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ABSTRALT
THE BOX PROBLEM: TO SWITCH OR NOT TO SWITCH

A person P is shown two identical boxes, one of which contains twice
as much money as the other. P must choose one box and, after opening it,
decide whether to keep this box of exchange it for the other one.

The box problem is that a switch would appear always to be profitable,
no matter what the box initially chosen contains. However, when a priori
probability distributions over the amounts in the two boxes are specified,
this is not always the case. Nevertheless, there are both discrete and
continuous probability distributions in which a switch is always rational.
Moreover, whatever the distribution, a switchis rational if the amount
found in the box initially chosen is sufficiently small. implications of these
findings for determining when envy is justified are discussed; also, the
relationship of the box prabiem to the St. Petersburg paradox is briefly

expliored.
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1. Introduction

Consider the following situation. A person P is shown two identical
boxes, one of which contains $x and the other of which contains $2x. P must
pick one box and, after opening it, decide whether to keep this box or
exchange it for the other one.

Let Bl be the box that P picks initially and B2 the other box. Assume B
contains $100, so B2 contains either $50 or $200, each with probability 1/2.

It would appear that P's expected value from exchanging is
(1/2)($50) + (1/2)($200) = $125,

so P should make the switch, given that P's objective is to maximize
expected vaiue.

what if P had picked B2 initially? P's expected value from switching
to B would also be 25 percent greater than the amount in B2, so P should

switch whichever box is picked initially But thisisa paradox: P cannot do

better, even on an expected-value basis, by switching from Bl to B2 and by
switching from B2 to Bl.

In fact, the flaw in the switching argument is that it presupposes
information not given in the statement of the box problem. The information
needed to determine whether or not switching is worthwhile is the a prion
probability distribution of the amount of money to be found in each box.

This distribution enables P to calculate whether the amount found in the bo¥



picked initially is less than the expected value of what is in the other box--
and, therefore, whether a switch is profitable.

we shall show that a switch is justified if and only if (iff) the
conditional probabilily that Bl contains the larger emount, once its contents
are observed, is less than 2/3. Surprisingly, there are both discrete and
continupus probability distributions for which this condition never fails: @
switch is always called for, no matter how large the amount in Bl Ifa
switch is not always called for, there is a threshold, below which P should
switch (a switch may be rational at other times as weil). Hence, for at
least some amounts in B1, switching is rational.

whether switching is occasionally or always rational depends on the a
nriori distribution assumed. We compare this result with the St. Petersburg
paradox and discuss its relevance to explaining the rational basis of envy

and risk-taking behavior.

2. The Exchange Condition

Let L be a random variable representing the larger amount in the tvwo
boxes, and let S represent the smaller amount. Because S = L/2, an a priori

distribution on L defines an a priori distribution on S such that
PriL ¢ %) = Pr(S ¢ x/2),

where 0 < X < «. Hence, each box always contains some positive amount.
Suppose that P picks one of the two boxes at random. Call this box B,

and denote its contents by the random variable X. Then

PrX=L)=Pr{X=5)=1/2.



Now let P observe the contents of Bl, X = X. A switch will be

profitable for P iff the expected value of the amount in the other box, B2, is

greater than x:

(2/2)Pr(X = L|% = %) + (20)Pr(X =S| X = x) > X
(1/2Pr{X = L{X=x) + (QPr(X = S{X =x)> L. (1)

If Bl is not the L box, it must be the S box, so
PF(X:SIX:X):I“PF(X:LIK:X)_ (2)
Substituting (2) into (1),

(U/2Pr{X =L X =)+ (D -PriX =L |X=x)]>1.
(3/2Pr(X = L{X=x)>1,

so an exchange is profitable for P iff
PrX=L|X=x)¢2/3 (3)

P should switch, therefore, iff Bl has a conditional probability of less than
2/3 of being the L box, based on the observed X = x and the assumed

probability distribution.

3 Discrete Distributions

we first consider the case when X, L, and S are discrete random

variables. Assume there exisis a fixed m > 0 such that

PriX=2m|X=L)=p,

|



fork=...-1,01,...also, because{ .. Py, Po. By, - ) defines a probability

]
distribution, 3 p = 1. The 2 factor reflects the fact that the next-
k=-00

smaller and next-larger amounts are, respectively, half and double the
amounts in the box chosen.

Now suppose P observes ¥ = 2m for some k. Then

Pri{=Zmi¥%=5)=Pr(X=2"m{X=L) =y

Because P observes ¥,

PrX=2m|X=L)+PX=2mIX=5) =P * By > O (4)
It follows from Bayes’ Theorem that

PrX = *m 1 % = L)Pr{X =)

PriX=L|%=2m)=
Pr(L = 2m | ¥ = UPr(X = L) + Pr(S = Zm 1 X = S)Pr{X = S)
P 5
Py * P )

The exchange condition given by (3) now becomes

P (2 o s P&

D * Pt 3 P 2% (6)
Thus, whatever P observes, an exchange is profitable iff the probability that
P has picked the 5 box {p,,,) is more than 1/2 the probability that P has
picked the L box {p,).



We next give three discrete distributions where (6) is satisfied at

least some of the time:

1. Exchange condition usually satisfied. m =1, p = 1/4fork=0,...,3;

b, = O for all other k. Condition (6) is satisfied forx = 1/2,1, 2, and 4 but

not Tor % = 8 because py } pz/2; the former four values are the only ones that
satisfy {4). Condition (6) holds with probability 7/8, because, for (6) to
fail, (X = L) and {L = 8) must both occur.

2. Exchange condition ususlly not satisfied. m=1;p, = 2% fork=0,

1,2,. .. ;=0 forall other k. This is a prabability distribution because

1.

2]
EPr(X:Q"‘"IX:L):-;-

14" -1
k=0 (] 2+I*l/‘2

uMB

1

Condition {(6) is satisfied for x = }1/2 because pg > p_|/2 but not forx =1, 2, 4,
. It is easy to show that (6) holds with probability 1/4.

k-1
3. Exchange condition always satisfied m=1,p, =h = —H%} for

k=12, .,p= ;_ This is a probability distribution because

[e¢]
2 PrX= 21X = L)-%ZJH _;. %[T—LQE]%:]'

k=00
Condition (6) is always satisfied:

K¢=2: Py = (372)p > B /2
= -k %:V?)p_ﬁQ:]fM
k=0 Dlzv?}DOIQ:]ﬂf‘

n



K2l P =(2/3p > /2

Note that example 3 is a distribution that forms a plateau atx=1/2,1, and
2, falling off in each direction from this plateau as x = 0 and X — . The
rate of decrease as X increases is slow enough, however, that cendition (6)
is always sotisfied.

e now show

Theorem }. For any {..., Py By, Py, - - -}, exchange condition (5) must

hold for at least one value of K.

Proof. Suppose, to the contrary, that

Pest £ P/2, 00 Py 2 2Dy
fork=...-1,0,1,... Choose ak such that p > 0. If n <Kk, thenp, 2ng,

But this means that as p, — oo, n — -0, contradicting the assumption that

Thus, no matter what the discrete distribution is, condition (6) sometimes
holds. As example 3 illustrated, for some discrete distributions, switching

is always profitable.

4. Continupus Distributions

we next consider the cese when X, L, and S are continuous random

yvgriablas. Because
Pr(S < ¥) = PriL ¢ 2%},

the cumulative distribution functions of S and L are related by



Fglx) = F(2x). ()

Differentiating (7) demonstrates that the probability density functions are

related by

Now suppase that P, after picking Bl, observes X, where x ¢ X ¢ ¥ + d&.
The conditional probability that Bl is the L box, given this observation, is

analogous to the probability given by (5) in the discrete case:

f (x)dx _ fL{x)

PriXz=L|xeXex+dx)= = )
fulx)dx + fg(xddx  fulx) « 21 (2x)

The continuous analogue of (3) is, therefore,

fL{x) <2
L)+ 20(2%) 3

which is equivalent to exchange condition

f (%) < 4f (2%}, (8)

{n the continuous cese, then, an exchange is profitable iff,once x ¢ X ¢ X+ dX
is ohserved, the density of L at  is less than four times the density of L at
2%, In other words, the value of f,() at 2x must be more than cne-quarter
its value at x--it cannot decrease too rapidly as x increases.

we next give three continous distributions where (8) is satisfied at

least some of the time:



4. Uniform distribution. For simplicity, let f(x)=1,0¢x <l

Condition (8) is satisfied iff x ¢ 1/2, which occurs with probability 3/4
because, for (8) to fail, (X =L)and (L> 1/2) must both occur.

5. Exponential distribution f (x) = e™,0 ¢« x < . Condition (8) is
satisfied iff e < 4e72%, which is equivalent tox <Ind = 1.39. |t is easy to
verify that PriL < Ind) = 3/4 and Pr(S < Ind) = 15/16, s0 the exchange

condition is satisfied with probability
PriX < Ind) = (1/2)(3/4) + (1/2)(15/16) = 27/32 = 844,

6. Exchange condition alwaus satisfied.

l-€

~ if0cewel
LT

f;_(X):
176 p2ee i,
2-€

where 0 < e ¢ 1. This is a probability distribution because

R e =

Condition (8) is always satisfied:

OSXS;—: fL(QX):fL(X):;:Z = f|_(2X)>—:i-fL(X)
el f[_(2:a<):(1 _ E)Qx)‘ﬂe z(] _E)( 1 ‘>l(| _ E):Lﬂ_(x)
2 2-€ 2-elyze} A2-€) 4

%> 1 fL(2x%) = (] _ E)(zx)'z‘”E 2 (!;E)(?Slzf—) > Ly (%),
2-¢ 2-el\pze/ 4



Like example 3, for which the exchange condition is always satisfied in the

discrete case, example 6 is & distribution that forms & platesu (for 0 ¢ x ¢

172): from this plateau it falls of f, but not too rapidly, 85 X —» = .

We now show

Theorem 2. For any probability density function f (x), exchange

condition (8) cannot fail for all values of x.

Proof. Suppose, to the contrary, that

1,(x/2) 2 41 (x) Tor all X € (0, o).

Find an interval [2%, 211 such that

2k
fi{x)dx = K> 0.

Now (9) and (10) imply that

2 2k

2

By tnduction,

2k-n
] fL{x)dx » 2K
2k—n-l

forn=0,1,2,... Itfollows that

#
J fiL(x)dx = I fLly/2)(1/2)dy 2 4 (.L][ flydy = 2K,
-1 oK 2

{9)

(10)
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oo 2T o0
r flx)dx 2 3 f fu(x)dx 2 2, 2% = oa,
0 n= J27° n=0

so f,(x) cannot be the density function of & continuous random variable O

Thus, no matter what the continuous distribution is, candition (8)
sometimes holds. As example 6 illustrated, for some continuous

distributions, exchange is always profitable.

5 When is Envy Rational?

we have shown that, for both discrete and continuous probability
distributions, it is always possible for P to find some amount in B that
provides grounds for envy--it pays, on the average, to exchange this amount
for either half or twice the amount in B2. More surprising, for some
distributions envy is always justified: every amount in Bl is less than the
expected value of the amount in B2, making a switch always profitable.

The latter phenomenon can occur, however, only if the probability
distribution has unbounded support. That is, no matter what amount P finds
in B1, there is some possibility that the amount in B2 will be larger.

while necessary, however, 8 distribution with unbounded support is not
a sufficient condition for always switching. The distribution must aiso not
tail off "too fast”™ as the amount X in & box approaches infinity. Thus in the
continuous case, the density at 2x be at least one-guarter of its value at x,
as indicated by (8). In the discrete case, as indicated by {(6), an exchange is
profitable when the probability of a value at ¥ is at 1east one-half the

preceding probability. For the four examples of distributions with



unbounded support, examples 3 and 6 always satisfy these conditions, but
examples 2 and 5 satisfy them only sometimes.

Our results on the box problem suggest how gambling may well have 8
rational basis in envy. If one estimates that the hand one is dealt--literally
in cards but figuratively in life--will, by a switch, become half or twice as
valuable, a switch may be worthwhile.

In material terms, of course, there is never the possibility of an
unbounded payoff, so P cannot always benefit, as in exampies 3 and 6, from
a switch. In spiritusl terms, however, such a payoff cannot be ruled out
(Brams, 1983). Indeed, Pascal postulated as much in his famous wager
(Pascal, 1670): if believing in God when He exists provides an infinite
spiritual reward, one should believe, or at least keep an open mind.
Similarly, in the box problem one should switch, whatever one observes, if
{6 or (8) is always satisfied.

Even for finite distributions, like those in examples 1 and 4, switching
may be rational most of the time. Envy, therefore, is frequently justified.
But, curiously enough, this is not the case if there is another player who
must also agree to an exchange in a two-person game in which the
probability distribution is common knowledge (Brams, Kilgour, and Davis,
1950). Thus in example 4, if P1 chooses B1 and P2 chooses B2, an exchange is
in equilibrium not when the amount in both boxes is less than 1/2, which
will be true one-quarter of the time, but only when each contains 0, which
is a zero-probability event. Hence, neither player will ever offer to switch,
however small the amount in its box, in equilibrium.

In nongame situations, our results suggest a rational basis for envy.

Nonetheless, we do not pose them as & rmodel of human behavior--more



detailed arguments in specific situations are needed to make such a case.
Instead like the St. Petersburg paradox, which challenges the equating of
utility and money (in this paradox, 8 fair pet requires an infinite expected
bankroll}, the box problem clarifies thinking about gambling and risk, albeit
in a different context. Specifically, it adds an object of envy {i.e., B2), with
unknown contents, and indicates what beliefs, in the form of a probability
distribution, will fuel this envy.

wheress the resolution of the St. Peterburg paradox requires that a
gambler's utility function for increasing returns be bounded (French, 1986),
the box problem regquires the assumption of an @ priori probability
distribution. But this latter assumption does not so much resolve the
inconsistency of P's wanting to switeh, whichever box is chosen. Rather, by
postulating such a distribution, the conditions under which P will be envious
are made perspicuous. What remains anomalous, perhaps, is that some
probability distributions encourage envy most if not all the time.

The St. Petersburg paradox stimulated Bernoulli (1738) and later
theorists to construct foundations on which to build a theory of utility and
risk. Perhaps the box problem will stimulate the development of new

foundations for viewing these issues in 8 different light.
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