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Abstract

I examine the existence of a subgame perfect equilibrium in a duopoly
where the products are differentiated in quality, and derive the conditions
under which an interior solution for the optimal qualities is obtained. The
effect of government subsidy is investigated. T find that, in equilibrium,
the subsidization of the high quality good may cause the quality of both
products to fall, while subsidization of the low quality good unambiguously
improves the quality of both products. If both products are subsidized, the
effect is ambiguous.
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I. INTRODUCTION

In this paper, I examine the existence of a subgame perfect equilibrium
in a duopoly where the products are differentiated in quality, and derive the
conditions under which an interior solution for the optimal qualities is
obtained. The effect of government subsidy is investigated. I find that, in
equilibrium, the subsidization of the high quality good may cause the quality
of both products to fall, while subsidization of the low quality good
unambiguously improves the quality of both products. If both products are
subsidized, the effect is ambiguous.

In some developing countries, the govermment has often provided subsidies
to the producer of the highest quality good in an industry in order to
encourage the firm to raise the quality of its product even further,
presumably to "export" quality. However, these programs have had little
success. Therefore, in this paper, I explain why they have not been effective
and seek for an alternative to the policy.

Consumers are ranked by their willingness to pay for quality, and the
model is a two-stage game with two firms. In the first stage, firms choose
qualities, and in the second stage, firms set prices. According to Shaked and
Sutton (1982), under the assumption of zero production costs, each firm wants
to produce a higher quality product because a higher quality attracts more
consumers if ceteris paribus. In addition, the firm faces a trade-off: if it
chooses a product quality close to its competitor, it will gain market share
but will face more intense price competition. Therefore, each firm would 1like

to produce a more differentiated product. As a consequence, the high quality



firm always produces at the upper bound, while the optimal choice of the low
quality firm can be the lower bound or within the boundaries, depending on the
heterogeneity of consumers.

However, to investigate a policy effect on quality, we need to have an
interior equilibrium qualities. For that, T introduce a positive unit
variable production cost which is increasing in quality and is independent of
the level of output. This captures the idea that the unit variable cost to
produce a higher quality good is greater. Furthermore, if the unit variable
cost 1s assumed to rise rapidly with increases in quality, i.e., the cost
curve is comnvex, then increasing the quality differential will diminish its
relative cost advantage, which is defined as the ratio of the cost difference
to quality difference. Therefore, firms are more likely to choose quality
levels inside the boundaries. Thus, if the exogeneously given available
quality range is sufficiently wide, the convexity of the unit variable cost
curve guarantees the existence of an interior quality equilibrium. Also, if
the response of each firm is less than its rival's initial movement, the
uniqueness and stability of the equilibrium is ensured. In addition, a
minimum level of heterogeneity in consumer tastes must exist in order to
justify the presence of two firms in the industry. When consumers are very
similar, each firm can attract all the consumers in the market by lowering its
price slightly, so that each firm keeps cutting its price. Finally, the firm
which has a relative cost disadvantage is eliminated. However, when consumer
heterogeneity is great, price competition is not profitable since a firm has
to lower its price greatly in order to capture the entire market,

After establishing the existence of the internal equilibrium, I extend

the model to consider the effect of subsidies. In particular, a subsidy



targeted at the firm producing the high quality product makes the firm less
likely to eliminated from the industry in price competitionm. Thus, in order
to gain a larger market share, the high quality firm may lower its quality and
charge a lower price. As for the low quality firm, with an increased risk of
being eliminated, it wants to lower its quality further in order to avoid
increased price competition. After the interactions between the firms are
considered, the qualities can move either way.

In contrast, a subsidy targeted at the firm producing the low quality
product increases the competitiveness of the producer, who responds by
improving the product in order to gain a larger share of the market. The
optimal response of the high quality producer in this case is to improve its
product to avoid intense price competition. Therefore, the subsidy has the
effect of raising the quality produced by both firms. If government
subsidizes both products, its effect on quality is ambiguous.

In Section II, I derive the conditions for a duopolistic non-cooperative
price equilibrium, and then find the conditions under which an interior
solution for the optimal qualities is obtained. In Section III, I show an
example of a cost function which satisfies the conditions for the interior
quality equilibrium. In Section IV, I analyze the effect of government

subsidy. Section V concludes the paper.

II. THE MODEL

The present analysis is based on a two-stage non-cooperative game; in the

first stage, each firm chooses the quality level of its product; in the second



stage, having observed the choices, each firm sets its price. I use the
concept of the Perfect Equilibrium (Selten (1975)). A two-tuple of strategies
is a Perfect Equilibrium in the two-stage game, if a Nash Equilibrium occurs
in the first stage as a result of predictions formed by agents with perfect

foresight about the outcome of a Nash Equilibrium in the second stage.

II-1. Price Equilibrium

To seek a perfect equilibrium, we analyze the second stage and work
backwards.

Consider two firms producing distinet, substitute goods. We label their
respective products by an index k = 1,2 where firm k sells product k at price
Pg-

Assume that each consumer is different in quality valuation, say t, which
is uniformly distributed over [a,b]. A consumer of type t derives the

following (indirect) utility from buying one unit of product k of quality u,:

Ulu;t) = twe-p, (1)

We suppose that consumers buy exactly one unit of the differentiated
commodity. Then they will select the product for which utility (1) is higher.
Now we derive from (1) the consumer who is just indifferent between

product 1 and 2. Its valuation t* is obtained from

w E3
t w-p, =t U,-Py,



where u, > u.; hence

2 17

€ = (py-py)/(uy-uy)

Thus the (necessary and sufficient) condition for two firms to share the

market is a < t < b; that is,

a(u,-u,} < p,-p; < b(uy-up). (2)

Then consumers with values of t higher than t” strictly prefer good 2 at price
p, to good 1 at price p,, and the converse is true for persons with t < t".
Hence consumers are partitioned into segments corresponding to the market
share of each firm.

Let c(u) represent the level of unit variable cost as a function of
quality. It is assumed independent of the level of output. We also assume
that c(u) is continuously differentiable, and that all firms have the
identical unit variable cost functions.

The profit of each firm now becomes

Hl(pl;P;g:u]_nuz) = {Pl-C(ul))(t*—a), and 0 e, (3)

Hz(pz;pllulxuz) = {PZ-C(UZ)}(b—t*). ......... (4)

Firm 1 chooses its price to maximize I,, given its rival’s price. From

(2), we find that, when the price of product 2 is low, i.e., c(u) <p, =



c(u1)+b(u2—u1), firm 1 has no chance to expel the rival from the industry as
long as it remains profitable, i.e., p; » ¢(u;). Thus its optimal price pI ig
selected to satisfy 6ll;/6p;, = 0. On the other hand, if Pz > c(u)+b(u,-u;),
firm 1 can eliminate its rival. However, the elimination may be less
profitable than sharing the market with its rival. That is, when firm 2
charges c{u, )+b(u,-u;) < P, < c(u1)+(2b—a)(u2-ul), it is more profitable for
firm 1 to charge pI and share the market. If its rival's price is p, =
c(u1)+(2b-a)(uz-u1), it will be optimal for firm 1 to charge pf = Pp-b(u,-u,)
and win the entire market.® Therefore, we find that, if c¢(u,) is greater than
or equal to c(u1)+(2b-a)(u2-ul), firm 2 can not remain profitable in the
industry. 1In other words,

c(uy)-c(u,)

2b-a > —— . (5)
Yy -y

must be satisfied in order for firm 2 to make a positive profit in the
industry.

From condition (5), we derive the reaction function of firm 1:

R { p: = {pz-a(uz-u1)+c(u1)}/2 when c(uz)<p2<c(u1)+(2b-a)(u2-u1)
P, =

pf = py-b(u,-u,) when pzac(u1)+(2b-a)(u2—u1)

Consider a tangent line Q; at pg to an imaginary profit function of firm
i which is defined as if its market can increase without a bound as its
c(ul)+(2b—a)(u2—u1), it will be optimal for firm 1 to charge pf and occupy
the market. If the slope is positive, i.e., p; < c(u1)+(2b-a)(u2-ul), the
optimal price p: = (py-a(uy-uy)+e(u)}/2, will be selected.

price is lowered. If the slope of line Q; is negative, i.e., p, =



Similarly, firm 2 chooses its price to maximize II,, given p,. When its
rival's price is e¢(u,) < p; = c(u,)-a(u,-u;), firm 2 has no chance to
profitably occupy the whole market. Thus it chooses p; to satisfy 4II,/dp, =
0. On the other hand, if p, > c(u,)-a(u,-v;), firm 2 can eliminate its rival.
However, When firm 1 charges c(u,)-au,-u,) < p; < cuy)+(b-2a)(u,-u;), it is
more profitable for firm 2 to charge pg and share the market. If its rival’s
price is p; = c(u,)+(b-2a)(u,-u,), it will be optimal for firm 2 to charge pg =
p,+ta(u,-u,) and force its opponent out of the market.? Thus we find that, if
c(uy) = e{uy)+(b-2a)(u,-u;), firm 1 will be expelled from the market.
Therefore,

c({u,)-c(uy )

b-2a > - —m (6)
Uz "Wy

is the condition under which firm 1 can make a positive profit.

From condition (6), we derive the reaction function of firm 2:

H

. p, = (P +b(u, -u )+c(u,))/2  when c(u, )<p,<c(u, )+(b-2a) (u,-u, )
Pz = { d
Pz

P, ta(u, -u, ) when p,=c(u, )+(b-2a}(u,-u;).

From conditions (5) and (6), we obtain the equilibrium prices for firms 1

and 2:

PE - —%—{(b-2a)(uz-u1)+C(Uz)+2C(u1)]

If the slope of Q, is negative, i.e., Py = c(u2)+(b-2a)(u2-u1), pg is
profit maximizing. However, iIf the slope is positive, i.e., P, <
c{uy)+(b-2a) (u,-uy), p; = {pytb{u,-u)+c(u,)}/2 will be chosen.



pE = —1-((2b-a) (u, -u, Y +2c (uy ) e (u,))

Point E In Figure 1 is one such equilibrium. 1In other words, when conditions
(5) and (6) are satisfied, there exists a unique price equilibrium (pf, pg),
where the profits of the firms are both positive. This equilibrium is
globally stable.®

Assuming zero production costs, Shaked and Sutton (1982) find that the
condition for two firms to share the market is b-2a > 0. That is, when
consumers are very different, firm 2 has to lower its price greatly in order
to occupy the whole market. This threatens to reduce profits. However, when
consumers are very similar, b-2a < 0, firm 2 can obtain a higher profit by
lowering its price slightly, and so attracting all consumers. In this paper,
however, we have introduced a positive unit variable cost, which increases
with quality, so that firm 2 may not be able to take the whole market because
it becomes to more difficult to profitably reduce its price sufficiently to
eliminate its rival. Thus the condition b-2a < 0 does not guarantee that firm

2 will occupy the entire market, but a more strict condition

To check the stability conditions for the price equilibrium, we have

3*I,/8p,% = ~2/(u,-u;) < 0, 3°M,/8p,dp;, = 1/(u,-u) > 0,
8°IL,/8p,0p, = 1/(u,-u) > 0, 3°M/8p,% = -2/(u,-u)) < 0, and
(8°11,/8p,") (8°I,/3p,%) - (871, /8D,9p, ) (7M1, /8p,8D,) = 3/(up-u;) > 0.

Therefore, all the conditions for global stability are satisfied.



does. Therefore, condition (6) must hold in order to avoid the possibility
that firm 2 occupies the market.

On the other hand, there is no way for the firm with the low quality
product to take the whole market in the Shaked and Sutton model. Whenever
there is a threat of elimination by a low p,, firm 2 can protect its market by
lowering p, close to p,. However, when a positive unit variable cost is
introduced, firm 2 may no longer be able to lower its price close enough to P,
to remain in the market. Condition (5} constrains the cost difference to be
less than (2b-a)(u,~u,), and enables firm 2 to remain in the industry.

There are two types of heterogeneity which may affect the existence of a
price equilibrium; namely, consumers’ heterogeneity in quality valuation t,

and the difference in quality of the products u,-u,, selected at the first

10
stage of the game. When the quality differential becomes very smaill, le(u,)-
c(ul)]/(uz-ul) approaches a certain value, i.e., the marginal cost in terms of
quality, c’(u), at the gquality level where u, and u, converge. In fact, the

value is independent of the quality difference, even though it depends on the

quality level to which u, and u, approach. Thus, from conditions (5) and (6),

2
we find that the existence of the price equilibrium is not significantly
threatened by the similarities of the products as long as consumers’
heterogeneity is sufficiently large.

On the other hand, when consumer heterogeneity is very small, even if the
quality difference is great, conditions (5) and (6) are less likely to hold,
so that we may end up with only one firm staying in the industry with a
positive profit. In other words, the consumers' heterogeneity is

indispensable to the maintenance of a duopoly, while product differentiation

does not significantly threaten the existence of the price equilibrium.
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IT-2 Quality Equilibrium

Now we turn to the next stage of the process, in which each firm chooses
the optimal quality level of its product. Substituting pE and pg into the

profit functions (3) and (4) yields

2

E _ X
ny = 9(u,-uy)
E_ ¥
I, = 9(u,-u, )

where X = (b-2a)(uz-u1)+c(u2)-c(u1) >0 and Y = (2b-a)(uz—u1)+c(ul)—c(u2) > 0
from conditions (5) and (6).

Now we define an exogeneously given upper bound on quality u and a lower
bound u. We refer to m{u;,u,) = [c(uz)—c(ul)}/(uz—ul) as the relative cost
disadvantage, the increase in cost resulting from a given increase in quality.
We define u] as the quality level satisfying m(ul,u) = a-2b+2c¢’(u); that is, as
we see in Figure 2, if u, is greater than u?, it is optimal for firm 2 to
choose the upper bound. Likewise, ug is the quality level satisfying m(g,ug)
= b-2a+2c’ (u); that is, if u, is lower that Uy, it is optimal for firm 1 to

choose the lower bound. Next, we obtain the reaction functions under the

assumption that c(u) is convex: (See the appendix for the derivation.)

u, -u = 0 when u, <u,=<u;
R, (u, ;u,) ={ o _

(2a-b)(u2—ul)+c(u2)-c(ul)—2(u2-u1)c'(ul)ﬁO when u, <u,<u

u,-u = 0 when uj=<u, <u,
R, (uy 3uy) = {

(2b-a)(u2—ul)+c(uz)—c(u1)-2(u2-ul)c'(u2)=0 when g<u1<uT
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Thus
m m —
u<wy <y andu, <uwu, <u e (7
= 1 1 2 2
are necessary conditions for an interior solution.

Proposition: Under condition (7), if u and u are selected to satisfy

—%— (b-a) > ¢’ (w)-e’(u]), and ... (8)

—%— {b-a) > c'(ug)—c‘(g), .......... (9)

and a convex c(u) satisfy

C'(U.z)"C’ (ul)
2c' " (uy) > ,and il (10)
u, -u,

c'(uz)wc'(ul)
2¢' ' (u,) > L, (11)
_ul

there exists a unique and globally stable interior solution (uf, ug).

The proof of this proposition is in the appendix. From Figure 2, we find
that conditions (8) and (9) guarantee that the value of u, at point A is

greater than u, and the value of w, at point C is less than u. Thus, there
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exists at least one intersection of the reaction curves exists where u<u <

u] and u, < u, < u. Furthermore, conditions (10) and (11) imply that marginal
cost in terms of quality, c’(u), rises rapidly as quality improves. Thus the
response of each firm is less than its rival’'s initial movement; that is, the
slope of R (u;;u,) = 0 is greater than one and the slope of R,(u 5u,) = 0 is
less than one in the range denoted by (7). Therefore, the uniqueness of
equilibrium is obtained. Under the second order conditions, global stability
is guaranteed.

We have examined a unique interior solution for the optimal qualities,
under the assumption of convexity of c(u). However, if c(u) is concave, we
can not expect an interior solution. Intuitively, when c¢(u) is concave, as u,
decreases, firm 2's disadvantage in relative costs, defined as m(ul,uz),
becomes greater. In order to minimize the impact, firm 2 will increase u,
since m(u;,u,) is decreasing in w,. Firm 1 lowers u, in response in order to
achieve greater cost advantage. This process continues until at least one

firm chooses a bound of the available qualities. This is shown in the

appendix.

ITII. AN EXANMPLE

To provide an example of a cost function which satisfies all the above

conditions, I let c(u) = u?, Then

P, = —%—{(b-2a)(u2-u1)+u§+2ui}, and
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Py = —+((2b-a) (uy -u; Y+2ui+u? ) .
That is, under conditions (5) and (6),
2a-b < u,+u, < 2b-a,

there exists a unique and stable price equilibrium (pf, PE)-

The quality reaction functions are then:

u when u;, < u, < b-2a+3u
& = { = u
! (2a-b+u, ) /3 when b-2a+3u < u, < u
u when a-2b+3u < u; < u,
: -4
1w =
! (2b-a+u, ) /3 when u < u, < a-2b+37

We find that where the conditions u < u

are satisfied:

, < a-2b+3u and b-2a+3u < u

5 < u

Then we see that conditions (10) and (1l1) are satisfied. If u and u are

E

chosen to satisfy conditions (8) and (9), we will have u<u < ug < u.
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IV. EFFECT OF GOVERNMENT SUBSIDY

In this section, we will examine the effect of government subsidy on the
equilibrium qualities. If the subsidy is offered proportiomally to the unit
variable cost of product 2, the production cost will be (1-8)c(u,), where 0 <

: E .
6 < 1. Thus we will see how uf and u, change as § increases from zero.

We have
du} |H, | du; [H, |
= and = .
ds IR | ds |R|
where

h;, = e(u;) >0, and

1

h, = c(u,) - 2(uz-ude’ (u,).

Since we know that |R| is positive by conditions (8) and (9), the sign of
|H1] and |H2| depends on h,. When h, is negative, the effect on the optimal
qualities is mot clear. However, if h, is positive, |H1[ and |H2| are both
negative; that is, uf and ug will decrease as § increases. Therefore, the
government subsidy on the high quality product may result in the deterioration
of the qualities of both commodities in the industry.

To see how the reaction curves shift in the diagram, we find 8111/(3r$IRl=:G =
h,/R,; < 0 and (f*)t}.z/t‘irSIP_z=:G = h,/R,, whose sign depends on h,. As a consequence

of an increase in §, R,(u;;u,) = 0 will shift to the left and Ry(uy;uy) =0
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will shift downward when h, is positive and upward when h, is negative. This
is illustrated in Figures 3 and 4.

The intuition behind the quality movements is as follows: When the high
quality good is subsidized, firm 1 becomes less competitive in the sense that
it is more likely to be eliminated from the industry due to an intense price
competition. Thus uf will be lowered to avoid the price competition. For
firm 2, the subsidy ameliorates its relative cost situation, so that product 2
becomes more competitive with product 1. In consequence, ug will be lowered
to take a greater market share. However, as ug falls, the size of the subsidy
is reduced. In other words, there are two opposite forces on ug. Therefore,
depending on their relative magnitude, ui might be higher or lower. After the
interactions between the two firms are considered, the final outcome of this
subsidy is not guaranteed to be quality-improving.

Now, If the government gives a subsidy proportional to the unit variable

cost of product 1, the production cost will be (l-v)e(u;), where 0 = y < 1.

Thus we examine how the equilibrium quality changes as v increases from zero:

E E
du; |F1| du, |7, |
= and = ,
dy |R] dy |R]
where
. £, Ry . Ryy £
1 = ] 2 = E]
£, Ry, Ry &
£, = c(u,) - 2(u2—ul)c'(u1) < 0, and

£, = - c(u) < 0.
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It follows that |F1| > 0 and |Fz| > 0, so that the effects of v on uﬁ and
ug are both positive. That is, government subsidization of the low quality
product gives each firm greater incentive to improve its product.

Now we will demonstrate this effect in Figure 5. When u, is given, the
effect of y on u; is positive because 6u1/8'y|Rl==0 = f,/R;; > 0. Consequently,
the reaction curve of firm 1 shifts to the right as v increases. Similarly,
when u, is given, Buz/a'y[Rz==0 = £,/R,, > 0, so that the reaction curve of firm 2
shifte upward as vy increases. Therefore, the equilibrium quality levels (uf,
ui) will both be raised.

Intuitively, subsidization lowers the unit variable cost of product 1
making relatively cheap to produce; hence the competitiveness of good 1 1s
improved. It is, therefore, optimal for firm 1 to raise uf to capture a
greater market share. Moreover, the additional cost due to the improvement of
uf is reduced by the government. In consequence, firm 1 has two incentives to
increase the quality of its product. Meanwhile, the competitiveness of
product 2 is weakened, so that it needs to be more differentiated from product
1 in order to avoid intense price competition. Furthermore, the interaction
hetween the two firms accentuates the movements. Therefore, subsidization of
the low quality good raises both u? and ug.

If the government offers a subsidy for both products, proportional to
each cost, the unit variable costs becomes (1-A)c(w;) and (1-X)c(u,),

respectively. Then

du? |J1| du, ‘le

dA IR| dx |R|
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where

jl R1z Rll jl
Jl = ] Jz = H
J2 Ry, R,y Iz

j; = £ + by = {e(u)-c(upd} - 2(u,-ude’ (uy), and

j, = £, + h, {e(u)-e(updd - 2(u,-u)e’ (u,) < 0.

Since we know that |R| is positive, the signs of |J1| and |J2| depend on
j;- When j, is positive, the effects of X on uﬁ and ug are not clear.
However, when j, is negative, |J1| and |J2| are both positive. That is, the
government subsidies have an unambiguous positive impact on the quality of
both products.

When the government subsidizes both products simultaneously, the effects
of the subsidies on the low quality product and the high quality product
compete, so that the results are ambiguous.

Comparing the three policies discussed above, we find that h;, > j, > f,.

That is, when u, is given, the effect of vy is the greatest (i is the next, and

2
§ has the smallest effect) in improving product 1. On the other hand, since
f, <0, j, is always less than h,. Thus, when u; is given, if h, > 0, v is the
most efficient policy in improving product 2, while, if h, < 0, X is the most
efficient. If the interactions between the firms are considered, when h, > 0,
¥ unambiguously enhances the quality of product 2 the most. However, even if

h, < 0, X is not guaranteed to be the most efficient policy because the effect

from the improvement of product 1 is less.
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V. CONCLUDING REMARKS

In this paper, we have analyzed a two-stage non-cooperative game where
duopolists decide sequentially upon quality and prices, and have derived the
conditions under which a unique interior solution for optimal qualities
exists. We have also found that govermment subsidization is unambiguously
quality improving when only the production of the low quality good is
subsidized.

The conditions we have derived are based on the agsumption that the
consumers’ quality valuation is uniformly distributed. However, if the
distribution is more peaked around its center, like the normal distribution,
the conditions may be less stringent because the firms are less likely to
attempt to differentiate their products since they are now most concerned with
the taste of the median consumer. Thus interior solutions will be more easily

obtained.

APPENDTX

1. Derivation of Reaction Functions: We look for the best quality choice of
firm 1 for each given u,. We know that HE increases at a decreasing rate as

. . E * . .
u, decreases from u,. The maximum point of I,, u,, is obtained from

E
3 X

| = ———[@ab) (u,-u)re(uy ) e (u]) -2 ¢y, -u e’ (u])] = 0,

0wy |4y o+ 9(up-uy)

where ¢’ (u;) = dc(u)/du at u,. Here, we assume that HE is defined even at the
peints cut of the range of available qualities. Now we will check whether ui

is greater than u or not: (i) If BIIE/Bul at u is negative, i.e.,
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m(u,u,) < b-2a+2c'(w), . (A-1)
firm 1 will choose u. (ii) If Bﬂﬁ/au1 at u is positive, i.e.
m(u,u,) > b-2a+2e’(uw), L. (A-2)

- - W
firm will choose u,.

Since c(u)} is assumed to be convex, m(u,u,) is increasing in u,, so that
condition (A-1) holds for w <y, < ug. Thus, firm 1’s best quality choice is
u. For uj < u, < u, condition (A-2) holds, so that firm 1 chooses uI.
Therefore, the reaction function of firm 1 is

- m
-u=20 when u, <u,<u,

Wy
Ry (uy5uy) = { _
(2a—b)(uz-u1)+c(u2)—c(ul)—2(u2-u1)c'(u1)=0 when u,<u,<u

Similarly, the maximum point of Hg is obtained from

a1 Y
ml —— 5 [(2b-a) (u ~u e () e (0 ) -2(u) uyder ()] = 0
auz at ul 9(u2-u1>

where ¢’ (u,) = de(u)/du at u,. We now check whether u; is greater or less
than u: (i) If BHE/Buz at u is positive, i.e.

H

m(u;,u) = a-2b+2e’'(uy, .. (A-3)
firm 2 will choose G. (ii) If 8N/du, at U is negative, i.e.,
m{u,,u) < a-2b+2e’(u), il (A-4)

firm 2 will take u;.

Since m(ul,ﬁ) is increasing in u,, from conditions (A-3) and (A-4), we
find the reaction function of firm 2 as

= _ o
{uz—u =0 when u; =u, <u,

R, (uy;uy) =
(2b-a) (u, -uy )+e(uy ) -e(uy ) -2(u, -u, de’ (u, )=0 when u<u, <uj
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2. Proof of Proposition: From each reaction function, we have
R,, = R,/8u, = -m(ul,u2)+c'(u2),

R,, = 9R,/du,

It

m(u,,u,)-c’ (u,),

1 = 9Ry/8uy = m(uy,up) e’ (u)-2(uy-up)e’ ' (uy)

= 'R12+C' (uz) -cf (ul) 'z(uz'ul)c, g (u]_) » and

R,, = OR,/8u, = -m(uy,u,)+c’ (u,)-2(u,-uy)c’ ' (u,)

= -R21+c'(u2)—c’(ul)—2(u2—u1)c"(u2).
Now, from the second order conditions and the convexity of c(u), we find
R, <0, Ry, <0, R, > 0, and R,, > 0.
Since

du, R, du, R
- - , and = -

du; g R, du; |z,-q R;,

21

the slope of each reaction curve is positive. Furthermore,
(-Ry1)-Rp, = -{e’ (u)-e’ (u)) + 2(u2-u1)c"(ul), and
(-Ry;)-Ry, = —lc'(uz)-c'(ul)} + 2(u2~ul)c"(u2).

Therefore, under conditions (8) and (9), the slope of firm 1's reaction curve
is greater than one, and the slope of firm 2’'s reaction curve is less than
one.

From Figure 2, the value of u, at point A is the one which satisfies
m(uy,u,) = b-2a+2¢’(u]), while m(uj,u) = a-2b+2c’(u) is satisfied at point B.

Since the function m(u?,uz) is increasing in u,, when b—2a+20‘(uT) > a-
2b+2c’ (u), i.e.,
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—5(b-a) > e (@-c’ (uh),

the value of u, at point A is greater than u. Analogously, the value of u, at
peint C is the one which satisfies m(u, ,uy) = a-2b+2c’ (uy;), while m(u,u;) = b-
2a+2c’(u) at point D. Since the function m(ul,ug) is increasing in u,, when

a—2b+2c'(u2) < b-2a+2¢’ (u), i.e.,

1!

—5—(b-a) > o’ (ul)-c’ (u),

the value of u;, at point C is less than u. Therefore, from Figure 2, we can
see that, under conditions (10) and (11), we find that at least one

intersection of the reaction curves exists where u < u; < u} and u, <u, < u.

Also, conditions (8) and (9) guarantee its uniqueness. Moreover, the matrix

Rll R12
R =
R21 RZZ

is negative definite everywhere in the range of u < u "

< uj and ug <u, <u.

1 2

Therefore, the equilibrium is globally stable.

3. CGCase of Concave Cost Curve: If c(u) is concave, the reaction functioms
are

(2a-b)(uz-ul)+c(u2)~c(ul)—2(u2—ul)c'(u1)=0 when u1<uz<u2
R, (u33u,) = { _
U, -u = 0 when uj,=u,<u

(2b-a)(uz-u1)+c(u2)—c(u1)-2(u2—ul)c'(u2)=0 when uT<u1<u2

R, (4, ju; ) ={

o m
u,-u =0 when u<u, <u;

In order for the reaction curves to intersect each other in the range of u? =<

1 <uy, u <u, € uy, (2a—b)(u2—u1)+c(u2)-c(ul)-2(u2—u1)c'(ul) must be equal to
(2b-a)(uz-u1)+c(u2)—c(ul)—2(u2—u1)c'(uz); that is,

u
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c'(u,)-c’'(u) = —g—(b—a)ﬁ

Since this condition can not be satisfied under the concavity of c(u ), no
interior solution can be obtained.

Also, when u? <y <u, and u; < u, < uz, the slope of each reaction curve
is

du du,

< 0, and = -
du

2 11

du R

1 R1l=0 i2 1 RZ2=0 22

Since, by the second order conditions and the concavity of c(u), we find
R, <0, R,, <0, R, <0, and R,, < O,

the slope of R;(uj;u,) = 0 is less than -1, and the slope of Ry(u,;u;) = 0 is

greater than -1. (i) When u] > u and U, <u, i.e., b-2a+2c’(u) = m(u,u) = a-

2b+2c¢’ (u), the equilibrium qualities are (u, u), as we see in Figure A-1. In

the area of U < u, < u, and u, < v, < u" the reaction curves do not intersect
1 1 2 2

1 2
each other because the slope of R,(u;;u,) = 0 is less than the slope of

Ry(u;;u;) = 0. (ii) When u] > u and u; = u, i.e., m(u,u) = min {a-2b+2c’ (u), b-

2a+2c¢’{u)}, and the u, value at point A is less than that at point B, i.e.,

e’ (u)-c'(u]) =< 3(b-a)/2, the equilibrium is (uf,{{), as in Figure A-2. (iii)

When u] < u and u, <u, i.e., m(u,u) < min (a-2b+2c’ (u), b-2a+2c¢’(u)), and the
u, value at point C is greater than that at point D, i.e., c’(u;’)-c'(g) = 3(b-
a}/2, the equilibrium is (l_l,ug), as in Figure A-3. (iv) The case of u'f <u
and uj > u, i.e., b-2a+2c’(u) < m(u,u) < a-2b+2c’ (1), is not feasible because

b-2a+2c’(u) > a-2b+2e’ (7).
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c(u,)+(2b-a) (Up-u,) fo--

e(uy)  f----

]
1
'
L3
1
'
1

0 1 e
e(u,) c(uy)+(b-2a) (u,-u,) Py

Figare 1: Price Equilibriom
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! Quality Equilibrium

Figure 2
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Figure 3: Movement of Qualiry Figure 4: Movement of Qual ity
Equilibrium by a Govermment Subsidy Equilibrium by a Government Subsigdy
for the High Quality Good (whem h,>0) for the High Quality Good (when h,<0)

e
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