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ABSTRACT

A perfect—foresight model of entry and exit for an in—
dustry is developed. Early entry has the advantage of higher
revenues per unit of output as the price is higher early on.
Late entry has the benefits of learning from the experience of
earlier entrants, and hence lower productions costs. These ad—
vantages are balanced off in a continuous time perfect foresight
equilibrium. Exit takes place because the operation of high—
cost, early—vintage technologies becomes unprofitable. The
model generates S—shaped diffusion —— a well documented
phenomenon in a wide variety of industries —— as well as
staggered entry and exit, in a deterministic context. Examples
are explicitly solved.

Completed in the Spring semester, 1988, while Saul Lach was a visitor at the
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1. Introduction

There is ample empirical evidence to support the view that the §-
shaped diffusion path of an innovation is not an isolated phenomenon. In
many cases, whether it is a process or a product innovation, plotting the
usage/ownership of the new technology or the number of producers of the
new product against time yields an S-shaped curve, as documented by, among
others, Griliches (1957), Davies (1979), and Gort and Klepper (1982). This
empirical recurrence can, by now, be viewed as a "stylized fact",

One class of non-strategic models of the adoption or entry deci-
sion, derives an S-shaped diffusion path as the outcome of the assumed
heterogeneity across potential adopters, which however, is specified ar-
bitrarily. These "probit type" models identify firm size, entrepreneurial
attitudes, and the vintage distribution of capital as relevant sources of
heterogeneity in the adoption decision. Other non-strategic models genera-
ting S-shaped diffusion paths are the so called "epidemic" models in which
information about the new technology is spread by personal contact between
users and non-users. The speed of diffusion is related to the frequency of
interpersonal contact, which again, is specified exogenously.

Game-theoretic models of adoption, on the other hand, treat adop-
ters as homogeneous and concentrate instead on the question of existence
of the diffusion process itself, rather than on its specific properties,
i.e. their S-shape (See Stoneman (1985) for a survey of the strategic and
non-strategic models in the literature).

We show that S-shaped diffusion arises naturally in an environment

in which homogeneous agents face the prospect of learning by deing, a la
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Arrow (1962). We denote the act of adopting a new technology and/or be-
ginning production of a new product by entry, while that of ceasing pro-
duction as exit. In our model potential adopters (producers) are identi-
cal, of measure zero, and have perfect foresight. They incur a fixed cost
at the moment of entry, and have variable costs of production that are
vintage-specific. It is assumed that, due to learning by doing, costs
decrease as entrants accumulate. However, these reductions in costs are
not appropriated by the incumbent firms but spill over to potential
entrants. Since the price of output also decreases, delaying entry entails
both benefits and costs. Once a firm enters, it will continue production
as long as the product price is above its marginal cost. Since the latter
is constant (vintage-specific), exit will occur if the product price
decreases sufficiently. Equilibrium is a diffusion path along which
entrants earn zero discounted net profits, and are indifferent as to the
date of entry.

We show that the equilibrium diffusion path approaches an
endogenously determined size of total entrants, implying that, eventually,
concavity sets in. More important, the initial convex region is tied to
the rate at which the benefits from learning by doing decrease. In order
to observe initial convexity of the diffusion path, it is sufficient (but
not necessary) that the benefits from learning by doing decrease fast
enough. Moreover, an exact S-shape is derived when learning by doing is
iscelastic, as assumed by Arrow (1962).

In equilibrium, entry is proportional to the current flow of prof-
its, a relationship similar to the one specified exogenously by Brock

(1972). The exit rate is, in equilibrium, a fraction of the entry rate, so
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that net entry is always non-negative.

Learning by doing is the driving force of the model. But is it
justifiable? Many instances have been reported where learning by doing has
significant effects on cost reduction (See Alchian (1963), Sahal (1981),
and Zimmerman (1982)). If such learning cannot be fully appropriated by
the producers, costs will be lower as the number of producers grows. Evi-
dence suggests that such spillovers are extensive in many industries (See
Boston Consulting Group (1978) and Lieberman (1982)). Other circumstances
under which this pattern of cost reduction can arise are when network ex-
ternalities are significant, or when increasing returns in the industry
supplying, say, equipment are present. A good example of all the above
points is the recent dramatic reduction in the costs of getting com-
puterized.

Not surprisingly, spillovers cause entry to proceed too slowly in
equilibrium. A similar conclusion on the equilibrium amount of investment
was reached by Arrow (1962). What is surprising, though, is that the total
entry and exit coincide with their socially optimal magnitudes.

The next section presents the model and its results, followed by
two examples. The welfare analysis is conducted in section 3. Conclusions

close the paper.

2. The Model

Following Arrow, we assume (a) that learning is a function of
cumulative gross investment (cumulative production of capital goods), and

(b) that the technical changes that result from this learning are com-
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pletely embodied in new capital goods. "At any moment of new time, the
new capital goods incorporate all the knowledge then avallable, but once
built, their productive efficiency cannot be altered by subsequent learn-
ing."1

We measure cumulative gross investment by n, , the number of ma-
chines installed before time t., Each machine has a fixed installation
cost k(n,), and a variable per-unit cost of production, c¢(n). In spirit
with Arrow's statement, we assume that ¢’ < 0 and k' < 0. Moreover,
once installed, the machines do not improve in their efficiency; that is,
the cost structure of a machine is fully vintage-specific. A capacity
constraint, normalized at unity, is assumed on each machine. Once in-

stalled, the machine does not depreciate. In the model, the number of ma-

. : . s 2 . :
chines per firm is arbitrary;” we henceforth assume one machine per firm.

Exit. Not all machines will be used forever. As entry proceeds, and as
the product-price declines, it may be profitable to withdraw from produc-
tion some early, high-cost vintages. Assume that p, is non-increasing.
Then, a machine is withdrawn as soon as P, 1is equal to its marginal
cost. Thus, vintage r 1is withdrawn as soon at Py = ¢(n,). Letting X,

denote cumulative exit up to time t, then

(1) x, = c '(min[p,,c(0)]) = x(p,).

Arrow {(1962), p. 157.
This arbitrariness will be recognized when we discuss the empirical
implications of this model.
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The function =x(p) 1is drawn in Figure 1.

X( P)

e — ‘P
Figure 1

Market Clearing. The market must clear at each instant at Pr. Industry
supply at t is n, - x,. We assume a stationary demand function D(p).

Then p, = P(n,), where P(n) is the solution for p to the eguation:
(2) n - x(p) = D(p).

Thus P(n,) is the price that must prevail following the entry of exactly
n, firms. Since x and D are both decreasing in p, P(:) is uniquely

defined for all n.

Equilibrium. Firms are of measure zero, and thus take the time-path of
prices as given. Time is continuous. If each entrant (a) earns zero dis-

counted profits, and (b) is indifferent as to the date that he enters, the
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following condition must hold:
(3 jf eﬂﬂsﬂﬁmax{o,[P(ns) - ¢(n)])ds - k(n,) = 0

for all vintages r = 0. A perfect foresight equilibrium is a trajectory

n, which in non negative and non-decreasing, for which eq. (3) holds for

all r=>0.2

This definition of equilibrium takes into account optimal
exit, because P(-) satisfies (2). This equilibrium does not specify

which firm enters when, only their rate of entry.

Proposition 1: If an equilibrium trajectory n, exists, it must be con-

tinuous.

Proof: Suppose that at some t = 0, n, jumps by an amount A. The dis-

m - —_—
counted revenue starting at t+e is [ er(St)P(ns)ds, and as € — 0,

tte
@ - -
it converges to f P wP(ns)ds. The cost of entry, on the other hand,
t
converges to k[n+A], and the variable cost to c{n+A). Since both

k() and c(-) are decreasing, if (1) holds at t, it must become posi-

tive at t+e for some ¢ sufficiently small. Q.E.D.

Assuming that there are no firms in the industry to begin with, a
corollary is that ny; = 0, because there can be no mass point of entrants
at time zero,.

® A more comprehensive definition would allow for the left-hand side of

(3) to be negative for certain dates r at which no entry would take
place. Since demand is stationary, however, this can easily be ruled out.

C.V¥. Starr Center for Applied Economics 6



The lifetime of each vintage of firms. The exit time of vintage r firms is

0 if P(ny) > c(n,) for all t = r

sol’'n for T to P(n;) = k(n,) otherwise

Some firms live forever, since p_, is always above their variable costs.

The lifetime of vintage 7 is them L =T, - r.

Proposition 2: If the demand-curve has an intercept (i.e., Dd(O) < o),

then n, is differentiable, and

P(n) - e(n) - rk(n)

(5 n =
-{k’(n) + r le’(n)[1-e L]}

Proof: The first term in (3) is differentiable with respect to r be-
cause P(:) is bounded. Differentation of (3) with respect to r and

some rearrangement leads to (5). Q.E.D.

Proposition 1 tells us that n, = 0, while proposition 2 says that

the equilibrium time-path of entry, n, satisfies the differential equation

(5). Since exactly one solution (n,) exists to the equation, we have

arrived at
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Proposition 3: A unique equilibrium exists.”

Remark: Eq. (5) reveals the tradeoff involved in the equilibrium. Higher
instantaneous profits (which are in the numerator) will speed up entry,
whereas a higher reward to waiting in the forms of a larger decline in the
present value of lifetime costs (in the denominator) will slow it down.

If learning by doing were identically zero for all n, (i.e.,
k! = ¢’ = 0), there would be no learning by doing, and the only equi-

librium would be one in which all entry was immediate at time zero.

The exit rate x. From eq. (1), % = x'P'n. Differentiating in (2) yields

P = 1/(D'+x'), so that

xl

D'+x’

From Figure (1), x' =0 when P 1is above <¢(0), i.e., when n is
small, so that x = 0 early on. No exit takes place for a while. More-
over, net entry is always positive:

Dl

n-x = —n > 0,
D'+x'

so that the number of firms (and industry output), n - x = n - x[P(n)],

4 . : . < . . .
The solution is unique within the class of non-increasing p, trajec-

tories to which we confined our attention at the outset.
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grows as long as n > 0.°

Total gross entry N. This number is such that further entry would yield

negative discounted profits. Therefore, N satisfies
(6) r[P(N) - e(M] - k) = 0.

For a unique solution N to eq. (6), we shall assume that Dnl(-) - ()

. . - 6
- rk(-) crosses zero just once, as in Figure 2.

&

C+\rk

Figure 2

®  The evidence on this prediction is mixed. Klepper and Graddy (1985)

find that the output of new products tends to increase monotonically. But
both they, as well as Gort and Klepper (1982) find that the number of
firms producing the new product first increases, and then tends to
decline.

8 This condition is valid for the case in which there is no exit. In
general, a sufficient condition for uniqueness is that P'(n) <
c¢'(n)+rk’'(n) for all n, which is equivalent to e’ (x)/[D'e’' (x)+1] <
c’'(n)+rk’' (n), so that convexity of c(-) is necessary to enable this in-
equality to hold.
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Total gross exit x[P(N)]. Exit does not always occur in the model:

Proposition 4: The necessary and sufficient condition for a positive

gross exit is that the average cosgt of the last entrant exceeds the

marginal cost of the first entrant:

c(0) > c(N) + rk()

Proof: From (6), p(N) < ¢(0), and the claim follows from Figure 1.

Q.E.D.

When this condition is met, the initial entrant has a marginal
cost that exceeds the final price, and will exit.
The next proposition and its corollary shows that the rate of

entry cannot suddenly stop, but rather asymptotes to zero.

Proposition 5: If D' 1is bounded away from zero, and if k' and c'

are bounded, then n, has N as its limit, but never reaches it.

Proof: The assumptions of the proposition imply that for some A > 0, the
right-hand side of eq. (5) is strictly less than A[N-n), for all n € [0,N].
Therefore n < A[N-n] for all n e [0,N]. Hence if y, solves the equation

y = A[N-y] s.t. y, =0, we know that n, < y, for all t = 0. Thus, to
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show that n, < N for all t, it is enough to show that y, < N for all ¢t
> 0. But y, — N(1l-e™) < N, for all t. Therefore n, < N for all t.
Finally, since n, 1s increasing and bounded, it must have a limit, and if

its limit were anything other than N, (3) would be violated. Q.E.D.
Corollary: Since n goes to zero, net entry also goes to zero.

Diffusion. 1If we view entry as involving the use of new technology (a new
type of machine), then n, represents the cumulative diffusion of that

technology.7 Empirical evidence indicates that such diffusion is S-shaped
as a function of time, as in Figure 3, where n is at first positive, and

then negative.

"W

Figure 3

7 If diffusion refers to the adoption of a new technology, then n, is

the right measure. On the other hand, if it refers to usage of a new
technology then n, - x, is a better measure. Empirical studies differ
in the way they measure diffusion.
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Proposition 5 implies that eventual concavity of n, sets in as N is ap-
proached. In the case in which there is no exit, T, = ® and P(n) = D’

1(n). Differentation of eq. (5), and rearrangement, lead us to

Proposition 6: The diffusion curve is convex if and only if

[(D'(n))’ - c¢'(n) - rk'(m)][e’(n) + ¥ ‘k'(n)]

c"(n) + r'lkn(n) >
D '(n) - c(n) - rk(n)

This condition is more likely to be met early on, for two reasons:
the denominator on the right hand side is larger, see Figure 2, and the de-
gree of concavity in learning by doing is also higher.®

The next two examples both exhibit eventual concavity. Only the
first exhibits initial convexity, since diminishing returns to learning by
doing are absent in the second one. These examples assure zero marginal

cost, hence there is no exit.

Example 1: (Arrow’s constant elasticity). Let k(n) = An™*, and D !(n)

-Bn?, O0<ac B <1l. Solving (6) for N yields

N = B/rA)*, A ~ (B-a)/a > 0.

8 : : s a1 :
Such convexity is a consequence of diminishing returns to learning by

doing, which is natural on information-theoretic grounds.
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The solution to (5), subject to the initial conditions n, =0, is
nt, - N(l - e—Art)lf)uz.

The solution is presented in Figure 4,
W

Vad
N=@BfA) 1---- - - -

(-aX) N oo

Figure 4

Notice that ﬁt - Bntﬂa/aA - tng/e > 0 for all t > 0. The diffusion path

will be convex whenever

f = n[(l-da)n**B/aA - r/a] > O,

which holds for all n e (O,(l-Aa)lM“N). The mode of the entry process is

therefore (l-Aa)l”“N, and is reached at time -(1/Ar){n ic.
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Example 2: (linear). Let k(n) =A - an and D*(n) =B - fn. For an
interesting solution, we assume B - rA > 0, and 8 -ra > 0. Then, (5) be-

comes n, = (B-rA)/a - (f-ra)n /o and

N = (B-rA)/(8-ta) and n, = N(1 - exp{-(B-ra)t/a}).

Since k" = 0 (and (D_I)' < rk'), the diffusion path is concave for all

t, as indicated by Proposition 6.

Both of the above examples bring out the assertion of proposition 5,
that N is never reached in finite time. Moreover, given that the slope of
the demand curve exceeds that of rc (see Proposition 6), some diminishing
returns to learning by doing (i.e., k" > 0) are necessary to obtain the ini-

tially convex region for the diffusion process.

3. Waelfare.

The equilibrium rate of entry is too low from the sgocial viewpoint.
The informational value of an entrepreneur’s decision to enter spills over
to future entrant and he is not compensated for it. Here, as in Arrow's
model, learning does not take time. Rather, maximum cost-savings are at-
tained so long as entrants move sequentially, at any speed. A planner would
therefore send entrants in as fast as possible, subject to the constraint
that the entrants move in sequence so that the advantages of learning can be

reaped.
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The planner's problem. Assume that c(n) and k(n) represent social

costs. If the planner ever sends in more entrants than he uses for produc-
tion, the idle entrants will clearly be the less efficient ones. If he
sende N entrants in at an arbitrarily high rate, but if he does not use

the first X of them for production, then the planner can "almost" attain®

-1pVE -1
W = max r f: D "(n)dn - L:k(n)dn - r J:c(n)dn

subject to 0 =< X < N. The first term is the discounted integral under the
demand curve. The second represents the fixed costs for all the N
entrants, while the last expression is the discounted variable cost of pro-
duction for those entrants that are used for production.

The optimal solution will clearly never invelve X = N, but it may
involve X = 0. The necessary condition for maximizing welfare, W, are (as-

suming an interior solution for N):

(7 AW/ON = D NN-X) - rk(N) - ¢(N) = O
and
(8) aW/8X = -DNN-X) + ¢(X) < O

Proposition 7: The equilibrium total gross entry and exit coincides with

the planner'’s optimum.

®  As the speed at which entrants are sent in approaches infinity, dis-

counted social benefits can be shown to approach the expression below.
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Proof: Let N and X' denote the equilibrium magnitudes which satisfy
(6) and (2), that is, (i) P(N) - c(N') = rk(N") and (ii) N - X" =
D[P(N")]. From (ii) it follows that (7) is met at N - N and X = X* if
D[P(N")] = D[rk(N") + ¢(N")]. But this is implied by (i). To show that (8)
is met, note that if X = 0, (8) is negative, because c¢(0) < rk(N*) + c(N*)
by Proposition 4, which together with (7) implies that (8) is strictly nega-
tive. When X > 0, from (1), X' = ¢*[P(N")]. Substituting this into (8)

*

yields -D'[N" - X'} + P(N*). But D[P(N")] = N" - X* by (2). Q.E.D..
Remark: To attain W exactly is impossible. To get the integral under the
demand curve immediately, the planner would have to send in a measure N of
entrants immediately, "en masse". But then his total cost would be Nrc(0)
+ (N-X)k{(0), and that exceeds the costs in W.

The essential point is that any welfare that, under competition,
starts to accrue at t, can be realized immediately under the planner’s
policy. The only social loss is in the timing of entry and exit.!’ Let us
illustrate this for the simpler case in which there is no exit. The amount
of welfare that, in the perfect foresight equilibrium, begins to accrue at
t is

r'e ™ [P(n,) - rk(n,) - c(n,)]n,.

The term in square brackets is r™' times the distance between the in-

¥ The time paths of entry and exit in Jovanovic (1982) were optimal be-

cause the learning that takes place in that model is entirely firm-
specific, of no value to other firms,
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stantaneous demand and cost, while ﬁt tells us how much the market is
being enlarged at t (as x = 0). Adding up over all entry-dates, we obtain,

as shown in the appendix, the following social losses:
(9) L = rf (1-e")[D7'(n,) -rk(n,) - c(n,)]n, dt.

Example 3:

In the linear case of example 2, we obtain, after some algebra,
W = (B-rA)%/2r(B-ra) and V = (B-rA)%/r(28-ra)

where V 1is the amount of welfare generated in the perfect foresight equi-

librium. As shown in the appendix,
L — W-V = afB-rA)%/2(28-ra)(8-ra) > O.

Interestingly, while W and V both tend to infinity as r goes to zero,
the difference ig bounded and tends to aBz/Aﬁz. Of course, as o — 0 and
learning by doing becomes insignificant, the welfare losses disappear as

well.
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4. Conclusions

We have shown that diffusion is likely to be S-shaped in an environ-
ment in which homogeneous potential entrants can appropriate the benefits
from learning by doing realized by earlier entrants. The equilibrium nature
of the analysis highlights the role played by the declining path of the pro-
duct price. Thus, the three critical ingredients of our theory are: learning
by doing, spillovers, and perfect foresight.

Other implications of the hypothesis are: (a) A monotonically in-
creasing industry output, (b) a monotonically decreasing product price, and
(c) a decreasing rate of profit for each vintage of entrants.

The model is made simple and tractable at the cost of ignoring
heterogeneity and strategic behavior. Strategic behavior and heterogeneity

among potential adopters may be important, but analytically they blur our

ability to recognize other forces in the economic system that may generate
S-shaped diffusion curves. Our concern here has been to advance our
hypothesis in the simplest possible way. Its empirical importance, relative

to other possible explanations, is a matter for future work.
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APPENDIX

Let V be the amount of welfare generated in the perfect foresight equi-

librium, which, since there is no exit, is just

o0

v -

LU D) - e(2)]dz - k(nyn,)ar.

Proposition: The social loss W-V is given by (9).

Proof: The proof consists of changing variables in V from t to n
using t = t X(n). Note that t1(0) = 0 and £HN) = o, Then, integrat-
ing V by parts results in

v - r_]_J:e—rt_l(n)[D‘l(n) - ¢(n) - rk(n)]dn.

Subtracting V from W, noting that N is the same for the two regimes,

while X = 0 for both, and changing n back to t results in eq, (9).
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