the concavity of the production function or the quasi
concavity of the utility function, we see the bifurcation of the multiple
steady states and the convergence of critical levels of capital stock. Figure
3 shows this for the model with the separable intertemporal utility function
EiqﬁtU(ct) and the separable production function c, = f(kt) - kmq' In

diagram (ii) of figure 3 the production curve y = f(k) lacks the concavity.

This is the case considered in Dechert and Nishimura (1984).

Remark 3.3: WNon-separability of utility or production function could cause

the multiplicity of steady states. Diagram (i) of the figure 4 shows this
case. The optimal policy function, that is the optimal choice of the next
period capital stock level, is indicated by the upward sloping curve. Steady
states are points of intersection between the optimal policy curve and 45

degree line. Note that unstable steady states and stable steady states

-17-
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alternate. This may be compared with the diagram (ii) of figure 4, which
shows the optimal policy curve of the model with non-concave functions. Note

that all optimal steady states may be stable contrary to the diagram (i).

Remark 3.4: An advantage of our method is that we can easily apply the above
arguments to derive the oscillatory property of optimal paths under the

alternative condition to (M).
(| V,(T(k k), W(k,)) T, (K, k)

is strictly decreasing in k. Again we do not need to use the dif-
ferentiability of the value function W(k). We do not repeat the proofs of the
results under this alternative condition. Rather, we discuss the oscillatory

case under the stronger condition in the next chapter.
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&, Normality assures convergence and inferiority produces oscillations

Though we so far did not assume the concavity of the utility function or
the production function (except for the diagrammatic exposition in the pre-
vious section), we proved the monotone convergence of the optimal paths.
Below we obtain slipghtly stronger results in terms of strict monotonicity and
asymptotic convergence under concavity assumptions. In addition, when the
converse of the assumption (M) holds, we show that the optimal trajectory is
oscillatory, as suggested in the diagrammatic exposition in section 3. Below

we assume the following:

(P.4) T(y,k) is concave in y and k.
(U.6) U is strictly quasi-concave on GC(K).
(u.7) V(c,u) has continuous second derivatives Vll, Vi and sz on

(0,e¢) x (a,b), where Vll - 6ZV/6cz, v, = 62V/6u6c and sz = BZV/BU?.

It is easy to show that the set of feasible capital paths F(kn) and the set of
feasible consumption paths become convex sets. It should be noted that (U.6)
does not imply the quasi-concavity of the aggrepator V(c,u) with respect to
(c,u).

lemma 4.1: An optimal path from k, € K is unique.

Proof: Let 0k’, uk S Q(ko) and let 0c', ¢ € W(ku) be the corresponding
optimal consumption paths. Suppose that oK' Uk. Then we assume k; # kl

without loss of generality. But this with T, < 0 implies

(24) c,’ = T(k!,k) = T(k k) =c,.

But for o¢' # o¢» (U.6) implies that a feasible consumption path f,c’ + (l-e)uc
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from k, ylelds a higher utlity. This is a contradiction. Hence ok’ = k. Q.E.D.
Now the optimal path ®(k ) becomes a continuous funetion of k,. 1t can

be shown that W(ko) is strictly increasing in ko' We assume that
(U.8) W(k,) is differentiable at k € (0,k].
The condition (M) assumed in the previous section is replaced by

(M) Tsz(VnV2 - V1V12) + V2V1T12 > 0.

V.V, - V,V,, = 0 implies that for the aggregator function V(c,u) u is a non-

inferior good. Note that Tm_z 0 is trivially satisfiled if T(k kt) = U(f(kt)-k Y,

t+1? t+l

where U is the one-peried utility function. On the other hand, if T(y,k} is a
social production function in a two-sector economy, T, is always non-positive
and T, = 0 as long as the pure consumption good sector is not capital
intensive (see Benhabib and Nishimura (1985), section 5, and also the diagram-

matic exposition following assumption (M) in the previous section).

Theorem 4.1: Under the assumptions (P.1) - (P.4), (U.l) - (U.8) and (M'), the

optimal paths from k& K are strictly monotonic and converge to some steady

state.,

Proof: Let W' = 6W(k1)/ak1. Using (U.8) and the fact that if ok (S Q(ko) for

kn € (0,k), V(T(x,ko),W(x)) is maximized at k1’ we obtailn
(25) V (TCk k), Wk DT, (ky k) + V(T(k k), W(k )W (k) = 0.

Let H(kn'k1) - Vl(T(kl,kO), W(kl))Tz(kl,ko). Then 3H/8k1 - (VHT1 + Vle')T2 +VIT,,.

By substituting for W' (k) from (25), (M’') implies
(26) c')‘H/c'z‘k1 - l/Vz [Van - V12V1]T1T2 + V1T21 >0
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Assume that 0k’ € ‘b(ké), nk [ d>(ku) and suppose k‘; > ko' Let k{ = @1(1(&).
First consider the case where k/ » k . By the uniqueness of optimal paths

we have
(28) JE v, (0] 0) WT, (k@) - Y (Tky,@) 0(k, )T, (k; a) Jda > 0.

The strict inequality comes from the uniqueness of the optimal path and the

hypothesis k; » k,. Using double integral, we can rewrite (28).

13 k: R
(29) I O AR AL AL A ML

where V = V(T(§,a),W(B)), T = T(B,a). If k] is sufficiently close to k,
the integrand of (29) has the same slgn as (26) for any (f,a) contained in
[ku'kél b4 [kl,ki]. This is a result of (25) and the continuity of k1 = ¢1(k0).
Hence for k;, sufficiently close to k) and k' >k, (29) implies k' > k.
This implies that k = & (k) is increasing in k for k € (0,k). The rest of
the argument is identical to that of (ii) in lemma 3.5.

To complete the proof we have to rule out the case where ké > k0
implies k; = k . First note that if k; > k = 0, then ki > 0= k.. If
ké > kO > 0, then Ok' and 0k satisfy the Euler equation (18).

Assuming that k; - k1 in (18), we have

vV (T(k,, %), W(k))

(30) T.(k, ,x) + V. (T(k,.k ),W(k.)) -T.(k k) = 0.
V,(T(k,,x),W(k,)) 1 1 e 20 ) Tk, k)

(30) is satisfied by x = ké,ko. However, (M') implies that the first
term on the left hand side of (30) is increasing in x. Therefore, if k; >k,
we cannot have k1 - k; without violating (18). Ihis rules out the case

where k1 = k; and completes the proof, Q.E.D,

To prove our results for the oscillation case, we maintain all the
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assumptions except that we reverse the assumption (M'). (M') below requires
either the consumption good to be capital intensive (le < 0) as discussed in
Benhabib and Nishimura [1985] or future utility te be an inferior good

(VnV2 - Vﬁﬁz > 0). 1If both of these conditions holds, whether M’ is

satisfied or not depends on their weighted sum of the two effects.

(M) (V,,V, - VY ITT, + VVT <O,

However, it may not be reasonable to assume that (M’) holds globally.
So we restrict ourselves to the rectangular region H = [c ,d ] x [c,,d,] where

0<cj<dd<k, j=-1,2.

Theorem &,3: Let (P.1) - (P.4), (U.1) - (U.8) and (M') hold.

Let k € &(k,), k' € (k).

(i) For (ko'k1) and (ké,k{) e H, if ko > kg, then k < ki.

(ii) For (ko'kl) and (kl,k ) € B, if k0 > k,, then k, < kz'

Proof: (i) Since either (V, V, - V.V ) or -T, is positive in condition M),

the same proof as in theorem 4.1 is applied to show that k, > ké implies
ki » kl for Dk (S @(ko), 0k' (S Q(ké). Choose k0 and ké such that
((ké'k1)'(ko’k1)) € H and ka is sufficiently close to ko‘ We suppose that
k0 > ké and k1 > k{ holds. Then ((ké’ki)'(ku’ki)) € H follows from

the fact that ((ko’kl)'(ké’ki)) is in H. Also, T(k k Yy = 0 and T > 0
implies that T(k;,k&) > 0. Hence, k; is attainable from ko' Also, since

an optimal path from k0 > 0 is an interior path, c¢_ = T(k

\ k,) > 0. If k! is

1'70

sufficiently close to ko’ we have T(k_,k') > 0 as well. This is due to the

1’ %0
continuity of ®(k ). Then the principle of optimality implies
(31) , V(T(k,k),W(k)) > V(T(k! k), W(k))
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VOTQ ) WD) > V(TR W(k,))

e integral as given by (29) above. But

From (31) we can derive the same doubl

k. the sign of the term under the double
1

for kg sufficiently close to

I have
integral is negative under (M), as in proof of Theorem 4.1. Hence we

i - is
the contradiction and ki >k, must hold., This shows that ¢1(ku) kl

i for an
strictly decreasing in kD as long as (kD,Ql(ko)) < H. Hence y'g

' i - < ® (k') = k.
(k0,¢1(ko)), (ké,ﬁl(ké)) € H, k0 > ko implies ¢l(k°) k1 1( . "

(ii) This follows jmmediately from part (i) if we let ka - kl and kl - kz'

Remark 4.1: When (M') holds over the appropriate domain, ¢1(k) will be

monotonic. Then it is easily shown that both odd and even iterates of k, will
be monotonic. This implies that both odd and even iterates comverge. If the
limits of odd and even iterates are the same we get convergence to a steady
state; otherwise we get convergence to a two-period cycle. The proof in the
case of additively separable utility also applies to the non-separable case.
(See Benhabib and Nishimura (1985), Theorem 3.) Of course, if (M') does not
hold and ¢1(k) is not monotonic, unstable and chaotic behavior can occur (see

Bolrin and Montrucchio [1986]).

Remark 4.2: Under the assumption (M’) over the appropriate reglon birfurca-
tions of periodic optimal paths are possible. This is so even when production
and utility functions share concavity properties provided § is small enough.

Figure 5 shows that as § decreases the steady state becomes unstable and a

periodic path bifurcates. This is the case whose existence is shown in Ben-

habib and Nishimura [1985].
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3. Generalizations
(1)

We have so far discussed the Koopmans type intertemporal utility function
80 that it can be transformed into an aggregator function. However, it is
clear from proofs given above that we can deal with any intertemporal utility

function R = R(k ,k,,...) which may be transformed into the aggregator form
(32) R(ko,kl,W(kl)).

This is more general than Koopmans type utility function. For example, con-

sider the following example,
(33) R=)o 85U, k), 0<8§<1
subject to

f(k) - k,~¢c 20, t=z0, k given.

Let W(ka) the maximized value of utility, then it satisfies
(34) . W(ko) - max[U(f(ku) - k1'k1) + 6W(k1)]

This differs from the "Koopmans" type intertemporal utility function, since
the current utility does not only depend on current consumption, f(ku) - k1'
but also depend on k,.

Rather than discussing the problem (33) in the general context, we shall

briefly sketch how problem (33) is handled by a method similar to that above.

We assume that

(p.1) The production function f(k} is continuous at k = 0 and

contimuously differentiable at k > 0.
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(p.2) F(0) =« 0, f'(k) >0, £f(k) =%k>o0.
(u.l) The utility function is continuous at ¢, k = 0.

(u.2) Ul(c,k) > 0 exists and is continuous at ¢ > 0, k > 0

Uz(c,k) > 0 exists and is continuous at ¢ = 0, k > 0.
(u.3) 1lim Ul(c,k) = o for k > 0
c=0
lim Uz(c,k) = o for ¢ > 0
k-0
The monotonicity of optimal path is implied by the following assumption.

{m) U1(f(ku) - kl'kl) is strictly increasing in kl.

Under the assumptions above we can show that the optimal paths are interior
and converge to steady states. Again we do not require the concavity of the

utility function or the production function.

lemma 5.1: Let uﬁ and 02 be optimal capital and consumption paths from ﬂn

in problem (33). If k >0, k > 0 and ¢, > 0 for t 2 0,

Proof: (i) Suppose that ﬁl = 0. Then 51 - ﬁz = 0. Consider
(36) gk, k) = UCECk) - k k) + §UCE(k) - k,k).

g(kl,ﬁz) is maximized at k1 = ﬁl = (0. However,

i?fbag(kl,kz)/akl = - U, (k) - k1'k1) + U, (f(k) - k
2

l’kl)

+ §lim U1(f(k1) - x,x)E (k)
1
x-+0
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Since 0 < lim Ul(f(ﬁu) - x,Xx) < U1(f(ﬁo) - k1’k1) for kl > 0 by assumption
x~+0

(m), and since the other terms are positive, lim Uz(f(ko) - kl,kl) = o
k 1—>0
implies that the lim 1lim 3g(k,,k,)/dk is
k 1—»0 k2—>0

positive. This is contradiction. Hence k > 0. It is obvious that k >0

for t = 0 must follow.

(i1) Let ¢, = 0, 31 > 0. Consider

A

(37) h(kl) - U(f(ﬁo) - kl,kl) + 6U(f(k1) - ﬁz,kz)

If 80 = O, (37) is maximized at k1 = ﬁl = f(ﬁu). Consider

(38) ' (k) = -U(ECk) - k k) + U (ECk) - k k)

+ 8U (£(k,) - ﬁz,ﬁz)f'(kl)

(39) limAh'(kl) = - 1lim Ul(zo,kl)‘+ Ué(O,k ) + 5U1(°1'k2)f’(k1) -
k£+k1 2040

A A M A P
This is a contradiction. Hence k1 < f(ko) if ¢, > 0. HNext let Cyp = ¢, = 0.
Then it is clear from assumptions (u.2) and (u.3) that there must exist some t
such that ¢, >0 and ¢, > 0. We apply the same arguments given above and

reach a contradiction. Hence ﬁo > 0 must imply ét > 0 for all £t = 0. Q.E.D.

Theorem 5.1: Let (p.l1l), (p.2) (u.l)-(u.3) and (m) hold. Then any optimal
path from kD € [0,k] in problem (33) converges monotonically to a steady
state.

This theorem may be proved exactly in the same way as Theorem 3.2. We
omit the proof. A stronger convergence result may be proved by assuming the
twice differentiability of utility function and replacing assumption (m) as
follows:
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() U, - U, >0 on (0,k) x (0,k).

We do not, however, assume concavity. The stronger convergence result may be

proved under much weaker assumptions than those corresponding to Theorem 4.1.

Theorem 5.2: Let (p.l1l), (p.2), (u.l)-(u.3) and (m’) hold. Then any optimal
path k from k, € [0,k] in problem (34) converges to a steady state. More-

over, {kt} is a strictly monotone sequence for k, & K*.

Proof: Since (m') implies (m), Theorem 5.1 holds. Then we show that ké » k0

implies k; » k, as was done in the proof of Theorem 4.1. Q.E.D.

So far we did not prove whether the origin is a locally stable steady
state or not. To guarantee that it is a locally unstable steady state, we

assume the following additional properties.

(p.3) lim £'(k) > 61
k-0
(u.4) lﬁl(c,k) < 0, [Hz(c,k) =< 0 for sufficiently small e,k > 0.

Theorem 5.3: Let (p.1)-(p.3), (u.1)-(u.4) and (m’) hold. Then any optimal
path oK from kD € (0,k] converges to a non-trivial steady state. Further-

more, (k } is strictly monotone if k, is not a steady state.

Proof: We first prove that a non-trivial steady state is bounded away from O.

Consider the Euler equations satisfied at a steady state.
(40) (£ (k%) - LU (¥, K*) + U (c*,k*) = 0.
Since lim 4f° (k) > 1, (40) cannot be satisfied for sufficiently small k > 0.

k=0

Suppose that an optimal path ok from k, > 0 converges to 0 so that (k)
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is monotonically decreasing to 0. So k, >k > k, > 0. Consider the Euler

equation

(41) 'U1(cu'k1) + U, (e, k) + Gf'(k1)ul(c1’k2) = 0.

By rewriting equation (41), we obtain

(42) (6" (k) - DU (c k) + [U1(c1'kz) - U (ey k)] + U,(c, k) = 0.

The first and third terms are positive for k, sufficiently close to 0.

Hence
(43) U1(c1'kz) - U1(co'k1) < 0,

Since U, and U, are non-positive by assumption (u.4), it easily follows from
(43) that k1 > k2 implies ¢, < ¢, Hence if ko is sufficiently close to-0,
then along the path k, k, >k >k, > ..., ¢, <¢, <¢, < ... must hold., But
the consumption path camnot increase monotonically as c, = f(kt) - kt con-

verges to 0. Hence we have a contradiction. Therefore, for sufficiently

small k, > 0, |k converges to a steady state k* > 0. Q.E.D.

IT.

In the second part of this section we consider a two-agent, pure exchange
economy where the preferences of each agent are subject to assumptions in
(u.1)-(u.5) and given by u, = Vi(c;,u}, ), i =1,2, t =0,1,... . Pure
exchange implies that ci + ci = s >0 for all t. Since V!''s are monotonic

in their arguments, we can invert V? to obtain

2

2 2 2 2 £ 2
c. = c(ut,uﬁi) with c, = ac(ut,uhi)/au - 1/Vc

2

2
and c, ac(ut_,ub+1

)/81.1;_1 = —VE/Vi. Substituting into the first agent’s
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utility, we obtain u: - Vl(s - c(uﬁ,ui),ui). We would like to maximize

the intertemporal utility of one agent subject to a given utility of the other
and give a global characterization of the time profile of utilities and con-
sumptions for each agent. This problem has also been studied by Lucas and
Stokey (1984) and we seek to generalize their results. Our problem can be set

in a dynamic programming framework as follows:

1 2 1 2 2 2y 4
u, = M(uu) = Max V(s - c(un,ul),M(ul))

2 2 2 i : . 2 2
where 0 = c(un,ul) < s. We say that u,,, 1s interior if c(ut,ubu) € (0,s).

Theorem 5.4 (Monotonicity): If uiﬂ_and uim are interior and
H(u? u?) = —Vl(s - c(u;,uz), M(u?))-c (u?,uz) is strictly increasing
0’1 c 0’1 1 1701
in ui, then along an optimal path ui ] uiﬂ_implies
2 2 z 2
(ut.+1 ut.) (ut.+z U‘t.+1) > 0.

Proof: Noting that (-2?1) increasing is the analogue of assumption M for
Lemma 3.5, the proof is identical to that of the Lemma and Theorem 3.1.

Q.E.D.

In Theorem 5.4 we do not need the twlice differentiability of the utility
possibility frontier M. In order to interpret the condition that H is
strictly inecreasing, we further assume that VI,V2 satisfy (U.6), (U.7) and

that M(uf) i{s differentiable.

Theorem 5.5: Along an interior optimal path, the utilites of agents are

monotonic if uL1 is a "normal good" in Vi(c:,u;u) for i = 1,2,

Proof: We have to show that the "normal good" hypothesis for future utility

in the utility functions follows from (- V.e,) increasing in ui. We have
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2,2 1 2,02 2 1,02 2,0 2. 2
gH/aut = VP - (dck/aul)(acisau?) - VI (acl/aul)(aM/dul) — V (8%cy/dugdul) .
First we evaluate azcg/auﬁaui using acifauf - - Vi/Vi and acﬁ/aui = 1/V§. A simple
- . 2240 24 2 243 1y2 2 2 2 o
calculation yields 8 cojau.oau1 - 1/(Vc) [Vccvu - Vivcu]. To calculate dM/dul, maximize
vi(s - c(uﬁ,ui),ﬁ(ui)) with respect to uf and solve the first order con-
. 2 oy gt : . .

ditions to obtain dM/du] = - V.V /V'V . Substituting these terms into
aH/avf we obtain

2 _ L e . 2 20l yl _ gyl gyl 2y 3yy1
aH/aul - {Vuvc[vcuvc vlzlvcc] + Vivc[vcuvc v1:.::vu] ]/(vc) Vu'

The bracketed expressions in the numerator are positive if future utility is

"normal” for V! and V2, This completes the proof. Q.E.D.
Remark: Note also that if future utility is sufficiently inferior for at

least one of the agents, BH/BUi may be negative and this will imply oscilla-

tions in utilities.
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Footnotes

1. Multisector models with convex technology and additively separable
preferences have been extensively studied. See McKenzie (1976), Brock and
Scheinkman (1976), Cass and Shell (1976).

2. If g is the rate of depreciation plus populations growth, we can

define ¥, - Tzc.t_'_1 - (l-g)kt. Then ¢ = r(k (1-g)kt,kt) = T(k k). For

b+l t+1? kb

given k , de/dy represents the slope of the production surface. For further
analysis, see Benhabib and Nishimura (1984).

3. Strictly speaking, equations (10) holds only along an optimal path
and substituting W’ into the expression for 3(VT,)/dk is illegitimate. How-
ever, continuity considerations assure that the arguments that follow from
this substitution will hold locally, which is all that is required to estab-
lish the global monotonicity or oscillation properties of the optimal path. A
rigorous proof of the above arguments is given following Theorem (4.2) in sec-
tion 4.

1

4. Note that u, - H(uﬁ) is a utility possibility frontier.
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