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Abstract

In this paper we focus on how human experimental subjects in one—person decision
problems and two—person games go about learning. It iz a paper on procedural
rationality. We present evidence that laboratory subjects are somewhat purposeful in their
learning, employing simple heuristic learning procedures which change as the environment
they are placed in changes. We concentrate on what these heuristics are and how
successful they are in guiding our subjects to the full information optimum or equilibrium.
As such, our results represent a step on the road toward developing a class of learning
models based on observed human behavior. Finally, our results have direct bearing on the
methodology of experimental economics.



Section 1: Introduction

The work of Simon (1976, 1978) and others on human problem solving and
procedural rationality sees economic agents as taking an active role in the learning process.
For example, it is well known that humans, when faced with a complex problem, either
transform that problem into one that is manageable, or break it down in a manageable
way so that at least a satisfactory solution is within their cognitive grasp. In this paper
we focus on how human experimental subjects in one—person decision problems and two—
person games go about learning. It is a paper on procedural rationality. We present
evidence that laboratory subjects are somewhat purposeful in their learning, employing
simple heuristic learning procedures which change as the payoff environment or institution
they are placed in changes.

Unlike most game—theoretical models of learning in which agents are placed in a
game of incomplete information, our experiments present laboratory subjects with complete
information optimization problems and games which are too complex for them to
deductively solve. As a consequence, they must employ some heuristic to aid them in their
behavior and we concentrate on what that heuristic is and how successful it is in guiding
our subjects to the full information optimum or equilibrium.

What we find interesting is how our subjects decide to structure their learning task
when placed in different institutional settings. In our experiments there are two types of
decision problems —— individual decision problems and two—person games —— and two
payoff conditions which we call learn—while—your—earn and learn—before—you—earn. Hence
we specify four different environments. As we will describe more fully later in this section,
we find a major difference between how subjects attempt to learn in the learn—while—you—
earn and learn—before—you—earn environments on the one hand, and also between the
one—person and two—person decision tasks.

Although our interest is primarily in questions of procedural rationality, we do

investigate whether the learning procedures created by our subjects lead them to an



optimal action or a Nash equilibrium (questions of substantive rationality), which represents
the focus of the recent theoretical work on learning in games (see, e.g., Fudenberg and
Kreps (1988), Fudenberg and Levine (1991), Jordan (1991), Kalai and Lehrer (1991),
Milgrom and Roberts (1991), and Nyarke (1992)) or learning in individual decision models
(see, e.g., Aghion et al. (1991), Easley and Kieffer (1988), and McLennan (1987)). In that
literature it is typically assumed that economic agents attempt to maximize their expected
earnings by choosing a best response to their recently updated beliefs about the other
agents in the game or some unknown parameters in games against nature. The common
feature of all of these approaches is that learning is the end result of the adaptive behavior
of highly rational agents who have considerable calculating abilities which allow them to
compute such things as Bayes—Nash or Bayes—Rational equilibria at each point during the
game. In our paper, learning appears to be an act of agents who are boundedly rational,
possibly more like the agents studied by Marimon (1990), who base their decisions upon
observed average payoffs, or like the agents in the probabilistic learning models of Arthur
(1990), Bush and Mosteller (1955), and Estes (1950), who modify their propensities to
choose different actions on the basis of past experience of successes and failures.

Previous experimental papers on learning are also relevant. Specifically, Mookerjee
and Sopher (1991) investigate how subjects learn in two—person matching pennies games
under different information conditions. Like our results, they discover that different
environments elicit different types of learning behavior. Furthermore, Merlo and Schotter
(1991) investigate how subjects learn through experimentation in individual decison models
similar to those studied here.

1.1: Environments and Institutions

We distinguish between two payoff environments which we call learn—while—you—

earn and learn-—before—_you—earn institutions since they span the spectrum of institutions

with differing learning costs. A learn—while—you— earn payoff structure is the typical



payoff structure found in laboratory experiments and markets. In this environment time is
divided into discrete periods with a known horizon T and in each period subjects or
market participants make decisions. These decisions yield them a payoff at the end of the
period, and their final payoff from the experiment or market is the sum of their (possibly
discounted) period payoffs. The learn—while—you—earn environment is then one in which
payoffs occur each period and cumulate throughout the experiment. The cost to learning is
the opportunity cost associated with exploring the environment and a trade—off exists
between "exploiting" actions already proven to be satisfactory by using themn repeatedly
and "exploring" to discover new and possibly better actions.

A learn—before—you—earn environment is a limit case of an institution with low
learning costs. It is an artificial environment created by an experimental administrator,
although it does have some parallels to real world markets. Here time is again divided into
T discrete periods but no payoffs are awarded during the first T—1 periods. Rather,
subjects make decisions and observe what they would have earned if these were played for
real. What does count is their period T decisions and these payoffs are sufficiently large
so that their expected payoff from this last round. decision is comparable to the expected
sum of the payoffs in the learn—while—you—earn environment. In short, in a learn—
before—you—earn setting there are T—1 practice rounds and one real and lucrative round so
that there is no exploration—exploitation trade—off. In terms of real world markets, we
might consider two firms who expected to be infinitely lived and who interact repeatedly in
a market in which both have extremely (possibly zero) discount rates. In such a market
firms might treat any finite number of periods as free—learning periods since, with zero
discount rates, any finite period would have only a negligible influence on their infinite
horizon payoff. Under these circumstances, our learn—before—you—earn environment is a

reasonable approximation to reality.



1.2: Overview of Our Results

Our results indicate that learning is situation and institution specific. For example,
in one—person learn—before—you—earn decision problems subjects attempt to learn the
structure of the problem they are facing (i.e., attempt to learn the nature of the payoff
function facing them) and are successful in that attempt. However, in one—person learn—
while—you—earn environments, subjects fail to learn the same things as their colleagues in
the learn—before—you—earn experiment. As we will see, it appears that they fail to pay
attention to the information they gathered during the experiment and do not use that
information when making valuable economic decisions. Rather, subjects behave adaptively
with very short memories, using their last period outcomes to guide their current period
choices.

In two—person learn—before—you—earn games our results are similar to our one—
person results but some modifications have to be made in their presentation. This is true
because learning in games, with their strategic uncertainty, is different from learning in
one—person environments where there can only be exogenous stochastic uncertainty. More
precisely, it may not be practical for subjects to learn the Nash equilibrium of the two—
person game they are engaged in since the information they receive each period may be too
meager given the noise in the environment. In such low information settings, a live human
subject may decide to treat their opponent as a purely random device and may formulate
the problem to himself as a one—person decision problem similar to a multi—armed bandit
problem. In such a setting, the subject must decide which decision number (or arm) is the
Yhest" without concerning him or herself about the reaction of the other subject to their
treatment of the problem. What we find is that subjects in learn—before—you—earn
environments reduce the complexity of the problem they face and attempt to find for
themselves a profitable mode of behavior or rule of thumb. They do this by behaving like

statisticians who test hypotheses as to which decision number is best for them to play, but



these statisticians limit themselves to a small set of decision numbers. At the end of the
experiment, our subjects do, in fact, choose that arm which was associated with the highest
average payoff for themselves during the first 74 practice rounds. However, these decisions
are not Nash equilibrium choices.

In learn—while—you—earn games, while subjects also simplify the decision problem
they face by limiting themselves to a small number of decision numbers, they do not seem
to choose one of them and certainly not the optimal (profit maximizing) arm at the end of
the experiment. What we find is that, like their counterparts in one—person learn—while—
you—earn environments, subjects adopt an adaptive behavior with limited memory in which
they change their choice depending upon the outcome of the game in the most recent
rounds. Furthermore, they do not respond to the decision choices of their opponent.

1.3: What Do Our Results Teach Us

While it is never wise to generalize on the basis of a small number of experimental
results, there are a number of lessons that we can learn from these experiments if they
hold up to replication elsewhere. To begin, our results add yet another piece of evidence
for the growing view that learning is a situation (or institution) specific phenomenon. This
view has been recently summarized by Milgrom and Roberts (1991) as follows:

"Taken together, these results [i.e., earlier theoretical results on learning in
games, cfr.] raise serious doubts about the validity of Nash equilibrium and its
refinements as a general model of the likely outcomes of adaptive learning.
More fundamentally, they indicate that the ‘rationality’ of any particular
learning algorithm is situation dependent: An algorithm that performs well in
some situations may work poorly in others. Apparently, real biclogical players
tailor rules of thumb to their environment and experience: They learn how to
learn. Thus, any single, simple specification of a learning algorithm is unlikely
to represent well the behavior that actual players would adopt." (p. 84).
Such a view, that learning is situation or institution dependent, creates a problem for

economic theory in its quest to present generalizable models of economic behavior. If

learning is situation dependent then it raises the possibility that one would have to



construct special learning theories for each and every economic institution —— certainly a
dismal prospect. This opens the door for experimentalists, however, since if they could
classify institutions into equivalence classes across which human learning behavior is similar,
then theorists could attempt to characterize these institutions. If successful, a small class
of learning theories might be constructed which would explain behavior in a large number
of institutions. Our results take a step along this path.

One should not take these remarks as negative or pessimistic since we already
consider our results as being supportive of much of the work undertaken by game theorists.
For example, in our one—person learn—before—you—earn environments, our subjects’
behavior is consistent with the behavior predicted by Aghion et al. (1991) where agents in
infinite horizon problems without discounting optimally learn the shape of the payoff
function they are facing. Further, in our two—person learn—while—you—earn environment,
which most closely mimic the non—cooperative games studied, for example, by Jordan
(1991), Kalai and Lehrer (1991), and Nyarko (1992), we find that laboratory subjects
adhere to adaptive learning strategies with limited memory. While we see no evidence that
our subjects perform the type of calculations called for by the modern game-—theoretical
literature, they do appear to mimic the adaptive pattern described in Milgrom and Roberts
(1991), where adaptive learning is shown to be capable of reaching Nash equilibrium
outcomes in certain classes of games. Whether our sujects’ behavior would eventually
converge to Nash equilibrium or first—best optimal behavior can not be answered by our
experiments since those convergence results are asymptotic and our experiments were
obviously run with only finite (75 round) time horizons. However, our experiments do
provide a clear guide as to the procedural rationality of our subjects in these institutions
and the assumption that such subjects act adaptively (and myopically) would seem to be a
good guide to theory.

Finally, our results have direct bearing on the methodology of experimental

economics. This is true because almost all experiments in economics aim to test static



theories using a repeated game framework. This is typically justified by the claim that
doing an experiment once and only once does not allow subjects to learn. Hence,
repetition is recommended to foster learning. In most designs, subjects play games
repeatedly and earn payoffs each period —— they play in a learn—while—you—earn
environment. In performing statistical tests on the data generated by these experiments,
experimentalists typically use observations collected at the end of the experiment since
those supposedly distill all the information learned during the course of the experiment.
Our results, however, indicate that it is exactly in these types of learn—while—you—earn
environments that learning is most problematic and in which subjects seem to pay the
least amount of attention to the data generated during their multi—period play. Hence,
cur results seem to lead towards an advocacy of learn—before—your—earn environments in
the laboratory in an effort to focus subjects’ attention on the data they are generating.

In this paper we will proceed as follows. In Section 2 we describe the game used as
the basis for our experiments as well as and our experimental design. In Section 3 we

report our results. Finally, in Section 4 we offer some conclusions and speculations.

Section 2: Experimental Setting

All of the experiments performed to investigate learning were of the tournament
variety and similar to those of Bull, Schotter and Weigelt (1987) and Schotter and Weigelt
(1991). In those experiments, randomly paired subjects must, in each round, each choose a
number, e, between 0 and 100 called their decision number. After this number is chosen a
random number is independently generated by each subject from a uniform distribution
over the interval [—a,+a]. These numbers (each player’s decision number and random
number) are then added together and a "total number" defined for each player. Payoffs
are determined by comparing the total numbers of the subjects in each pair and awarding

that subject with the largest total number a big payment of M and that subject with the



smallest total number a small payment of m, M > m. To calculate their final payment a
subject would have to subtract the "cost™ of their decision number from their payment,
where the cost is given by a convex function c¢(e) = k,e’/k, defined over the interval
[0,100]. Hence in these experiments there is a tradeoff in the choice of decision numbers;
higher numbers generate a higher probability of winning the big prize but also define a
higher decision cost. If we let 2a be the range of the random variable from which the
random numbers are (independently) generated, k, and k, be two constants in the cost
function, and M and m be the big and small prizes respectively, then when k, = 1, k, =
500, a = 40, M = 29, and m = 17.2, the two—person tournament defined has a unique
symmetric Nash equilibrium at 37. For a description of the theory of tournaments
underlying these experiments see e.g. Lazear and Rosen ({1981) and Schotter and Weigelt
(1992).

We consider these experiments to be good ones for our purposes since they are
simple to describe to subjects yet complicated enough so that a deductive solution should
be out of the grasp of most experimental subjects.! Such complexity would force subjects
to learn inductively and it is this process that we are interested in studying. Hence, even
though the experiments run are complete information experiments for which optimal actions
or Nash equilibria could be calculated a priori, the problem was sufficiently complex so
that inductive learning was required. Further, these games involve both strategic
uncertainty and exogenous stochastic uncertainty. We find this feature appealing since it
might allow subjects to meaningfully treat their opponent as a random device and pursue a
multi—armed bandit strategy of the type discussed above.

2.1: Experimental Design
We performed a set of 6 different experiments. In Experiments la, 1b, and 1b’

subjects played the tournament game described above 75 times consecutively against a

! Such games were also the focus of study by Knez (1992).



computer whose strategy was known to be that of choosing 37 in each period. This
experiment then presented our subjects with a one—person decision problem (since the other
side of the game was exogenously determined), where the only thing to be learned was the
shape of the payoff function they were facing. This experiment was performed under three
payoff regimes.

In Experiment la subjects did the experiment 74 times without receiving a payoff
but were paid for the decisions that they made only in round 75. This was the learn—
before—you—earn condition. With the parameters specified above, the (equilibrium)
expected amount for this one period choice was $15.27. (Actually, payoffs were
denominated in a fictitious currency called francs and converted into dollars at the rate of
$.75 per franc).

In Experiment 1b subjects performed the same experiment 75 times but received a
payoff in each of the 75 rounds. Their final payoff was the sum of their 75 round
earnings over the course of the experiment. (Obviously their payoff was scaled down by
converting francs into dollars at the rate of $.01 per franc). This was the learn—while—
you—earn condition. It is important to note that in Experiments la and 1b the expected
earnings of subjects were equal at the unique optimum.

Experiment 1b’ was identical to Experiment 1b except for a simple extension. In
this experiment, after the 75 rounds were over, subjects were then informed that they
would perform the experiment one more time with increased payoffs —— actually, with the
same payoffs that were previously used in the learn—before—you—earn environment. (They
had not been told about this extra experiment until after they had finished their 75 round
experiment). In other words, subjects in Experiment 1b’ performed the experiment twice.
Once for 75 rounds with small payoffs in each round (the same payoffs as in Experiment
1b), and once for one extra round with a one round payoff equal to the payoff in the last

round of the learn—before—you—earn experiment. This extra—round experiment, with
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increased payoffs, places subjects in a situation identical to the one faced by learn—before—
you—earn subject in round 75 (their only payoff—relevant round). As such, their choice
there should serve as a sufficient statistic for all that these subjects have learned during

5" round decision of subjects in the learn—

the course of the experiment as does the 7
before—you—earn Experiment la.
Experiments 2a, 2b, and 2b’ increase the learning task of our subjects by having
them play against a live human subject for 75 rounds instead of a computer. In each
experiment subjects were randomly assigned to an opponent and kept that opponent, whose
identity was unknown to them, during the entire course of the experiment. (This fact was
common knowledge.) To make the design symmetric we ran Experiment 2a under the
learn—before—you—earn condition and Experiment 2b under the learn—while—you—earn
condition. Further, we ran Experiment 2b’ in which we had the learn—while—you—earn
game played 75 times as it was in Experiment 2b and then had an extra round with
increased stakes played afterwards just as in Experiment 1b’. Again, this extra round was
not announced until the 75 round learn-while—you—earn game was finished. In this
experiment subjects played the extra round against that person with whom they were

matched during the first 75 rounds (and that information was also common knowledge).

This experimental design is summarized in Table 2.1.

Section 3: Results

We will present our results by first treating the one—person decision experiments and
then the two—person game environments. To help us in this task we will formulate our
results in the form of facts that we think can be substantiated by the data.
3.1: One~Person Decision Problems

As was mentioned in the introduction, the learning task our subjects faced in one—

person environments can be completely characterized as an attempt to discover the shape of



Table 2.1: Experimental Design

Experiment  Opponent  Opponent’s Strategy Payoff Number of
Condition Subjects
la Computer Fixed and Known to be 37 L-B-Y-E 12
1b Computer Fixed and known to be 37 L-W-Y-E 12
1b’ Computer Fixed and known to be 37 L-W-Y-E 12
(+ Extra
Round)
2a Human N.A. L-B-Y-E 18
2b Human N.A. L-W-Y-E 20
2b’ Human N.A. L-W-Y-E 12
(+ Extra
Round)

L-B-Y-E: Learn-Before-You-Earn

L-W-Y-E: Learn-While-You-Earn
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the payoff function they were facing. Faced with this specific task we investigate exactly
how subjects go about learning.
3.1.1: Learn—-Before—You—Earn Environments

Fact 1: In one—person learn—before—you—earn environments, subjects behave as if
they were attempling lo estimale the payoff funclion they faced and, in the 75" round,
choose an aclion significantly close to the peak of their estimated function. Further, on
average the 757 round choice of subjects was close to the optimal decision number of $7.

The claim made by Fact 1 is that subjects acted as if they were econometricians
who used the observations generated by their first 74 round actions to estimate the
quadratic function that best fit the data observed and then used its shape to guide their
behavior in the 75" and only payoff—relevant round of the experiment. The support for
this claim is presented in Figure 1 and also in Table 3.1,

Figure 1 presents the actual payoff function faced by our subjects in their one—
person learn—before—you—earn decision problem (Experiment la) along with least--squares
quadratic approximations to the data they generated during the first 74 rounds of the
experiments.”> Note by inspection how closely each estimated payoff functions are to the
theoretical or actual payoff function these subjects faced.® This implies that if subjects had
paid attention to the data they generated and used that data to estimate a payoff
function, choosing the maximum of this estimated payoff function would have provided a

good guide to an optimal action in round 75.

2 The estimates are reported in Table A.1 in the Appendix together with the

coefficients of the actual (theoretical) payoff function (Table A.0). Note that we dropped
Subject 6 who can be classified as an outlier.

? This claim is substantiated by the results of F—tests of the hypothesis of equality
of the estimated coefficients to the coefficients of the theoretical payoff function (Table A.1
in the Appendix). The null hypothesis of equality can not be rejected at the 5%
significance level for 6 out of 12 subjects.



Figure 1: Payoff Functions
Learn-Before-You-Earn (Experiment 1a)
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Table 3.1: Learning Results - Experiment la

Sub ject Estimated Standard Last Period |(4) - (2)| |(4) - 37|
Maximum  Error Choice

1 43 16.9 40 3 3

2 34 5.9 38 4 1

3 52 4.5 58 6 21
4 * 33 5.0 50 17 13

5 27 21.3 39 12 2

6 x @ . _ . _ .

7 37 4.9 30 7 7

8 24 8.1 33 9 4

9 19 11.5 23 4 14
10 * 34 5.4 50 16 13
11 24 10.7 42 18 5
12 28 8.2 15 13 22
Mean 32.3 9.3 38 9.9 9.5

(a) Subject 6 is classified as an outlier
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Table 3.1 provides insights into their behavior by asking whether subjects did, in
fact, act as if they chose in period 75 in a manner consistent with their estimated payoff
function. In other words, was their round 75 choice significantly close to the maximum of
their estimated payoff function (i.e., was it within a 95% confidence interval of the point
estimate of the peak) and/or was it close to 37 which was the optimal solution to the
problem they faced. In Column 2 of Table 3.1 we see the payoff function maximum that
would have been estimated by a subject if he or she used the least—squares quadratic
approximation to the data they generated during the first 74 rounds of the experiment
depicted in Figure 1. In Column 3 of this table we present the standard error associated
with this point estimate (computed, using the Delta Method, from the estimates reported
in Table A.l as illustrated in Table A.3 in the Appendix)", while in Column 4 we present
the actual choice made by the subject in round 75. Finally, Column 5 (6) calculates the
absolute difference between the last period choice and the estimated maximum (the optimal
choice of 37).

Our support for Fact 1 comes from the fact that in Experiment la (Table 3.1) 9
out of the 12 subjects acted as if they had estimated the payoff function they faced and in
round 75 chose a decision number that was within two standard errors of the point
estimate of the maximum of that function. (Subjects who failed this criterion have
asterisks placed next to their numbers in Table 3.1). The mean absolute difference
between subjects’ last period choice and the estimated maximum of their payoff function
was 9.9. Further, the mean absolute difference between the last period choice of subjects
and the optimal choice of 37 was similarly 9.5. The fact that these means are so similar
indicates that subjects estimated their true payoff functions accurately and then chose
numbers in period 75, when there was money on the line, that were close to their

estimated maxima.

For a general description of the Delta Method see, for example, Goldberger (1991).
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Finally, note that the mean choice in round 75 of subjects in Experiment la was 38
which is remarkably close to the optimum decision number of 37. This can be attributed
to the fact that subjects were acting as if they were attempting to estimate the payoff
function they faced using an unbiased and consistent estimation procedure. Therefore, even
with a finite 75 round history the mean of their estimated maxima should be centered
around 37.°
3.1.2: Learn—While— You—Earn Environments

Fact 2: In one—person learn—while—you—ecarn environments, subjects do not behave
in a manner comparable to learn—before—you—earn subjects. More precisely, at the end of
the ezperiment they do not make choices consistent etther with the mazima of their
eslimable payoff functions or with the optimal choice of 87.

To support this fact we use the data generated by Experiment 1b’. Note that in
the extra round of such an experiment subjects have as much information as did the
learn—before—you—earn subjects in round 75 of their experiment (Experiment la) and the
same incentives to use it.

Support for Fact 2 is presented in Figure 2 and in Tables 3.2. Figure 2 presents
the actual payoff function faced by our subjects in their one—person learn—while—you—earn
decision problem (Experiments 1b’) along with least—squares quadratic approximations to
the data they generated during the experiment. As we can see in Figure 2, the data

generated by subject choices over the first 75 rounds of Experiment 1b’ was sufficient to

3 This is not an artifact of the fact that since 37 was announced as the computer’s

choice, it might act as a focal point. To demonstrate this we ran an experiment which
was identical to Experiment la except for the fact that subjects were not told the number
that the computer was choosing (although they were told that the computer was choosing
the same number throughout the length of the experiment). Subjects’ behavior here was
almost identical to that observed in Experiment 1a. 8 out of 10 subjects in this
experiment acted as if they had estimated the payoff function they faced and in round 75
chose a decision number that was within two standard errors of the point estimate of the
maximum of that function. Furthermore their mean choice in round 75 was 35.5 which
again is remarkably close to the optimal choice of 37. The data relative to this
experiment are available from the authors.
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Table 3.2: Learning Results - Experiment 1b‘*

Subject Estimated Standard Extra Period |(4) - (2)| |(4) - 37|
Maximum Error Choice

1 % 46 0.6 65 19 28

2 38 20.4 45 7 8

3 % 43 8.6 100 57 63

4 * 32 7.8 77 45 40

5 % (@ _ _ _ } }

6 43 2.1 45 2 8

7 % 31 3.8 41 10 4

8 34 36.9 68 34 31

9 % 57 1.6 70 13 33
10 63 8.3 65 2 28
11 * 32 5.1 45 13 8
12 34 7.5 35 1 2
Mean 41.2 9.3 59.6 18.5 23.0

(a) Subject 5 is classified as an outlier




—14-

allow a good quadratic approximation to the true function as was true in Experiment la.°
However, unlike Experiment la, in the extra round of Experiment 1b’ subjects failed to
choose decision numbers significantly close to their estimated maxima. In short, subjects in
learn—while—you—earn one—person environments did not act as if they had learned the
shape of the payoff function they faced during the experiment and chose decision numbers
close to the maximum of these functions even when a considerable amount of money was
at stake. This is illustrated in Table 3.2 where we list the estimated maximum for each
subject in Experiment 1b’ (Column 2) along with the standard error of this estimate
(Column 3) and their choice in the extra round (Column 4). Column 5 presents the
differences between the extra—round choice and the estimated maximum. Finally, Column
6 computes such differences with respect to the optimal choice of 37.

Note first that only 5 out of the 12 subjects in Experiment 1b’ made choices in the
extra round which were within two standard errors of their estimable payoff function
maxima. (Subjects who failed this criterion have asterisks placed next to their numbers in
Table 3.2). This is in contrast to 9 out of 12 subjects in Experiment la choosing decision
numbers at the end of the experiment within two standard deviations of their estimated
maximum. The absolute mean difference between subjects’ choices in the extra round of
Experiment 1b’ and the maxima of the estimable payoff functions was 18.5. In the learn—
before—you—earn Experiment la this difference was only 9.9. Further, the mean absolute
difference between the choice of subjects in the extra round of Experiment 1b’ and the

optimal choice of 37 was 23 as opposed to 9.5 in Experiment la.” In addition, the mean

8 These claims are once again substantiated by the results of F—tests of the

hypothesis of equality of the estimated coefficients to the coefficients of the theoretical
payoff function (Table A.2 in the Appendix). The null hypothesis of equality can not be
rejected at the 5% significance level for 7 out of 12 subjects. Note that we dropped
Subject 5 who can be classified as an outlier.

¢ A Wilcoxon test on the sample of differences between these two experiments rejects
the null hypothesis that they come from the same population at the 5% significance level.
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choice of subjects in the extra round of Experiment 1b’ was 59.6 which is substantially far
from the optimum decision number of 37. (In Experiment la it was 38).

Note that in the extra round of Experiment 1b’, subjects are able, if they want to,
to avail themselves of all of the information generated in the previous 75—round learn—
while—you—earn experiment. Since there is a relatively large amount of money on the line,
we might think that subjects would take advantage of the information they previously
generated. In fact, in this extra round they have as much information as did the learn—
before—you—earn subjects in round 75 of their experiment (Experiment la) and the same
incentives to use it. The interesting thing is that, as we indicated above, they fail to use
it efficiently in learn—while—you—earn environments whereas they do not in learn—before—
you—earn environments. The explanation we propose for this anomaly is that subjects in
learn—before—you—earn environments simply did not pay attention to the data they were
generating during the experiment but rather reacted myopically on a round—-by—round basis
without taking into account the cumulative information they were obtaining. This
proposed explanation is described more fully in Fact 3.

Fact 3: Subjects in learn—while—you—earn one—person environments behave in an
adaptive manner. More precisely, they only look one period back to determine thesr
decision in any given period. Furthermore, there appears to be no change in the rule of
thumb subjects use to determine their decision over the entire length of the experiment.

To substantiate this fact we use the data generated by Experiments 1b and 1b’. To
characterize the behavior of our subjects in learn—while—you—earn one—person environments
we ran two sets of regressions. The first regression ([1]) represents a linear approximation
to the rule of thumb used by our subjects to determine their decision number. Here we
regressed the decision number chosen by a subject in each round (dec) on his or her lagged
decision numbers, lagged payoffs (pay) and lagged dummy variables (win) denoting a win

(1) or a loss {0) in the tournament. We used 1, 2, and 3 period lags. The second



regression ([2]) is aimed at characterizing the adjustment rule our subjects used to change
their choices from round to round. Here we regressed the change in decision number
chosen by subjects in consecutive rounds of the experiment (diff), on lagged values of the
same explanatory variables as above with a similar lag structure. We ran such regressions
for each individual in Experiments 1b and 1b’ and on the pooled sample obtained by
combining all individual histories of subjects in these experiments. These panel regressions
were run in order to identify behavioral regularities in the population. Also, we included
among the regressors round—specific dummy variables to differentiate the early rounds of
the experiment (dr25, defined by round =< 25) from the later ones (dr50, defined by round
> 50). The inclusion of these round dummies was motivated by an attempt to discover
whether the decision rule used by subjects changed in the later rounds of the experiment as
a result of learning. In the regressions conducted on the pooled sample we also included
among the covariates player—specific dummy variables to contrel for individual
heterogeneity.

A truly "myopic" adaptive strategy would be consistent with significant coefficients
for the one—period lagged variables but insignificant coefficients for the second and third
period lags. The presence of learning would be signalled by significant coefficients for the
round dummies. The estimates obtained for the regressions performed using the pooled
sample (1728 observations) are the following: (To economize on space we present our

results without reporting the estimated coefficients for the individual dummy variables.)

[1]  dect = a' + 0.521 % decl_, + 0.097 * dec;_, + 0.086 * decy ; +
(0.116) (0.108) (0.105)
+ 1.485 * pay,_, - 0.027 * payi_, - 0.390 * pay,_, +
(0.571) (0.524) (0.503)
- 19.384 % winl_| - 0.942 * win}_, + 4.090 * win]_, +
(6.777) (6.241) (6.018)
- 0.704 * dr25 - 0.560 * dr50, R = 0.613,

(1.012) (0.841)
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and

(2] Qiffl = o' - 0.024 * dec}_, + 0.021 * decy_, +

(0.107) (0.102)
+ 3.619 * payl_, - 0.590 * pay._, - 0.688 * pay,_, +
(0.191) (0.518) (0.493)
- 45.521 % winl_| + 5.479 % winl_, + 7.366 * win,_, +
(6.777) (6.241) (6.018)
- 0.459 % dr25 - 0.551 * dr50, R? = 0.388.
(1.025) (0.853)

The numbers in parentheses are robust (heteroskedasticity—consistent) standard errors
computed using Huber’s formula (Huber (1967)).°

These results clearly expose the "adaptive myopia" of our experimental subjects in
learn—while—you—earn one—person environments and we present them as substantiation of
Fact 3. First, note that in either regression the only coefficients that are significant at the
5% confidence level are the ones associated with one—period lagged variables. None of the
coefficients associated with two and three period lagged variables is significant at
conventional significance levels. Such findings are consistent with the idea that subjects in
these environments only look one period back to determine their decision in any given
period and react in a purely adaptive way to its outcome by increasing their choice if
either they lose the tournament or if they win with a relatively low decision number ——
i.e. they receive a "relatively high" payoff.” Furthermore, we do not find any evidence of

round heterogeneity since none of the round dummy variables in either regression have

8 This is also known as White’s method (White (1980)).

s More precisely, by looking at the coefficients in equation [1] in elasticity form, we
see that, on average, our sujects chose their decision numbers in any period by responding
to a +1% change in their decision (payoff) in the previous round of the experiment with a
+.52% (+.58%) change in their current decision number, and to a win in the tournament
with a —.41% change.
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10 This suggests that our experimental subjects do

significant coefficients attached to them.
not revise their decision rules towards the end of the experiments as a result of learning.
Finally, we find significant heterogeneity among players in the intercept terms.
Qualitatively similar results both in terms of the sign and the significance level of the
estimated coefficients emerge, however, from the regressions conducted at the individual
level.}!
3.2: Two—Person Games

As stated in the introduction, the learning problem faced by subjects in a two—
person game experiment is far more complex than in a one—person decision setting for the
simultaneous presence of stochastic and strategic uncertainty. Information gathering is a
nosier process since the actions of one’s opponent complicate the process. Faced with this
complexity we investigate exactly how subjects go about learning and what they decide to
learn about.
3.2.1: Learn—Before—You—Earn Environments

Fact 4:; Subjects in a learn—before—you—earn game environment attempt to find an
appropriate mode of behavior for themselves to follow or an appropriate rule of thumb.
They do this by treating the two—person decision problem they face as if it were a one—
person decision problem similar to a multi—arm bandit problem and limiting their choices
during the 7{ round trial period to a small set of actions which they play repeatedly in an
altempl to gather information. At the end of the ezperiment, they choose that action, from

the set they have limited themselves to, whose mean payoff was highest during these trial

runs, i.e. that action which was proven to be the best arm.

10 Similar regressions run also including round dummies for the slope coefficients

confirm this fact. No round dummies enter either regression with coefficients that are
significantly different from zero.

1 These results are available from the authors.



We substantiate Fact 4 by looking at the time series of the choices our subjects
made during the 75 rounds of Experiment 2a and their 75" round choice. We categorize a
choice as a mode if it was chosen at least 5 times during the 74 trial rounds. The claim
of Fact 4 is that subjects in this environment will simplify the task facing them by
transforming it into a multi—arm bandit problem and then by seriously investigating the
payoff properties of a small set of decision numbers (modes or arms). These decision
numbers will be used frequently during the experiment and will furnish a set of working
hypotheses for the subjects to test during the experiment to see which decision number is
best. In the 75" round of the experiment, subjects will choose one of the decision
numbers they have tested.

Fact 4 is substantiated if subjects choose one of these modal choices in round 75.
We will also check to see if their choice is "optimal"™ or at last optimal for the
transformed modal choice problem by calculating their average payoff over the number of
times they choose a modal choice and comparing it to their average payoff for choices
away from that choice. A decision number in round 75 will be optimal (or boundedly
rational with respect to the transformed problem) if its average payoff when used in the
experiment was greater than the average payoff when it was not used or when any other
mode was used.

Table 3.3 presents each of the 18 subjects in Experiment 2a (the learn—before—you—
earn two—person game) along with each decision number that was a mode of behavior for
them and the number of times it was used during the first 74 rounds. We also present
the mean payoff (and standard deviation) they received when using each of these decision

5% round

numbers as well as their mean payoff away from it. Finally we list their 7
choice along with the number of times that that decision number was used during the
experiment.

Several things are noteworthy. First, for all of the 18 subjects in this experiment

(Experiment 2a) we were able to identify at least one mode. (Note that the definition of a



Table 3.3: Modes of Behavior - Experiment 2a

Subject  Modal # of Times  Average  Standard Last Period # of Times
Choices  Chosen Payoff Deviation Choice Chosen
1 0 9 18.51 3.93 20 8
20 8 22.30 6.31
35 5 21.83 6.46
50 7 17.26 6.31
80 7 12.83 5.76
100 6 9.00 0.00
other 33 16.48 6.92
2 0 62 21.01 5.56 0 62
other 13 14.95 6.49
3 15 6 22.65 6.46 30 12
20 19 25.09 5.34
29 6 25.35 4.82
30 12 25.23 4.59
other 32 22.33 4.84
4 0 21 21.13 5.70 30 7
30 7 23.83 5.76
40 7 22.43 5.76
45 l4 21.58 5.53
50 17 21.92 4.64
other 9 14 .12 4.78
5 65 6 10.72 4.82 66 11
66 11 14.92 6.16
73 6 14.41 6.09
other 52 15.11 5.32
6 88 5 11.15 5.28 100 3
other 70 13.47 6.28
7 0 15 19.56 4 .89 0 15
5 40 22.75 5.97
25 5 20.67 6.46
other 15 18.24 6.65
8 20 15 20.33 5.76 70 12
40 7 17.37 5.76
30 15 16.13 5.76
60 11 14.29 5.95
70 12 13.30 6.16
other 30 18.74 6.07
9 0 69 20.28 5.22 15 1
other 6 19.68 5.04
10 53 5 16.30 6.46 54 6
54 6 21.20 4,82
56 7 15.98 6.31
65 8 14.65 6.31
76 5 17.45 0.00
87 5 9.14 6.46
other 39 14.73 5.03



{Table 3.3 cont’d)

Subject  Modal # of Times  Average Standard Last Period # of Times
Choices  Chosen Payoff Deviation Choice Chosen
11 43 6 23.34 4.82 54 4
57 11 11.77 3.56
other 58 17.22 6.83
12 0 20 20.74 5.55 12 9
10 14 22.06 6.06
12 9 26.09 5.20
15 10 25.01 5.70
22 5 25.67 5.28
other 17 20.61 8.51
13 0 32 20.15 5.19 0 32
10 6 18.97 4.81
40 5 18.72 6.46
60 7 21.80 0.00
70 6 19.20 0.00
other 19 17.63 4.81
14 25 8 23.32 6.11 11 2
31 10 25.90 3.73
50 5 19.28 6.46
other 52 20.49 7.48
15 0 33 18.27 3.44 23 10
2 6 17.19 0.00
23 10 18.50 4,97
100 5 6.64 5.28
other 21 13,71 5.07
16 2 6 17.19 0.00 69 2
65 5 11.11 5.28
67 5 12.94 6.46
other 59 14.73 5.26
17 30 5 27.20 0.00 30 5
89 5 10.80 5.28
other 65 18.93 6.57
18 69 6 15.54 6.09 72 5
70 9 15.27 5.90
71 5 18.92 0.00
72 5 18.63 0.00
75 8 14.80 5.46
80 7 11.14 6.31
other 35 14.59 4,46
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mode here is very strict. If we put a band around each number, the number of choices
classified as modal increases dramatically). Second, of these 18 subjects, 13 chose a modal
action in the 75" round when money was on the line. More strikingly, of these 13
subjecte 10 chose a number on round 75 that was associated with the mode of behavior
that returned them the highest average payoff during the experiment and 2 chose that
mode that was associated with the highest "normalized payoff'" (i.e. average payoff divided
by standard deviation). Note finally, that in the only payoff relevant round subject choices
seem to be far away from the unique pure strategy Nash equilibrium choice of 37. More
precisely, their mean absolute deviation from 37 was 25.7.

3.2.2: Learn— While—You—Earn Environments

As was true in our one—person experiments, the results of learn—before—you—earn
experiments differ from those of learn—while—you—earn experiments in fundamental ways.
These differences are summarized by Fact 5 below.

Fact 5: In two—person learn—while—you—earn game environmenis, subjects do not
behave in & manner comparable to learn—before—you—earn subjects. More precisely, while
they do seem to generate a substantial number of modes of behavior over the length of the
ezperiment, they do not seem to choose one of them (let alone the optimal (profit
mazimizing] mode) at the end of the ezperiment,

To support Fact 5 we look at the data generated by Experiment 2b’. Again, note
that in the extra round of such an experiment subjects have as much information as did

their counterparts in the 75"

round of the learn—before—you—earn experiment (Experiment
2a) and the same incentives to use it. To substantiate Fact 5 we repeated the same
analysis performed for Fact 4 by identifying modes of behavior from the time series of
individual choices in Experiment 2b’ and investigating their use in the extra round of this

experiment. Table 3.4 presents our results. Note that of the 10 subjects out of 12 who

identified modal choices in Experiment 2b’, only 3 chose one of them in the extra round of



Table 3.4: Modes of Behavior - Experiment 2b’

Subject  Modal # of Times  Average Standard Extra Period # of Times
Choices  Chosen Payoff Deviation Choice Chosen
1 0 29 18.01 3.04 40 12
22 8 20,66 6.11
23 5 18.50 5.28
40 12 21.87 5.81
50 7 17.26 6.31
65 11 17.33 5.51
other 3 17.00 6.20
2 30 9 23.27 5.90 0 0
39 6 20.06 6.46
40 14 19.90 6.12
45 11 19.59 6.16
50 7 20.63 5.76
other 28 22.57 4,50
3 23 9 21.38 6.22 30 9
24 8 23.42 6.11
25 7 24,38 5.76
28 6 25.47 4.82
30 9 24,58 5.20
35 5 21.83 6.46
50 7 22.31 4.46
other 24 22.36 6.07
4 22 5 23.31 6,46 67 5
45 8 19.05 6.31
67 5 12.94 6.46
other 57 15.09 6.54
5 - - - - 63 1
6 0 32 20.52 5.39 10 1
1 7 23.94 6.31
2 8 20.14 5.46
5 9 21.08 5.90
other 19 18.13 7.02
7 25 11 20.24 5.95 37 0
30 20 20.12 5.93
31 6 23.14 6.09
32 6 24.99 4.82
33 8 23.87 5.46
35 8 20.65 6.31
other 16 18.97 5.34
8 55 5 22.95 6.00 50 3
58 5 22.27 0.00
65 17 20.55 0.00
67 5 20.02 0.00
72 5 18.63 0.00
other 38 19.92 4.11



(Table 3.4 cont’'d)

Subject  Modal # of Times  Average Standard Extra Period # of Times
Choices  Chosen Payoff Deviation Choice Chosen
10 46 6 22.80 4.82 99 0
65 5 15.83 6.46
67 6 16.09 6.09
other 58 15.93 6.10
11 1 6 17.20 0.00 0 4
3 5 19.54 5.28
5 5 17.15 0.00
7 5 17.10 0.00
12 5 16.91 0.00
15 5 16.75 0.00
18 5 16.55 0.00
other 39 17.09 3.10
12 85 9 14.55 0.00 41 0
95 6 5.05 6.46
99 17 8.70 2.86
other 43 13.20 5.84
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the experiment, and only 1 chose a number in the extra round that was associated with
the mode of behavior that returned them the highest average payoff (or highest normalized
payoff) during the first 75 round of the experiment. This is in contrast to Experiment 2a
where 13 subjects chose modes in the last (payoff relevant) round, and 12 chose that mode
which returned them the highest average (or highest normalized average) payoff over the
course of the first 74 rounds of the experiment. Note finally, that in the extra round of
Experiment 2b’ subject choices seem to be far away from the unique pure strategy Nash
equilibrium choice of 37 as it was true for the last round choices in Experiment 2a. More
precisely, their mean absolute deviation from 37 was 22.7. (It was 25.7 in Experiment 2a).

The explanation we suggest for this behavioral anomaly in two—person learn—
while—you—earn environments is similar to that proposed to explain the same phenomenon
in one—person environments (see Fact 2). It is that subjects in learn—while—you—earn
two—person game environments simply did not pay attention to the data they were
generating during the experiment but rather reacted myopically on a round by round basis
without taking into account the cumulative information they obtained. This proposed
explanation is described more fully in Fact 6.

Fact 6: Subjects in learn—while—you—earn two—person environments behave in an
adaptive manner without responding to the decision choices of their opponent. Their choice
in each round is explained exclusively by their previous round choice. However, the round—
to—round differences in theses choices are ezplained by the outcomes of the previous two
rounds of the ezperiment. Furthermore, there appears to be no change in the rule of thumb
subjects use to determine their decision over the entire length of the erxperiment.

To substantiate this fact we use the data generated by Experiments 2b and 2b’.
Two similar sets of regressions were run to substantiate this fact as were run in the one—
person case; one on the levels of the decision numbers chosen, to explain the decision rule

used, and another on the round—to—round differences of these levels, to explain how
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subjects alter their previous choices as they receive new information. Here, however,
because we were dealing with a two—person game situation, we also included among the
covariates the lagged decision numbers of a subject’s opponent (opp).

The estimates obtained for the regressions performed using the pooled sample (2304
observations) are the following: (Again, to economize on space we do not report the

estimated coefficients for the individual dummy variables.)

[3] dec! = o' + 0.296 * dec'_, - 0.027 * decl_, + 0.081 * dec,_, +
t t-1 t-2 t-3
(0.094) (0.090) (0.083)

- 0.369 * pay._, - 0.808 * pay,_, + 0.102 * pay,_, +
(0.571) (0.524) (0.503)

+ 4.152 % wini_ | + 7.867 * winl_, - 2.529 * win,_, +
(5.237) (5.105) (4.802)

+ 0.016 * opp,t_1 - 0.001 # oppti,,_2 + 0.001 * opp;_3 +
(0.022) (0.022) (0.020)

+ 1.765 * dr25 + 1.016 * dr50, R® = 0.605,
(0.999) (0.866)

and

[4] diffl = o' - 0.248 * dec)_, + 0.034 * decy_, +

(0.088) (0.086)

+ 2.796 * payl_ | - 1.830 % pay._, - 0.112 * pay, _, +
(0.156) (0.425) (0.406)

- 34.545 % winl_, + 19.265 * winl_, + 0.245 * winy_, +
(1.853) (5.088) (4.979)

+ 0.000 * opp._, + 0.005 * opp._, + 0.000 * opp,_, +
(0.022) (0.023) (0.021)

+ 1.962 * dr25 + 1.317 * dr50, R® = 0.269.
(1.024) (0.891)

The numbers in parentheses are robust standard errors computed using Huber’s formula.
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As in the one—person learn—while—you—earn environment these results again expose
an "adaptive myopic" type of behavior. Despite the fact that these subjects are in a
game—theoretic situation, they fail to take account of their opponents strategy choice in
determining their behavior. None of the coefficients associated with lagged decision choices
of the opponents are in fact significant at any significance level in either regression. In
determining their decision numbers in each round, subjects tend to rely exclusively on their
previous round choice (equation [3]). In determining the changes in these choice levels,
however, subjects look one and two periods back and react in an adaptive manner
(equation [4]). They do this by increasing their choice if either they lose the tournament
or if they win with a relatively low decision number —— i.e. they receive a "relatively
high" payoff in the previous round. They also respond to their two—period lagged decision
and its outcome in the opposite way. Furthermore, we do not find any evidence of round
heterogeneity since none of the round dummy variables have significant coefficients attached
to them.’* This suggests that our experimental subjects do not revise their decision rules
towards the end of the experiments as a result of learning. Finally, we find significant
heterogeneity among players in the intercept terms. Qualitatively similar results both in
terms of the sign and the significance level of the estimated coefficients emerge, however,
from the regressions conducted at the individual level.??

The results of these regressions then support our assertions in Fact 6. They indicate
that, like in one—person learn—while—you—earn environments, subjects appear to adopt
myopic adaptive learning procedures which do not get updated as the game they are in
proceeds. This behavior is qualitatively different from the type of behavior observed in

two—person learn—before—you-earn environments.

12 . . s R . R .
Again, similar regressions run also including round dummies for the slope

coefficients confirm this fact. No round dummies enter either regression with coefficients
that are significantly different from zero at conventional significance levels.

13 These results are available from the authors.
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Section 5: Conclusion

This paper has taken a small step on what is likely to be a long road to discovering
how human beings learn when faced with one person decision problems and games. What
strikes us as interesting is the variety of ways laboratory subjects structure their learning
as the environment they are placed in changes. We have seen that learning in one person
decision problems and games are quite different and differ as we change the costs of
learning.

If economic theory is going to take account of this rich diversity of behaviors, it is
going to have to build theories that are flexible enough to move from environment to
environment or else tailor its learning theories to each specific economic institution. We
consider this paper a step in guiding theorists toward a more realistic and comprehensive
theory of learning —— one which focuses on how subjects learn (procedural rationality) as
well as whether that learning leads them to converge to particular outcomes, i.e., Nash
equilibria or first best optima (substantive rationality). It is our feeling that a complete
descriptive theory of learning and procedural rationality should be constructed first and

then the consequences of this learning model investigated for its substantive rationality.
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APPENDIX

Table A.0: Coefficients of the Theoretical Payoff Functiom

payoff function: m# = o + fe + ve® , e: effort level

a B ¥

18.94 0.079 -6.0011




Table A.1: Least-Squares Estimates of the Payoff Function - Experiment la
(Standard Errors in Parentheses)

Sub ject a a ; F-test#*
1 12.56 0.371 -0.0043 0.78
(14.10) (0.509) (0.0043)
2 17.37 0.174 -0.0025 2.06
(1.57) (0.728) (0.0007)
3 -19.57 1.505 -0.0144 2.07
(23.97) (0.863) (0.0077)
4 18.25 0.161 -0.0024 7.96
(1.20) (0.058) (0.0005)
5 19.40 0.160 -0.0029 1.82
(5.67) (0.231) (0.0021)
6 wx - - - -
7 14.22 0.373 -0.0050 1.20
(3.41) (0.173) (0.0021)
8 15.78 0.153 -0.0032 1.93
(1.99) (0.117) (0.0016)
9 20.70 0.067 -0.0018 5.64
(1.08) (0.963) (0.0006)
10 17.10 0.183 -0.0026 10.35
(1.63) (0.067) (0.0006)
11 20.24 0.131 -0.0027 2.55
(2.23) (0.116) (0.0013)
12 18.50 0.160 -0.0028 6.93
(2.19) (0.094) (0.0009)
*H,:a =18.95 , f§ =0.079 , 3 = -0.0011; F ¢ (3,72) = 2.15.

*% Subject 6 could not have estimated a quadratic payoff function.




Table A.2: Least-Squares Estimates of the Payoff Function - Experiment 1b’
(Standard Errors in Parentheses)

Sub ject a a Q F-test¥*
1 9.79 0.410 -0.0044 2.29
(10.08) (0.452) (0.0045)
2 15.67 0.244 -0.0032 0.08
(8.36) (0.427) (0.0058)
3 12.79 0.306 -0.0035 21.74
(5.24) (0.159) (0.0011)
4 18.29 0.166 -0.0026 12.61
(2.20) (0.084) (0.0007)
5 %% - - - -
6 -33.97 2.579 -0.0301 0.83
(36.93) (1.718) (0.0199)
7 18.55 0.344 -0.0055 0.84
(0.78) (0.247) (0.0037)
8 17.32 0.168 -0.0025 5.69
(11.86) (0.354) (0.0025)
9 11.27 0.304 -0.0027 0.85
(13.80) (0.545) (0.0051)
10 -12.94 0.987 -0.0078 3.27
(21.88) (0.624) (0.0044)
11 17.77 0.147 -0.0023 3.38
(0.87) (0.057) (0.0007)
12 17.98 0.192 -0.0029 8.38
(2.35) (0.101) (0.0009)
% Hy:a =18.94 , f =0.079 , y = -0.0011; F ¢,(3,72) = 2.15.

** Subject 5 chose the same decision number (0) in all 75 rounds.




Table A.3: Delta Method

payoff function: 7 = a + pe + -1e2 , e: effort level
true maximum: e* = -8/2vy
A ~ A
estimated maximum: e* = -8/2v

estimate’s standard error: o,, = ,/[(l/lt-?z)cr‘;2 - (,&/2;2)03; + ((32/2;4)0;2




