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I. Introduction

In recent years, many developing countries has suffered from
iow rates of domestic investment and capital flight.' Wwhy don't
capitalists invest in these capital-poor economies --where the
marginal product of capital is presumably high-- preferring instead
to transfer their resources abroad? A commonly heard explanation
is that they fear monopoly unions in those countries will raise
real wages after investment is in place, reducing the ex post
return on such investments. Alternatively, populist political
parties representing workers will tax the proceeds from investment,

achieving the same result.?

Why should workers or their political allies act in such a
way? Such behavior may be optimal in a static context, but is
short-sighted in that it hinders investment and growth, which in
turn would enlarge the feasible levels of consumption and real
wages workers can obtain. A commonly heard retort is that if
workers exercise wage restraint then the capitalists will either
consume the surplus or take it abroad --and in neither one of these
cases will greater domestic investment and growth reward the

workers for their short-term sacrifice.

Hence, each group has at its disposal an instrument which can
be used to reduce the income of the other group. Organized workers
have the ability to redistribute income in their favor and at the
expense of capitalists through wage-setting or tax policy.
Capitalists, on the other hand, can take capital abroad and reduce
worker income and consumption. If both groups act non-cooperatively
and are unable commit to a future course of action, this situation
can lead to underinvestment, slow growth and capital flight. There

' sSee cuddington (1986), World Bank (1988), Rodrik (1989).

2 The story also requires that such parties control the

congress and therefore fiscal policy, if the country is democratic.
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are several countries whose experience seems to match this general
description. A striking example is Argentina, a country whose
dismal economic performance in the past half-century is often
attributed to pervasive distributional conflicts.? A central
feature of Argentina's troubles have been domestic underinvestment

and massive capital flight.*

In this paper we present a model which replicates this
developmental gquandary. There are two groups, Wworkers and
capitalists, engaged in a dynamic game. Both groups are organized,
in that all workers act together (e.g., through a union) and the
same is true of capitalists. Workers control the share of wage
income in total output, and capitalists control the allocation of
the remainder. This remainder can be used by capitalists for their
own consumption or for investment either at home or abroad. We
assume that the fixed return on the foreign asset is below the
constant marginal product of domestic capital, so that there is a

cost associated with investing abroad.

Since the essence of the problem is that neither group can
precommit, we compute the closed-loop Nash equilibria for this
dynamic game between capitalists and workers. There can be three
equilibria of this sort --two "extreme" solutions and an interior
path. The interior equilibrium involves a shift in the portfolio of
capitalists, away from domestic capital and toward foreign assets,
The shift is gradual, even though the model is linear and there are

no adjustment costs.

The model used resembles those in Lancaster (1973) and the

3 See O'Donnell (1978), Sourrouille and Mallon (1976). Of
course, distributional conflicts were not 1limited to the
capitalist-worker standoff. Conflicts among economic sectors (e.g.
agriculture versus industry) and between the state and the private
sector also played a role.

4 pornbusch and de Pablo (1987).
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literature on resource extraction under common access (Levhari and
Mirman, 1980; Kemp and Long, 1980; Reinganum and Stokey, 1985;
Benhabib and Radner, 1988). Lancaster modeled the dynamic
inefficiency that arises when monopoly unions and capitalists
interact in a closed econcmy with a finite horizon. Our model
extends his model to an open economy with an infinite horizon, and
shows that capital flight may be a central manifestation of the

dynamic inefficiency uncovered by Lancaster.

The paper is part of a growing literature that attempts to
understand the ©political-economic determinants of growth,
stabilization and development. The central message of this
literature is that inefficient outcomes can be explained as non-
cooperative equilibria of games among distributional groups. In a
related paper, Alesina and Tabellini (1989) show that the presence
of two parties that alternate in power, one representing
capitalists and the other workers, can give rise to domestic
underinvestment and capital flight. In the area of inflation and
stabjilization, Alesina and Drazen (1989) explain delayed
stabilization as the result of a tug of war among groups which do
not want to shoulder the burden of fiscal adjustment, while
Aizenman (1989) shows that decentralized money creation by groups
can lead to inefficiently high inflation rates.

IT. The Model

Workers do not save, and consume their wage income every
period. Hence, they have only one control variable (their own
consumption) while capitalists have two --the amount they invest at
home and the amount they consume.’ Workers maximize

3 The amount they invest abroad is then calculated as a

residual.
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where w is workers' total consumption (equal to the total wage
bill), & is the subjective rate of time preference and o is the
intertemporal elasticity of substitution in consumption. For
realism and simplicity we restrict our analysis to the case where

0<og<2. Furthermore, we do not allow ¢ to be exactly equal to one.®

Workers understand that the excess of output over their total
wage income can be either withdrawn or reinvested by capitalists.

The budget constraint they therefore face is
k, = ak,-w,~z, = I, (2)

where z, is the amount withdrawn by capitalists for their own
consumption or for investment abroad and a is the constant marginal
product of domestic capital.

The capitalists, on the other hand, maximize

o-1

vk - [T(=20) (e) T ettt (1)

where c, is capitalists' consumption. Notice that they have the
same utility function and the same rate of time preference as

® The equilibria we describe below need not exist if o is
exactly equal to one. This 1is because, with logarithmic
preferences, the amount consumed out of existing assets is
independent of the rate of return obtained by a group. In any case,
recent empirical research (Hall, 1988), suggests that o may well be
substantially below one.



workers. Capitalists can invest their savings either at home or

abroad, and therefore face two budget constraints: equation (2) and

£, - rf,+z,-c, (3)

where r is the fixed return on the foreign asset. A crucial
assumption is that a>r, so that domestic capital is technologically
superior to the foreign alternative. This assumption is meant to
capture the inefficiency of capital flight away from capital-poor
economies in which the domestic marginal product of capital is

presumably higher than the world rate of interest.’

Finally, any feasible path must satisfy two further
conditions. First, k, and f, must be continuous functions of time.
That is, we rule out jumps in asset holdings caused by discrete
stock shifts.? Second, an equilibrium must meet the usual non-

negativity conditions. all these requirements can be summarized as

? Notice that in the absence of a monopoly union and/or

capital levies, capitalists could enjoy higher profits by borrowing
from the rest of the world at the rate r and investing the
resources at home, where they would grow at the rate a. The same
would be true of a cooperative solution between capitalists and the
union. The absence of diminishing returns clearly makes the setting
unrealistic, but also helps highlight the inefficiencies that arise
from the non-cooperative game between capitalists and workers.

8  For instance, there could be an upward jump in £,  and an
equivalent downward Jjump in k, if capitalists took a discrete
"chunk" of domestic capital at time t and invested it abroad.
However, at that point in time this would imply an infinite rate of
disinvestment at home and an infinite rate of investment abroad. We
rule out such a behavior by requiring that the rate of domestic
disinvestment be bounded.
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kp o = k fro=0

o

We assume that the initial stock of foreign capital is zero in
order to ease comparisons with the capital controls regime in which
no foreign capital can ever be held. None of our results depend on

this assumption.

Next we compute the subgame perfect equilibria to this game
between capitalists and workers. We restrict our attention to
"state-dependent" strategies, which specify the setting of the
relevant control variable as a function of the current state(s)
only.? We assume that in choosing its actions each group takes the
rule employed by the other group as given. In other words, we
compute a closed-loop Nash equilibrium.

We postulate simple linear policy rules. Workers employ
We = Bkt (5a)
while capitalists choose

z, - ak, (5b)

? That is, we neglect threats, triggers and other strategies

based on the previous history of the game. For examples of simple
state-dependent strategies and their associated equilibria, see
Tabellini (1986) and Pochjola (1985). For more complex, history-
dependent strategies, see Benhabib and Radner (1988).
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where a and B8 are to be determined optimally.

The worker's Hamiltonian is

o-1

HY = 21 (w,) ° + Al(a-a)k,w,] (6a)

a

where A is the costate variable associated with k. Workers
maximize this Hamiltonian with respect to w,. ©Of course, the
workers' problem is coupled to the capitalists'. Their Hamiltonian

is

o-1
g

Hku — (c.) © +p T+ [rf +(a-B)k,-I,-c]+® [0k I, +w [T.-8k,)

a
(6b)

where u, and ¢, are the costate variables associated with k, and f,
respectively, and the w's are the multipliers associated with the
inequality constraints. Capitalists maximize (9) with respect to
c, and TI,.

There may be as many as three equilibria for this game,
depending on whether the economy is along an interior or one of two

corner solutions. We begin by describing the interior path.

The appendix shows that in that case the solution to this
problem is

B =-ar (7)



_ r-o(a-8)
« 1-a (8)

¢, = [r(1-0)+08] [k +f] (9)

Equations (7) and (8) show the optimal policy rules for
workers and capitalists. The first expression can be understood by
rewriting it as r=a-g, which has a ready interpretation. Since Bk,
is the portion captured by workers out of the current capital
stock, a-f is the return from investing at home, viewed from the
perspective of capitalists. This must be equal to r, the return
from investing abroad. Given these relative returns, capitalists
will withdraw ak, from the capital stock per unit time, with «
given by (8). Recall that workers consume all that they capture.
Capitalists' consumption, on the other hand, is given by (9),
which is the usual consumption function resulting from a dynamic
optimization problem with this type of utility function.'

The appendix also shows that the trajectories of the state

variables are

kt - koe"L’l [r+b-a)t (10’

2 (r+4-2a) I‘:] K (11)

- (r-8)t_ -1
£, - [e” e’ o

Equations (7)-(11) completely characterize the equilibrium path of
the system. Such a path satisfies the relevant transversality

conditions.

10 We assume henceforth that [r(l1-¢)+0é§]>0, so that
consumption is positive everywhere.
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When will capital flight occur along this path? To answer
this and other questions, it is helpful to define the following

condition

r{2-o)+86-a > 0 (12)

Since initial holdings of foreign capital are zero, we are
interested in ascertaining whether they ever become positive.
Inspection of equation (11) reveals that

Proposition 1 Capital flight (f>0 for t>0) will occur if
condition (12) is satisfied and o<1, or if condition (12) is not
satisfied and o>1.

The intuition for this result is as follows. Recall that
capitalists remove capital at a rate a=[r-o(a-46)]/(1-0) per instant
of time, and consume at a rate [r(l-~o)+6é]. What is not consumed
must be invested abroad --investing those resources at home would
be equivalent to not appropriating them at all. Thus, there will be
capital outflows if [r-o(a~6)]/(1-0)>[r{1l-0)+08]. Simple
manipulation reveals that this is the same condition as (12) if

o<1, and viceversa if o>1.

Notice that for this parameter constellations the capital
outflow will be gradual, even though the model is linear and there
are no adjustment costs. Over time, holdings of foreign capital
will be built up by capitalists, at the expense of domestic
investment. Such an outcome fits the experience of a number of
developing countries, particularly in Latin America.

Notice, furthermore, that the behavior of both sets of players
lends itself to a simple interpretation. Both use analogous
consumption rules in all equilibria we study. In this case,
workers' consumption can be written as w,=[(a-a) (1-0)+06]k,, where

9



(a~a) is the net return enjoyed by workers from the capital
stock.'! Note that the term in square brackets is identical to B8,
given the value of a computed above. Capitalists use an equivalent
rule, as can be seen in (9) substituting (a-a) with r, the return

earned by capitalists.

This consumption function, coupled with the postulated utility
function, can be integrated to yield the following

o1 -4
flkh° [return;(l1-o)+8e] ° J=w, k (13)

where "returnf' is the net return obtained by player j along a
given equilibrium path. This expression implies that welfare will
be an increasing function of the return enjoyed by each player,
regardless of the value of o. This means that when checking whether
it pays off to deviate from a given path, it is enough to check
whether by doing so a group could secure a higher return.

Next we do exactly that, showing that the above trajectory is
indeed a subgame perfect equilibrium. By construction, consuming
w,=[ (a-a) (1-0)+0§]1k, if the capitalists are withdrawing ok, is a
best response from the point of view of workers. From the point of
view of capitalists, the overall return to investment they obtain
along this path is r, which is exactly what they would obtain on
the margin if they deviated by taking more capital out. Since
welfare is simply an increasing function of the return obtained, it

does not pay to deviate.

Finally, by substituting the relevant returns enjoyed along

" Of course, workers do not own the capital stock, but still
have to worry about how much will be available for their future
consumption.
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this equilibrium into (13) we obtain

P o-1 _a
U= =gk ° la-1} °
(14)
. o1 -1
U ~ =27k ° [r(1-0)+da) °

where "i" stands for "interior"'? Inspection of (14), recalling

Proposition 1, leads to

Proposition 2: Capitalists are better off than workers if the
equilibrium involves capital flight. If not, workers are better off
than capitalists. If (12) holds with equality, the welfare of both

groups is the same.

Some intuition is provided by noting that (12) can be written
as [r(l-g)+dé]>[a=-r]}. The L.H.S. is the rate at which capitalists
consume per unit time, while the R.H.S. is the rate at which
workers consume. Hence, if this condition is met and o<1
capitalists are better of than workers, and viceversa.

How can capitalists ever be worse off than workers if they are
in the privileged position of being able to invest abroad? The
answer is that when capital is mobile, workers can always drive the

2 A careful reader might be puzzled by the observation that
as r goes to a, the welfare of workers goes to zero, while the
expression for capitalists' welfare is negative if o<l. Thus, it
would seem that workers are better off in that case, contradicting
the intuition that if capitalists can move abroad with no cost
(a=r), they will always be better off than workers. The answer to
this apparent paradox is that the above interior equilibrium is
only defined if a is strictly above r --see the transversality
conditions in the appendix.
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return available to capitalists down to r, the rate of return
abroad. If r is small, so that condition (12) is not satisfied,
the portion captured by workers is relatively large. Furthermore,
in this case the amount the capitalists withdraw from the capital
stock is less than what they wish to consume. Hence, they must
borrow abroad to finance their consumption (f, becomes negative).
such a combination of circumstances favors workers, raising their

total welfare above that of capitalists.

III. The extreme equilibria

Extreme equilibria happen when shocks to expectations lead
capitalists to invest at either the minimum or maximum allowable
rates. The "pessimistic" equilibrium occurs when capitalists
expect that workers will consume more than what is given by (8).
In this case it is a best response for capitalists to remove from
the capital stock more than is implied by (9). Similarly, if the
workers expect that the capitalists will take out more than along
the interior path, it may be a best response for workers to
increase their own consumption. Hence, pessimistic expectations can
become self-fulfilling, possibly leading to a run on the domestic
capital stock.

Along the pessimistic path the capitalists will invest at the
lowest possible rate: I =8k,. For the interior equilibrium to exist
we must assume that 6 is "small", in that 0<(o/(1-0)) (a-r-6).%
Recall that the right-hand side of this inequality is the rate at
which capital is accumulated (or deccumulated) along the interior
equilibrium. Hence, along a pessimistic path capitalists must be
investing less than in the interior equilibrium.

3 Indeed, O could well be negative, so that capitalists are

actually disinvesting along this path.
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The problem solved by capitalists and workers remains the
same. Workers use a rule of the form W =YK, and capitalists follow
policy rule z =mk,. For the latter, it must be the case that, since
the investment constraint is binding, the multiplier ©>0. As in the
previous section, we characterize the path followed by the economy
if capitalists are investing at the minimum rate, and then ask

whether this is an equilibrium.

The appendix shows that if the capital stock is growing at 3]

percent per unit time, it follows that

y -8+ (=90 (15)
g

R - ad-2 (16)

ag
c, - [r{1-0)+0d] [f,+gk.] (17)

where

0
i} a-8-3 (18)

g 7-8

This last expression can be interpreted as the shadow value of one
unit of capital, from the capitalists' point of view.

When is this a Nash equilibrium? If capitalists are playing
according to (16), it is always a best response for workers to play
according to (15). What about viceversa? In this trajectory, the
return to capitalists from investing at home is
a-y=a-6-((1-0)/0)8. For this to be an equilibrium, that must be

13



less than r —--only then it pays to disinvest at the maximum rate.

Some manipulation reveals that this condition is only met if o>1.

The intuition for this result is simple. The workers' rule can
be written as y=[(a-w)(l-c}+cé]. Hence, if o<1, workers'
consumption moves inversely with 7. That is to say, the more the
capitalists extract from the domestic pool, the higher the return
they obtain from investing there. For it to pay off to extract at
the maximum rate, it must be the case that at the boundary the
capitalists are getting less than r from investing inside. But
this cannot be the case, given the inverse relationship between w,
and 7. Hence, if o<1, the extreme outcome cannot be an

equilibrium.

The appendix also shows that

a-1

2= -1
o, Ay [6+(1;°)ﬂ] o

w o-1

(19)

o-1

Uﬁ - 001 ky ° [r(1—o)+60]-

al~

where the "p" denotes "pessimistic."

Comparing (14) and (19), and noting that g<l (details are in
the appendix), we see that welfare is always lower along the

pessimistic path than in the interior equilibrium.

The above discussion, conducted in terms of the pessimistic
outcome, is also applicable to an extreme optimistic equilibrium,
along which capitalists invest at the maximum allowable rate. In
that path, the behavior of both sets of players is governed by
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equations (15)-(18), now replacing 8 by 8. In this case, the path
is an equilibrium only if the return on domestic capital obtained
by capitalists is less than r. For the same reascns as before,

this can only be the case if o>1.
Welfare in the optimistic equilibrium is once again given by
(19), with g replacing q. Since g>1, welfare must be higher than in

the interior path. These considerations can be summarized in

Proposition 3: Extreme equilibria can exist only if o>1. In the

pessimistic equilibrium, both sets of players are always worse off
than in the interior equilibrium. In the optimistic one, both are
better off.

IV. The Case of Capital Controls

What happens if the capital account is closed, so that
capitalists are prevented from ever holding foreign capital? Will
this yield more investment at home? Will it make one or both
groups better off? In what follows we limit comparisons to the

interior equilibrium discussed above.

In the case of a closed capital account, the conflict is
1imited to the consumption paths financed out of domestic output.
Workers maximize (1) with respect to w,, subject to (2) and the
rule followed by capitalists. These maximize (1') with respect to

I., subject to constraints analogous to those faced by workers.

¢!

It turns out that in such a situation both groups beconme
symmetric. Since now z, is identical to capitalists' consumption,
we have that c,=w =2z =pk,, where p is to be determined endogenously.
Notice that both groups still use state-dependent strategies. The
workers' Hamiltonian is

15
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HY = 021,(WJ-TT + Al(a-p) k. -w.] (20)

which is maximized with respect to W The capitalists'

¢
Hamiltonian is

a-1

e ST e Al@-p kel (21)

to be maximized with respect to c,. The solution to this problem
can be obtained by a method equivalent to that used in the last two

sections. It leads to

W, = Cp = [a(l‘z“_’zr“a"] k, (22)
o(a-28)
k, - ke *° ’ (23)

so that p=[a(l-c)+08]/(2-0).

Equation (22) shows the rate at which workers and capitalists
consume per unit time. It once again has the shape of a usual
consumption function, in that it can be written as
p=[(a-p) (L-0)+0é]. Such consumption behavior yields a path for the
capital stock described by (23).

The absence of capital flight, it might be thought, will
enhance domestic investment. The fact that capitalists will now
place all their resources at home would certainly point in this
direction. On the other hand, since returns will now change
consumption patterns will also do so. If consumption by both

groups rose sufficiently, domestic investment could actually fall.
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A comparison of expressions (10) and (23) leads to

Proposition 4: If the interior equilibrium is characterized by
capital flight, then the path under capital controls displays
higher domestic investment than the interior path. If not, it
displays less domestic investment. If (12) holds with equality,
then investment is the same in both paths.

What about welfare? The appendix shows that

ag-1

o o - af{l-o0)+8a ‘% : (24)
[ iy (kp) [—————2_‘j 1 J=w, K.

where the "c" stands for "controls." This expression, compared
with (14), shows that

Proposition 5: If (12) is not satisfied, capitalists are better
off under controls than along the interior equilibrium. Workers
are worse off if o<1, but better off if o>1. The opposite holds if
(12) is satisfied. If (12) holds with equality, there is no change
in welfare.

The intuition for these results is simple. For capitalists to
be better off, they must be obtaining a return that is at least as
large as r. Here the return to capitalists is a-p. This is larger
than r if (12) is not met. In that case, capitalists gain. The
expectation of no capital flight contributes to reassure workers
that capitalists will not act rapaciously. In turn, this leads
workers to behave less aggressively, thus making capitalists better
off.

An analogous logic applies to the return obtained by workers.

It is easy to check that along this trajectory the return available

17



to workers is lower than in the interior equilibrium if o<1, and

higher if o>1.

Hence, capital controls are only Pareto improving if (12) is
not satisfied and o>1 (note that this is one case in which the
interior equilibrium does not display capital flight). At the same
time, this is also a situation in which the optimistic path
described above can be an equilibrium --and if 8 is large enough,
the optimistic path should yield higher welfare than the controls
path. In that case, a government's best policy is not to impose
controls, but to attempt to coordinate expectations in order to
place the economy on the optimistic equilibrium.

5. Conclugions

This paper shows that domestic underinvestment and capital
flight can be the outcome of a non-cooperative dynamic game between
capitalists and workers. Indeed, the interior equilibrium of our
game is reminiscent of the experience of several developing
countries. For some parameter values, the domestic econony becomes
gradually "decapitalized," while entrepreneurs build up holdings of

foreign assets.

That interior equilibrium is not the only possible outcome,
however. Animal spirits can also trigger outcomes along which
capitalists invest at either the minimum or the maximum rate. In
the case of the pessimistic equilibrium, for instance, capitalists
--expecting that workers will act aggressively and consume more
than along the interior equilibrium-- rush to extract resources
from the domestic stock as fast as possible. Such pessimistic
expectations can be self-fulfilling if the elasticity of
intertemporal substitution in consumption is larger than unity. If
this "extreme" outcome occurs, both groups lose welfare relative to

the interior outcome. The opposite occurs if optimistic

18



expectations prevail. In that case capitalists invest swiftly, and
workers reciprocate by moderating their wage demands, leading to a

welfare gain for all.

Hence, the economy seems vulnerable to expectational shifts,
and can settle on vastly different paths depending on the
prevailing animal spirits. At the sane time, the extreme equilibria
can only occur if the elasticity of intertemporal substitution in
consumption is larger than unity. Given existing empirical
estimates, this condition may well fail to be met. Hence, the
interior equilibrium is the likeliest outcome to the game between

capitalists and workers.

confronted with such a situation, central banks are often
tempted to impose capital controls. For simplicity, we only compare
the controls outcome to the interior equilibrium of the
unconstrained game. We find that capital controls can, for some
parameter values, enhance the domestic investment rate.
Nonetheless, they also have sharp distributional effects. 1In some
cases, we obtain the intuitive result that controls raise the
welfare of workers and reduce that of capitalists. In other cases,
however, controls can help capitalists commit to a future course of
action, actually making them better off.
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APPENDIX

1. The Closed-Loop Nash Solution

Here we compute the interior equilibrium to the game between
capitalists and workers. We restrict ourselves to state-dependent

strategies. Workers maximize

-1

w {(—=)
gv - [T (S w0 et dt (1a)

where variables are defined as in the text. Recall we do not allow
for o=1. Workers' budget constraint is

k, - ak,-w,-z, =TI, (23)

The capitalists, on the other hand, maximize

a-1

k_ [“/_O (=) - 33
U ];( 0_1)(ct) e btdt (3a)
subject to (A2) and
£, = rf+z,-C, (4A)
We also require
0k, <1, <Bk,, k,20 c,> 0 w, >0 vt (5A)
koo = &, fio= 0O (6A)

For given policy rules w,=8k, and z=ck , the worker's Hamiltonian
is



g-1

HY = 0‘11 (w,) ° + Al(a-a)k,~w,] (73)

where A is the costate variable associated with k. Workers
maximize this Hamiltonian with respect to w,. The corresponding
first order conditions are

-1
(w,) ° =4, (8A)

A, = A [8-a+a) (93)

plus the transversality condition

lim

Eeoo

A, k.e® =0 (104)

which combined yield

w, = w.[a-a-3] (11A)

Of course, the workers' problem is coupled to the capitalists'.
Their Hamiltonian is

c-1
a

H k= = (c,) ° +p I+, [rf +(a-P)lk,-I.-c.] +o [Ok,-T,)+@ [T,-0Kk.]

(123)

where H, and ¢, are the costate variables associated with k, and f,
respectively, and the e's are the multipliers associated with the
inequality constraints. Capitalists maximize (12A) with respect to
c, and I,. The first order conditions are

1

e - b, (13a)
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TR LA t—_(:)-t -0 (143)

[r,-8k.Jw 20, @ 20 (15A)
[Bk,~-I,]® .20, W 20 (16A)
B, = p,0+d . (p-al+w 8- .0 (173)

4,5 - ¢, [6-1] (18A)

plus the transversality conditions

%Eﬂ ke =0 (194)
};_1.2 $ fe® =0 (20A)

2. The interior equilibrium

This set of first order conditions can generate three cases.
The first is an interior one, along which the corner constraints
are not binding. In that case, w=6w=0. We characterize this path
first.

From (13A) and (18A) we get that

¢, - ¢, ola-p-9o] (21A)

while from (17A) and (18A) it follows that

B =-a-r (22R)
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We must now solve for a. Taking time derivatives of both
sides of the workers' policy rule and substituting in (24), both
policy rules and (11lA) we have

(a_ _a) k

gla-6-«a) (234)

W, = £

Recalling again the workers' rule, (223) and (23A) we conclude that

_ r-afa-8) (24R)
1-0

In equilibrium, capitalists' consumption will also be a linear
function of the state variables. To show this we use the method of
undetermined coefficients. Let c=y(k+f. ], where ¥ is a constant
coefficient. Take time derivatives of both sides of this rule, and
substitute in (2A), (4A), (21A), (22A) and (24A4). This yields
y=[r{l-o)+aé], or

c, - [r{1-0)+a8] [k +f,] (25A)

We can use these results to calculate the trajectories of the
state variables as well. Substituting (22A), (24A) and (25A) into
(23) and integrating we obtain

k, - ke ooy (rrd-ale (263)
[}

To solve for f,, substitute the capitalists' rule, (24A) and (25A)
into (4A) and integrate. The result is

£, - [evrdt oot TV (27A)

It only remains to check that these trajectories satisfy
transversality conditions (10A), (19A) and (20A). Substituting (9A)
and (26A) into (10A) and integrating we obtain
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lim lokoe-(a—r)t -0 (284)

L0

Hence, this condition requires that a>r, as we assumed above.

similarly, substituting (17A), (22A) and (263) into (19aA) and
integrating we have

_ lr-o{a-8)] .
p'oko e 1l-0 t - llmlt p-oko e-¢t -0 (29A)

t-ooo

lim

t—oo

We require that a>0 for this condition to hold. In other words, z,
will always be positive, and capitalists will never remove
resources from their foreign holdings to invest them at home.

Substituting (18A) and (27A) into (20A) and integrating yields

lim ¢oko[e—[r(1—o)+06]t _ e—ut] =0 (30A)

foo

which always holds given our previous assumptions.

Finally, one can substitute the capitalists' rule, (21a),
(258) and (26A) into the objective functions (1A) and (3A) to
obtain the welfare levels associated with this equilibrium.
Integration yields

(313)

Ui,- 0“1k0° [r{(1-0)+da] °

3. The extreme equilibria

Consider now the extreme cases, starting with the pessimistic
outcome at which capitalists invest at the feasible minimum
percentage rate 6. In this case, of course, w=0. Define a variable
q,=¢,/#,. Then, by (17A)-(18A) we have
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g, - g.(r-8)-(a-y-0) (32R7)

This q, can be interpreted as the value of one unit of capital (in

terms of the consumption good) from the capitalists' point of view.
Because a,r,y and 8§ are constants, integrating forward we obtain

(333)

To obtain y one can use the following procedure. Assume that
the capitalists follow policy rule z=rk,. If it is indeed the case
that they are investing at the minimum rate, then it follows from
(2A) that

g - a-y-m (34A)

By analogy with the previous cases and with the standard
consumption problem, the workers' rule will be

v = [(a-=w) (1-0) +ad] (35A)

Combining these last two equations one obtains

v - 5+(22)0 (36A)

so that

w, = [8+( 1;" ) 8] k, (373)

Finally, substituting (36A) into (35A) we get

5 -as-2 (38A)
ag
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Notice that given (33A) and (36A) it follows that

0
) a-3--— (39A)
g I—ﬁ

For later purposes it is important to establish whether g is larger
or smaller than one. Recall from the transversality conditions
above (equation 29A) that we require >0 for the interior
equilibrium to exist. Recall, furthermore, that 8<(o/(1-0)) (a-r-§),
These two conditions and some simple manipulation suffice to show
that g>1 if o<1, and g<1 if o>1.

Using the method of undetermined coefficients, as in section
2 of this appendix, one can show that

c, = [r(1-0)+0d] [f,+gk,] (403)

These results yield

o-1

P - ko ° [6-(222)8)

w g-1 o

-1
r’

(41R)

o-1 1 o-1

R - =% k, ° [r(1-0)+80] ° (@ °

Two conclusions follow from these expressions. The first
concerns capitalists' welfare. Comparing (31A) and (41A) we see
that if o>1 (the only relevant case), capitalists are worse off
than in the interior equilibrium if g<l, a condition that we know
holds whenever 6>1. A similar analysis reveals that workers are
always worse off as well. Hence, both groups are worse off than in
the interior equilibrium.

The optimistic equilibrium is analogous to the pessimistic
one. In that case, w=0. We therefore replace B with 8 everywhere,
and this gives rise to a ¢ to replace g. For the exercise to make
sense, we need 8>(0/(1-0)) (a-r-§). In contrast to the pessimistic
case, this means that g<l1 if o<1, and g>1 if o>1. Given an amended
version of (41A) with, g replacing q, this means that welfare is
higher for both groups than under the interior equilibrium.
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