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1. INTRODUCTION

An individual is affected not only by the level of tax revenue
transferred from him to the government, but also by the tax structure used
to effect the transfer. The use of "distorting” taxes to collect tax
revenue imposes a welfare cost on the individual in excess of the resources
transfered to the govermment. The optimal indirect tax structure (to col-
lect a given tax revenue from a representative individual) is specified by
"The Ramsey Eguations," which are a foundation of the optimal tax litera-
ture, and may be used directly to derive the results of Corlett and Hague
(1953-54), Diamond (1975), and Bradford and Rosen (1976). Similar equations
("The Ramsey Pricing Formulae") also occur in the optimal pricing of public
utilities. The focus of this paper is the intuitive interpretation of these
important equations,

At least since Dupuit (1844), it has been realized that the utility
loss associated with the use of a particular tax instrument, or the utility
loss in excess of the loss associated with the transfer of resources, can be
loosely measured by the triangular area between the demand and supply
curves., This area was termed the excess burden (or the deadweight loss) of
the tax system: the optimal tax structure should minimize the excess burden.
This methodology was developed and extended by Jenkin (1871-2), Marshall
(1890), Pigou (1928), Hotelling (1938), Boiteux (1951), Debreu (1951 and
1954) and Harberger (1964). The excess burden was reformalized in terms of
the expenditure function by Mohring (1971), and Diamond and McFadden
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An alternative methodology is utility maximization. Ramsey (1927)
calculated how indirect taxes (proportional sales taxes) should be levied on
commodities in order to maximize the utility of the representative
household, subject to the tax requirement. He showed that products should
be taxed differentially, with higher taxes being placed on goods with lower
demand elasticities. The equation system characterizing the optimum ("The
Ramsey Equations") appears in Dixit (1970) and is reformulated in terms of
compensated demands In Diamond and Mirrlees (1971), Stiglitz and Dasgupta
(1971), Atkinson and Stern (1974), Diamond (197%), Sandmo {(1976), Atkinson
and Stiglitz (1980), and Samuelson (1986).

Kay (1980), Stutzer (1982) and Auerbach (1985) combine the two ap-
proaches, showing that the Ramsey Equations, derived by the constrained max-
imization of utility, have the same form as the equations derived by the
constrained minimization of the excess burden. This is illustrated graphi-
cally and this paper completes their analysis by showing the identity of the
constraints in the two equation sets.

The focus of this paper is an intuitive interpretation of the Ramsey
Equations. At the optimum, it is equally costly to raise an extra unit of
tax by each instrument, and the cost for each instrument is equal to the
cost when all instruments are adjusted optimally. The cost is measured by
the intuitive concepts of the increase in the excess burden, and of the
willingness to pay to avoid the use of indirect taxes.

Closely related to the Ramsey Equations of the optimal tax litera-
ture are the "Ramsey Pricing Formulae"™ of public utilities (e.g., Boiteux
(1956) and Baumol and Bradford (1970)). In this context, the planner must

choose consumer prices to maximize consumer welfare subject to the public



utility recovering fixed costs or achieving a fair return to shareholders,
The intuition provided in this paper may be directly used to explain the op-
timal mark-up over marginal cost in these regulated industries.

This paper is organized as follows. Section 2 derives and inter-
prets The Ramsey Equations by minimization of the excess burden. Section 3
rederives the Equations by constrained utility maximization, and interprets

them using "willingness to pay" arguments, Section 4 concludes.

2. MINIMIZATION OF EXCESS BURDEN

The transfer of resources from the household to the government im-
plies an inevitable lowering of household utility. Figure 1 represents the
economic problem of the representative household and planner, in the simple
case of a good (consumption good) and resource (lahor). Indifference curves
are drawn and are labelled by their associated utility levels U? < u! < u°,
Labor is the numeraire, and p units of labor are required to produce one
unit of good, or p is the resource cost of the good. OA (of slope 1/p) is
the production possibility function of the economy and, if there were zero
tax requirement, the household could achieve utility t°.  The planner must
extract, through taxation, resources R from the household, or must move the
household to an allocation on the planner’s budget line BG, horizonatlly
displaced from OA by distance R. The highest utility achievable on BC is
U', and is achieved at E'. If the planner were to directly choose the
household allocation, he would allocate the good (by moving up BC from B to
E') until the household’s willingness to pay for a marginal unit of good

(measured as the inverse of the slope of its indifference curve) is equal to



the resource cost of the good (measured by the inverse of the slope of the
planner’s budget line).

Under competitive laissez-faire, the household buys the good (by
selling labor) until its willingness to pay for an additional unit of the
good is equal to the price it would have to pay for the additional unit
(measured by the inverse of the slope of the household budget line). With a
lump sum tax, the consumer price equals the resource cost, the houshold and
planner budgets and marginal conditions coincide, and the household chooses
the allocation at E'. The utility loss necessitated by the resource trans-
fer is Ul-Ul.

Household utility is derived from the quantit; .ud mix of goods and
leisure, and not from total resources per se. A planner, restricted to in-
direct taxation, must set the tax rate sc that the household chooses an al-
location on BG. This is achieved by raising the consumer price until the
household budget is OD: faced with budget OD, the utility-maximizing
household chooses Ez, which is on BC. Because the tax rai:.s the consumer
price above the resource cost, the household is behaving "as if" a consump -
tion good has a higher resource cost than it really does, so that it buys
"too few" goods, and consumes "too much" leisure. Put differently, with the
tax rate at t, and if household labor supply were increased by one unit, 1/p
extra goods would be produced but the household would need only 1/p(l+t) ex-
tra goods for compensation; therefore, household utility could be increased.
The utility loss U'-U? is associated with the use of indirect taxation to
collect the tax revenue. It may be measured by the excess burden (or dead-

weight loss) of the tax structure.



Mohring (1971) formalized the concept of excess burden based on the
equivalent variation.’ The excess burden is the additional tax revenue
{pald as lump-sum) which the household would be willing to pay in order to
have the tax code replaced by a lump-sum levy of equal revenue R. 1In
Figure 1, with the indirect tax structure, the household budget line is 0D
and it achieves utility U®. It would achieve the same utility if it were to
face budget line FG, or if it were to have a lump-sum levy equal to the
horizontal distance of CA from FG. The excess burden, or the additional
tax, is therefore the horizontal distance from BC to FG.

More generally, there are n commodities and labor. The consumption
of the representative household of a typical commodity i is x; and its
labor supply is L. It is convenient to represent household consumption by
the vector x = (%,, X,,..., X,). Labor is the only input and is chosen as
the numeraire; the wage is normalized to unity and is untaxed by assumption.
The production of each commodity is assumed to show constant returns to
scale: the production of one unit of good i requires p; units of labor. The
competitive producer price of good i is therefore p;, independent of the
quantity of production. Tax revenue R must be collected from the househeld
and its collection is restricted to the indirect taxation of commodities: if
the commodity i is taxed at rate t;, its consumer price is q; = p;(L+t,). It
is convenient to represent the producer and consumer prices by vectors,
P=(py, Ppy--., P,) and q = (q;, qQ,,..., q,). Because p is fixed by the
production technology, q is a representation of the tax structure.

The representative household is competitive and takes the after-tax
price q as given when choosing its commodity purchase. The endowed non-

labor income of the household is represented by M, (evaluation will be made



at M = 0). Consumer demand is x(q; M). The problem is about how the tax
should be cellected, and not about expenditure; the public project, on which
the tax revenue is spent, i1s therefore ignored. The household receives
utility U(x, L), for which the indirect utility function is

V{(q; M) = U(x(q; M), L{(q; M)). The excess burden for the tax code q is
EB(q) = e(q; V(q; M)) - e(p; V(q; M}) - (q-p)-x(q; M),

where e(-;-) 1is the expenditure function,
The planner’s problem of this section is to choose the tax rates to
minimize the excess burden subject to the revenue constraint. Remembering

that e(q; V(q; M)) = M, the planner'’s problem is
m&n M- e(p; Vig: M) - (q-p)-x(q; M), s.t (q-p)-x(gq; M) = R.

The revenue constraint must hold with equality. The Lagrangian is

Ly =M - e(p; V(q; M)) - (q-p)-x(q; M) + p[R - (q-p)-x(q; M)]. The typical

first-order condition is

aL, de(p;V) av n 9%,
_— e — . (l+p)E§1(qi'Pi)_“ +x] = 0.
3q, au 3q, aqy

Using Roy's Identity, 8V/dq, = -ox,, where a = dV(qg; M)/8M is the marginal

utility of income, and rearranging,



Xy T+p
= (k=1,...,n).

ax, de(p;V)

[¢]
dq, au

This equation occurs in Dixit (1970), where the left-hand side is inter-
preted as the charge In consumer surplus if an additional unit of tax

revenue were to be raised by adjustment of instrument g, only. It can be

rewritten as

de(p;V)
“‘""“‘"_‘—“Ct)(k

au

= (l+u) , (k=1,...,n), (L)

n 6X‘i
igl(qi-pi) — + Xk
dq,

Equation (1) is interpreted below. For later comparison, the equation can

be rewritten, using the S$lutsky Equation, as

1 dh, a de(p;V) n ax,
- El(qi'Pi) = 1 - - :]E (qi‘Pi)—', (2)
Xy aq, 1+p U aM

where h;(q; V) 1is the compensated demand of the ith good,

If a tax system ¢q raises revenue R{q) and has excess burden
EB(q), the representative household obtains utility
V{q; M) = V(p; M-R{q)-EB(q)): R{(q) + EB(q) 1is the total purchasing power

withdrawn from the household (evaluated at producer price p).2 If the con-



sumer price of the kth commodity were to be raised from g, to gq, + dq,,
causing a revenue increase of dR, and an excess burden increase of dEB,, the

utility loss would be

av(q;M)
AV = -————dq, = - Vo (p;e(P;V(q;M)) - (dR +dEB,) . (3)
dq,

where M-R(q)-EB(q) = e(p; V(gq; M)), and V,(+;+) is interpreted to mean the
derivative of V with respect to the income position. The welfare cost of a
small change in the tax code at prices q and consumer income M is
evaluated by the income change at consumer prices p and consumer income
e(p; V(q;M)) which would give an equal utility loss. Using Roy's Identity,
dV = -ax,dq,, or the change in utility is "as if" income x.dq, is withdrawn.

Hence, rearranging Equation (3),?

de(p;V)
dR, + dEB, = ———.ax.dq,.
au

n n
Noting dR, = %El(qi-pi)xi =j§1(qi-pi)(8xi/6qk)qu + x,dq,, the welfare loss

per unit of marginal tax revenue raised through instrument q, is

de(p;V)
—ax,
dR.k+dEBk au
dR, " ax,
i§1(qi-pi)_ + %,
qu



The left hand side of Equation (1) is therefore the welfare cost of raising
marginal tax revenue through instrument Qx> measured as the income change at
prices p and income e(p;V(q;M)) which would give an equal utility loss,
At the optimal tax structure, it is equally costly to raise marginal tax
revenue through each instrument. Interpretating the Lagrangean multiplier as
the change in the objective as the constraint is tightened,

1+u = d(R(q)+EB(q))/dR: the right-hand side is therefore the welfare cost of
marginal tax revenue raised by optimal adjustment of all instruments. Equa-
tion (1) is now interpreted: at the optimum tax structure, it is equally
costly to raise marginal tax revenue through adjustment of any instrument,

as it is by optimal adjustment of all instruments.

3. MAXIMIZATION OF UTILITY

Auerbach (1985) notes that the excess burden can be written as

EB(q) = M - e(p; V(q; M)) - R.

But 0 < 3e/8U, so that the minimization of the excess burden by choice of
tax instrument q, subject to the collection of given tax revenue R, is
equivalent to the choice of q to maximize V(q; M), subject to the same
revenue constraint. The equivalence of the two problems is easily
demonstrated using Figure 1. The revenue constraint implies an allocation
on BC.* With convex indifference curves, movement along BC away from E' in-

volves lower utility and (necessarily) higher excess burden.



"The Ramsey Problem" is to choose tax rates to maximize the utilicy
achieved by the representative household subject to the revenue constraint.
For expositional reasons, it is convenient to assume that tax revenue T may
be collected as a lump-sum levy, (evaluation will be made at T = 0). The

formal problem is therefore

mgx V(gq; M-T), s.t. R - T = (q-p)-x(q; M-T).

for which the Lagrangian is L, = V(q; R-T) + A (q-p) x(q;M-T) - R+T]. The

typical first order condition is

aL, av n 9%,
— = /= + ] i§1(qi'Pi) - + Xk] = 0.
dq, e day

This compares to Equation (2.3.3) in Stiglitz and Dasgupta (1971): the
change in utility per unit of extra tax revenue raised through instrument q

must be equal across all commodities. Using Roy's Identity,

n ax, A-a
C 2P — = —x.
dqy X

This corresponds to Equation (7) in Dixit (1970) and also in Sandmo (1976).

Using Slutsky'’s Equation, and rearranging,

1 ah, o 8%,

Tl Il 1
Lt —2(@ep)— - —+ 2 (qp)— , (k=1,...n), (4)
X dq, A M
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or

1 n dh, A~a n Ix;
- —El(qi-pi)— = — - i{Il(qi-pi)——, (k=1,...n). (47)
X, 84, A dM

This equation occurs in Diamond and Mirrlees (1971, Equation (37)), in At-
kinson and Stern (1974, Equation (5)) and in Atkinson and Stiglitz (1980,
Equation (12-16)). Equations (4) and (4') are the equations I will inter-
pret.

It is normal to note that the substitution matrix is symmetric

(8h;/dq, = 3h,/dq,), to give "The Ramsey Equations,"

1 ah, Ao 8%,
- 2 ap)— = — - 2 (q;-py) ' (k=1,...n). (5)
Xy 8q, A7 M

In addition to the authors cited above, this equation occurs in Stiglitz and
Dasgupta (1971, Equation (2.3.7)), Sandmo (1976, Equation (9)), and Samuel-
son (1986, Equation (4)): the optimal tax design for small tax revenues
((q;-p;) = Aq,;) requires equal proportional reduction in compensated demands
for all commodities, Ramsey’s (1927) conclusion that "in raising an in-
finitesimal revenue by proportionate taxes on given commodities the taxes
should be such as to diminish in the same proportion the preoduction of each
commodity taxed" 1is a special case, arising when all commodities except the
numeraire have zero income elasticity, so that compensated and uncompensated
demands are identical.

All compensated demands are evaluated at V(q;M), so that Equations

(2) and (4') are identical if’

-11-



1 1 3de(p;V)

— = ————

A 1+ 48U

Interpreting each Lagrangean multiplier as the change in the objective func-

tion as the constraint is tightened,

dv dEB(q) de(p;V) dv
A=-— and g=—-—— - ——— . 1
dr dR au dR
Hence
1 1 1 delp;V) .
p dv/dR T+ au

The interpretation of Equation (4) and (4') is that it is equally
costly to raise marginal tax revenue, by adjustment of each or all instru-
ments. To interpret Equation (4), the marginal cost of instrument q, is
measured by the amount of extra tax, raised by adjusting instrument JQxs that
a household is willing to pPay in order to acquire a unit of income. If the
household is willing to pay "much" tax revenue, then tax revenue from in-
strument q, is of "low" cost. For each instrument qy,» the transaction can
be thought of as two consecutive stages. In the first stage, the household
acquires a unit of income; this raises its utility. In the second stage,
the tax rate on the kth commodity is raised until the household's utility
falls to its original value. The rise in utility in the first stage is the
same for each instrument 9. The rise in revenue at the second stage is

therefore a measure of the relative sensitivity of utility to marginal
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revenue achieved by adjustment of instrument Qg+ Little revenue implies the
instrument is costly, or a "small" increase in revenue leads to a "large"
fall in utility. 1In fact, the income transfer in the first stage increases
the consumption of taxed goods and increases tax revenue. Our interpreta-
tion uses the total increase in tax revenue from the two stages as the
measure of the marginal cost of instrument Qy: because the increase in the
tax revenue Iin the first stage is the same for each instrument q,, "little"
tax revenue overall still implies "high cost™,

When the household receives an income transfer of dM in the first
stage, it is willing to allow the consumer price of the kth commodity to

rise to q,+dq, in the second stage, or

V(ql,...,qk,...,qn; M-T) = V(ql,...,qk+qu,...,qn; M+dM - T).

I proceed intuitively. Expanding the left-hand side to first order terms

gives

or, using Roy's identity,

av/aq,

av/aM

dg, = ®,dq, .

The price rises by exactly the amount necessary for the increased price of

the existing purchases to fully absorb the income transfer,

-13-



Remembering that utility is unchanged so that demand changes are

changes in compensated demands,’ the change in tax revenue is
. 2} s
dR, ' = d1§1(qi'pi)hi = hydq, +j§1(qi—pi)dhi.

There are two effects: (1) "the price effect" being the extra tax collected
on commodity h, due to the higher tax rate, hydq,, and (2) "the quantity ef-
fect" being the change in the tax revenue collected through the pre-existing
tax structure due to the adjustment in quantities,j%l(qi—pi)dhi.

The increase, by adjustment of instrument qx, in tax revenue which

the household is willing to pay to achieve a unit of income transfer is

n
dr, ’ hkqu +j§1(qi-Pi)dhi 1 n dh;
— - =1+~ 32 (q-p)—.
dM xkqu Xy qu

This explains the left-hand side of Equation (4): it is the cost of raising
eXtra tax revenue through instrument dg,» measured as the extra tax the
household is willing to pay to acquire an extra unit of income. To acquire
an extra unit of income, the household ig willing to pay an additional unit
of tax less the tax lost due to the adjustment of quantities in the
household consumption bundle. At the optimum, it is equally costly to raige
tax revenue through each instrument.

The right-hand side of Equation (4) is similarly interpreted as the
extra tax the household is willing to pay in order to achieve an extra unit
of income, with all tax rates being adjusted optimally. Again thinking of

two consecutive stages, in the first stage the household receives an extra

-14-



unit of income, tax revenue rises by jél(qi-pi)axi/aM, and utility rises by
a. In the second stage, tax rates on all commodities are changed, so that
utility falls by a; the overall effect is to leave utility unchanged. By
the interpretation of the Lagrangean multiplier, A = dV/dR, so that in the
second stage, additional revenue is raised of a/A. The right-hand side of
Equation (4) is therefore the total increase in tax revenue the household is
willing to pay to acquire an extra unit of income; the first term cor-
responds to the extra tax raised by the adjustment in tax rates, and the
second term to the extra tax raised by the extra income. Equation (4) isg
interpreted: at the optimum it is equally costly to raise marginal tax
revenue by adjustment of each instrument as by the adjustment of all instru-
ments, or the household is indifferent to small tax rate adjustments which
leave total tax revenue unchanged.

The interpretation of Equation (4') is similar. An alternative
measure of the cost of raising marginal tax revenue through instrument g, 1is
the additional tax, raised with adjustment of instrument q,, which the
household is willing to pay for an additional unit of the tax revenue R to
be collected by a lump-sum levy. As before, the process can be thought of
as of two stages, Firstly, the household is levied an additional unit of
lump-sum tax: this lowers utility but raises tax revenue. Secondly, the tax
rate on the kth commodity is lowered until utility rises to its initial
level. The fall in utility and rise in revenue in the first stage is the
same across all commedities: the fall in revenue at the second stage is a
measure of the relative sensitivity of utility to changes in tax revenue
through adjustment of instrument q,. A "small" fall in revenue in the second

stage, giving a "large" increase in revenue overall, implies that a "small"
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change in tax revenue leads to a "large" utilitcy change, or that the instru-
ment is costly.

Formally, suppose when the lump-sum tax levy is increased by dT in
the first stage, the houschold is willing to allow the price of the kth com-

modity to change by dq, (dg, < 0) in the second stage,
V(ql,...,qk,...,qn; M-T) = V(ql,...,qk+qu,...,qn; M-T - dT).

I proceed intuitively. Expanding to first order terms as before, and using
Roy's Identity, dT = -x,dq,, the fall in disposable income in the first
stage equals the fall in the Price of the original allocation in the second
stage. Remembering that utility is unchanged so that demand changes are

changes in compensated demands, the change in total tax revernue
n )¢
dr) = d(jEl(qi-pi)hi) +dT = hdq, +i§1(qi-pi)dhi + dT.
But 4T = -¥,dq, = -h,dq,: the increase in tax revenue In the first stage is

exactly offset by the fall in tax revenues asssociated with the “price ef-

fect" in the second stage. Hence,

n
dry jEl(qi-pi)dh1

dT x, dq,
Thus the left-hand side of Equation (4') is the cost of raising marginal tax

revenue through instrument dx, measured as the extra tax revenue which could

be collected (by simultaneous adjustment of instrument 9 to leave utility

-16-



unchanged) if the lump-sum levy was increased by a unit. The tax revenue
increase is associated with the adjustment in quantities in the household
consumption bundle. At the optimum, it is equally costly to raise tax
revenue through each instrument.

The interpretation of the right-hand side of Equation (4') is
similarxly the cost of raising marginal tax revenue by the optimal adjustment
of all tax instruments, Considering the two stage process, in the first

stage the lump-sum levy is raised by dT. This increases tax revenue by

. n ax,
drR, = dT -i§1(qi-pi)———dT,
éM

and lowers utility by adT. In the second stage, tax rates are optimally ad-
justed to raise utility by «dT with minimum fall in tax revenue. By the in-
terpretation of the Lagrangean multiplier, for each unit of increased
revenue, utility falls by A. Therefore, to achieve a utility increase of
adT, tax revenue must change by d§2 = -adT/XA. Hence the household is will-
ing to pay additional taxes, if one unit of the total tax revenue is levied

as a lump-sum, of

dR1+dR2 n ax o
= 1- 2, (d-p)— - -
dT aM A

The right-hand side of Equation (4') therefore corresponds to the cost of
marginal tax revenue, measured as the additional tax which could be col-

lected if the lump-sum levy were increased by one unit. The first term cor-
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responds to the lump-sum levy, the second term to the tax fall due to the
fall in demand with the fall in disposable income, and the third term to the
tax fall due to the necessary adjustment in tax rates te leave utility un-
changed, The interpretation of Equation (4') is that at the optimum, it isg
equally costly to raise tax revenue by adjustment of each instrument or by
the adjustment of all instruments, and the household ig indifferent to small

tax rate adjustments which leave tax revenue unchanged,

4. CONCLUSION

This paper provides the intuition for "The Ramsey Equations" of the
optimal tax literature. When tax rates are set optimally, it is equally
costly to raise marginal tax revenue through the adjustment of any instru-
ment, or by the optimal adjustment of all instruments. The marginal cost of
a8 tax instrument is measured by using the excess burden and the willingnessg

to pay concepts.
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FIGURES

Figure 1 -- The Tax Problem of the Planner.
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Figure 1: The Tax Problem of the Planner.



FOOTNOTES

Diamond and McFadden (1974) propose an alternative measure of excess
burden based on the compensating variation. However, minimization of this
measure leads to an equation system which, although similar in form, is not
identical to the Ramsey Equations: the relevant functions are evaluated at
urility v = V(p; M), whereas in the Ramsey Equations they are evaluated at
U2 = v(q; M).

2 It should be noted that the total welfare cost of the tax is

R(q) + EB(q). It is only correct to use the excess burden to compare the
goodness of two tax codes of equal revenue. A representative household will
achieve lower utility under tax code q, than under tax code q, iff
R(g,) + EB(q,) < R(q,) + EB(q,). Even when tax codes are set optimally for
given revenue, raising tax revenue may be associated with falling excess

burden. See also Footnote 6.

Noting V(p; e(p; U)) = U or V,-(de/oU) = 1,

In the special case of the figure with only one good being taxed, the

planner has very limited choice of tax rates. In general, of course, many
commodities and many different tax rate combinations yield revenue R.

3 The formal comparison of the first-order conditions is informative be-
cause there has been some confusion in the literature. Equations which ap-

pear similar may have functions evaluated at different utility levels, see

Footnote 1 and Diamond and McFadden (1974), Kay (1980) and Stutzer (1982).

Note that dV/dR < 0 = -1 < pu, Rising tax revenue will be associated

with falling excess burden if -1 < x < 0. This is why the revenue con-

straint in the excess burden problem must hold with equality,



The effect of the income change in the first stage, ox,/8M-dM, is exact-
ly offset by the income effect of the price change in the second stage,

d%,/8M-x,dq, .





