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ABSTRACT

in this note we will extend the work of Abreu and Rubinstein (1988) by giving
necessary conditions as well as sufficient conditions for finite automata
equilibria with discounting. Moreover, we will show that any automata
equilibrium path is a subgame perfect equilibrium path when repeated game

strategies are defined as functions of past histories.



1. Introduction

Abreu and Rubinstein (1988) derive necessary conditions for finite
automata equilibria when states are costly and payoffs are evaluated
according to both the limit of the means and the discounting criterion.
Sufficient conditions are given for some special cases. TFor the discounting
case the automata equilibrium path turns out to have the following features:
(i) it consists of an introductory phase and a k-period cycle, (ii) in the
introductory phase and the cycle all states are different, (iii) if (a,b) and
(c,d) are one shot outcomes of the automata equilibrium path in a two-player
game, a — ¢ if and only if b = d.
In the limit of the means case a further pre-cycle phase is present.

in this note we will extend their work by giving necessary conditions
as well as sufficient conditions for finite automata equilibria with
discounting. Moreover, we will show that any automata equilibrium path is a
subgame perfect equilibrium path when repeated game strategies are defined as
functions of past histeries.

The first characterization of automata equilibrium paths when states
are costly is to be found in Rubinstein (1986). Payoffs are evaluated
according to the limit of the means criterion and a solution concept stricter
than the Nash Equilibrium is used. It requires that along the equilibrium
path players at no stage will prefer to switch to an automaton with a smaller
number of states. The automata equilibrium path shows, after a finite time, a
k-period cycle where all states are distinct. Abreu and Rubinstein (1988)
extend the work of Rubinstein (1986) and give necessary conditions for finite
automata (Nash) equilibria for both the limit of the means and the discounting

criterion.



Banks and Sundaram (1989) introduce costs in the transition function
as well. They show that the transition function will only include transitions
along the equilibrium path as those that are not used will be dropped by the
players. This will exclude the existence of unused threats. Consequently,
the automata equilibrium path will contain only outcomes that are Nash
Equilibria in the stage game.

Our approach instead will focus on the possibility of punishing a
player after a deviation by using states that are used in equilibrium. This
allows us to add further necessary conditions to those already in Abreu and
Rubinstein (1988), which in turn lead us to show that any automata equilibrium
path is subgame perfect.

As in Abreu and Rubinstein (1988) we concentrate on issues pertaining
to the cost of implementing repeated game strategies leaving aside problems
concerning their complexity. This has to be contrasted with the work of Kalai
and Stanford (1988) where they show that for any subgame perfect equilibrium
there exists a subgame perfect ¢-equilibrium of finite complexity e-close with
respect to payoffs.

In section 2 the game is defined. In section 3 necessary and
sufficient conditions for automata equilibrium paths are derived. Subgame

perfection will be proved in section 4.

2. The game

Let G = (S,,5,,u;,u;) be a normal form two player game where 5, is a
finite set of normal form strategies for player i and u, : 5;xS, + R his
payoff function. We consider an infinite repetition of game G in which

strategy space for each player is the set of finite automata. Such a game



will be denoted by G;. A strategy for player i is then a four tuple M, =
{Qi,q},)\i,,u.i} where Q, is a finite set of states, qi € Q; is the initial state,
A;:1Q, + 5, is the output function, u,:5,;xQ, - Q, is the transition function.
The number of states in Q; will be denoted by card(M;). Let § = 5,x5, and Q =
QxQ, -

A pair of automata (M,,M;) induces an outcome sequence o(M;,M,) =
{sb}:l:=1 € §°, and a state sequence ¢(M,,M,) = {q"]t=1 € Qw, in the obvious way.
I will denote by o,(M;,M,) and by' ¢,(M,,M,) the corresponding sequences of
actions and states of player 1i.

We assume that the players evaluate an outcome sequence by the
discounted sum of utilities. For {sst‘}‘,:'=1 = o(M, ,M;), let m, (M, M) =
Ll&t_lui(st) where 0 < § < 1.

Following Abreu and Rubinstein (1988) we assume the following partial

preference ordering. Player 1 prefers strictly a pair of automata (M,,M,) to

another pair (Li,LJ.), which will be denoted by (Mi,Mj) >); (Li,Lj) if
(M, M) > n,(L;,L;) and card(M;) - card(L;)
or

A (M M) = 7, (L;,L)) and card(M,) < card(L,)?

1p11 the results of this article still hold if we assume a lexicographic
completion of the preference ordering with = (M;,M,) first.



3. Automata Equilibrium
In this section we will derive necessary and sufficient conditions for
automata equilibria. An automata equilibrium is a Nash equilibrium for the

repeated game G;.

Definition: A pair of automata (M;,M;) is an Automata Equilibrium if there is

no M, and no M, such that (M,,M;) (>); (M,M;) or (M;,M;) (), (M, M)

3.1 Cycles
Given an n-tuple s = (sl,...,s“) we will denote by c(s) the sequence
generated by repeating s an infinite number of times. Then define dim[c(s)]

= inf {x : c(s) = c((sl,..,,sx)), x a positive integer)

Lemma 1: n is a multiple of dim[c((s',...,s"))].

Proof: Let {dt}“,::‘1 — c(s) and k = dim[c(s)]. Let m = min, {An ! An = sk, X,p
strictly positive integers) denote the least common multiple of n and k. Now,
kn/m = rn + tk for some integers r,t (see Dudley (1978), Theorem 1 p. 24).

dj +knlm= drn+tk+j.

Therefore, given any j, By the definition of k we have

m+tk+t3 _ g3 and therefore d° = d@ "*/™  Then, it follows that

that d
dim[c((s)] < kn/m < k. As kn/m is the greatest common divisor of k and n, the

claim follows. QED

Lemma 1 implies that to determine if there is a smaller cycle within a
sequence generated by an n-tuple (sl,...,s"), we only need to check whether

the n-tuple itself can be divided into smaller identical cycles. An n-tuple



which cannot be divided into smaller identical cycles will be called
irreducible.
Let s = (s%,...,s") be an n-tuple of outcomes of game G, and suppose

that s' = (x,y) and gd = (z,w). We will say that s is injective if x = 2z

or y=w implies that st = g3,
Consider now a pair (s,z) where s = (sl,...,sn) is an n-tuple,
n=z0,2and z = (z},...,2™) is an m-tuple, m > 0. Let b(s,z) denote the

sequence consisting of one repetition of s and an infinite repetition of z.
Notice that if n = 0, then b(s,z) is just c(z). Also notice that there is no
restriction on the set of seguences which can be generated if we restrict the

second argument of b(-,-) to irreducible m-tuples and we assume that

Now, we have the following lemma

Lemma 2: Let s = (s%,...,s") be an n-tuple of outcomes and z = (z',....,2") be

an irreducible m-tuple of outcomes for which s® = z". Suppose the (n+m)-
n 1

tuple (sl,...,s ,z5,...,Z") is injective. If, given two automata M, and M,,

o(M;,M,} = b(s,z), then card(M,) =z n + m, i=1,2.

Proof: Assume i1t does not hold for player i. Let {q:}::=1 - ¢, (M ,M,) and h e

{t : q: = qT*, t+k=<m+mn, t=1). By assumption this set is not empty. As

(sl,...,s",zl,...,zm) is injective, at h and h + k we must observe the same

2If n = 0, s denotes the 0O-tuple

3If s® = z", consider the sequence b((sl,...,s”ﬂ),(sn,...,zmi)) and proceed

until we get an inequality (or the 0-tuple).



+
outcome. Consequently, q?l

= quﬂ and so we must observe the same outcome at
b+ 1and h + k + 1. Proceding by induction, it follows that a k-period cycle
will start at h, i.e. c(d,...,d™*™"), where (d");, = b(s,2).

Now, if h > n we have that dim[ec(z)] = k < m. By Lemma 1 it follows
that z is not irreducible. A contradiction.

1f h < n, we have that s" = d" = dmk o g™ — 3™ contradicting the

assumption that s" » z".

QED
3.2 Best Responses
let s and z satisfy the assumptions of Lemma 2 and let b(s,z) =
{dt};d. For £ € (1,...,m + n) define Mf&zhi - {Qi,qi,ki,ui} to be an automaton
for player i where Q, = (q; oy oA (g =df, t =1 + d
play N > PN a; 7, A;{aqy i ,...,m, an
E+l if x = d; and t < n + m
“1(X’q§) = q2+1 if x = z? and t = m + n
qf otherwise.

£

Automaton M(mzhi

conforms to the path b(s,z) as long as player j does and
switches to state qi‘whenever player j deviates from the path.

Consider now the form of the responses of player j that maximize the
sum of discounted utility when player i is playing the automaton Msz%i. We
will say that {x.';}::=1 is an optimal sequence of actions for player j with
respect to Mf&zhi if it maximizes z;qﬁt'Hﬁ(Ai(pt),xg) subject to pt+1 =

pi(xg,pt), p1 = q}. Notice that an optimal sequence for player j 1is the

solution of a Markovian stationary problem. By Blackwell (1965), Theorem 7, a



(stationary) solution exists, 1If {xt‘}:_l is such a solution and {qt']:=1 is the
corresponding sequence of states, the value function V,:Q; ~+ R satisfies
V,(q%) = uy(, (g%, %" + 6V(u (x*,aD).

Now, let H]; = Z:,kéb'kuj(dt) denote player j's payoff at k if he
conforms to the outcome path b(s,z). Let v‘; = max, [uj(d]'i‘,a) i a€ Sj/dlg}
be the maximum one period utility player j can attain by deviating when the
output of player i's machine is dlz. Then let D];(f) = Vl‘; + 5H§ denote the
payoff player j gets at k if he deviates at k and conforms to the punishment
path thereafter. The following lemma tells us that to see whether b(s,z) is
an optimal sequence of actions for player j with respect to Mfs.z)’i, we only

need to check one-shot deviations.

Lemma 3: a) V,(q;) — Hj if and only if B > D{(f) for any k= 1,....n+m
b) Suppose ng > D?(f) for any k = 1,...,n + m. Then, given a sequence of
actions {at}:=1 for player j and the corresponding sequence of states {pt}‘::1

for player i, z;lét_luj()\i(pt),at) = Vj(qi) only if {at}:=1 = b(s,z).

Proof: a) Necessity: By definition, for k =1,...,m+n

k k £ k
Vj(qi) z vyt 6H; = D, ().
Therefore, if Vj(qi) = H;, then ng = DI;(f) for any k = 1,...,m + n.
Sufficiency: Suppose that H]; = D‘;(f), k=1,...,n + m. We establish

first that Vj(qf) = Hﬁ. Suppose not. Then Vj(qf) > Hj and there is a k =

f such that



- - - k-f+1
v(ap) - K lu, (a9 6V + 6 R AR ACH i

By definition,

£ k-1 ty ct-f kok-f
H, = t=fuj(d ) + HJS
Therefore,
f k- -f k - k-1 - k- -
H = Jaopu, (@98 + DECEY SR = Ve, (d9)8°F + 6 AR

Vj(qf) > Hg then implies

v,(q) > ‘;;iué(dt)st“f + 65N+ Vj(qf)b'

k-£+1

A contradiction.

Now suppose that Vj(qf) > Hj for some qz # qf. Then there is a k > t such

that
I RCHIED » R COLULIE A A A CHOL A
Then,

V,(qh) = Y¥lu (a6 + sDY(E) = Hj

A contradiction.



b) Assume it is not unique. Let [x.t}:;=1 be an optimal sequence for
player j and let k = inf(t : X" = dg}. Then,
v,(a)) = TEu ()87 4+ 65 u (df, 2 + 67V (ap) =

k-1 Ty e7-1 k-1nk 1
o= u(d)é + & "Dy(f) < Hj.
A contradiction. QED

We will now costruct optimal punishment paths. These are optimal in
the sense that they minimize for each player the sum of future discounted
utilities along the path b(s,z). Let f; € argminj {zzﬂstjui(dt) 'l i <=n+
m} be the time at which the sum of future discounted utilities for player i is

at its minimum.

Now we have the following theorem

Theorem 1l: Let s = (sl,...,sn) be an n-tuple of outcomes and z = (zl,...,zm)
be an irreducible m-tuple of outcomes for which s" = z". Then b(s,z) is an
automata equilibrium outcome path only if

(1) (st,...,s",z',...,2" is injective, and

(2) B = DX(F), i=1,2, k=1,...,m+ n.

Moreover, if Ht > Df(fi), i=1,2, k=1,...,m+ n, then b(s,z) is an automata

equilibrium outcome path.
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Proof: Necessity of (1) follows from Abreu and Rubinstein, (1988), Theorem 1.
Assume now that b(s,z) can be generated as an automata equilibrium by the pair
(M;,M;). As s and z satisfy the hypotheses of Lemma 2, it follows by the
definition of equilibrium that M; and M; have exactly n + m states. Assume
now that (2) does not hold for player i for k = 7.

We will now conmstruct an automaton that yields player 1 a payoff
greater than wi(MZ,M;) and uses at most n + m states. This automaton will
always deviate from the path b(s,z) when player j's automaton is at state qg

and will conform to it otherwise. Let r, ; S + §, be a best deviation mapping

J
of player j in game G, i.e. rj(si,sj) € argmax, [uj(si,a) 1 a€ Sj/sj} and let
(gb)e., = ¢¢(M:,M;), a — i,j. Let v be the smallest x such that pj(ri(df),g;) =

g). 4] is the state in which the automaton of player j is at r + 1 if player

i plays r,(d") at r. Define an automaton M; = [Qi,qi,li,pi} where Q; =

1 +m
Q™
a: £
N i or t # 1
Ai(qj_) =
r, (d") for t = 7
q§+l for t #rand t < n+m-1
py (x,95) = qj for t = r
¢t for t =n +mand t # 7.

If (2) does not hold, by simple calculations one can show that

(3) v, + §H] > H]
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If y> 7 and 7 <nor if r =17, then from (3) wi(Mi,Mj) > ﬂi(M:,M;), a

contradiction. Otherwise, (3) implies that

(&) Vo B - 65T TEES T, (d%) + 65TV > H]

where £ = 7 + (v - r)_lmax[7 - r,0]m.

The LHS of inequality (4) is the discounted payoff player i gets at 7,
depending on the positions of 7 and v, by playing M, at t = 1. Thus, we have
that wi(Mi,M;) > wi(MI,M;), a contradiction.

£

Sufficiency follows as, by Lemma 2 and Lemma 3, (Mfgz)JﬁM(;zLZ) is an

automata equilibrium. QED

Notice that (1) and (2) are not sufficient for automata equilibria. In
fact, if Hﬁ = Df(fi), although player i camnot increase repeated game payoffs,
by deviating he may be able to decrease the number of states and leave

repeated game payoffs unchanged.

4. Subgame Perfection and Automata Equilibria.

Let us consider an infinite repetition of game G. Let S" be the n-
fold cartesian product of S. A repeated-game strategy for player i is a
sequence p, = {P:};q’ where pi € S,, pi:Stﬂ + 5 if t> 1.

e S, in the obvious

A pair (p,,p,) induces a sequence n{py,py) = {st};ﬂ, s
way. Define the payoff of player 1 by w,(p;,p;) = z;qﬁb{ui(st). This game
will be denoted by G°.

Theorem 1 allows us to prove the following result.
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Theorem 2: Any automata equilibrium path is a subgame perfect equilibrium

path of G”.

Proof: Let Z, = {dt'}:;=1 be an automata equilibrium outcome path. Then, by Abreu
and Rubinstein (1988), Theorem 1, there exist n and m such that b(s,z} = Z,
where s = (d!,...,d") and z = (@™, ...,d"™) satisfy the assumptions of
Theorem 1.

Let Z;, = {dt}iii. Let us define the simple strategy profile T(Zy, 2y, Z;)

which specifies (Abreu (1988)):

1) play Z, until some player singly deviates from Z;

2) play Z, if and only if player i deviates singly from Z;, j = 0,1,2

As Z, can be sustained as an automata equilibrium, (2) must hold for both
players for any 1 < k < n + m and therefore for any t. Then by Abreu (1988)
Proposition 1, T(Zy,2,,2,) is a perfect equilibrium,.

QED

Remark: An automaton M, naturally induces the following repeated-game strategy
(Kalai and Stanford (1988)): pi = Ai(qi) and for any s € 8", s = (s, ..., s™,
pTH(S) - A, (g{(s)) where gfu(s) = pi(sg,g:(s)) and gi(s) - q}. Notice that
Theorem ? does not establish that the repeated game strategy profile which is

induced by the automata equilibrium is subgame perfect. This is because a

repeated game strategy for player i induced by an automaton like the one we
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defined does not distinguish among histories which differ only by the actions

played by i.

5. Conclusion

In this note we prove that any automata equilibrium path is a perfect
equilibrium path for a repeated game where strategies are functions of past
histories. The intuition behind this result is quite simple. As in
equilibrium all the states of an automaton are used, any punishment path will
be part of the equilibrium play and thus it is an equilibrium path itself.

Of course, we are far from saying that any automata equilibrium is
subgame perfect. Apart from the remark after Theorem 2, there are many
difficulties inherent in the usual way of making behavior off the equilibrium
path matter when strategies are automata with costly states. As Abreu and
Rubinstein (1988) point out, a player would not use automata of bigger sizes
when reacting optimally to mistakes of arbitrary small probability. On the
contrary, our results follow from the trivial observation that In an automata

equilibrium we do not need extra states to deter a player from deviating.
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