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Abstract

Two fair-division procedures that are applicable to negotiations
between two parties over multiple issues are analyzed. Both guarantee the
envy-freeness and equitability of a settlement. The first ensures that the
settlement is Pareto-optimal, but it is vulnerable to strategic manipulation,
whereas the second procedure is relatively invulnerable to manipulation,
but it is not Pareto-optimal. A combined procedure is proposed whereby
the Pareto-optimal first procedure is used unless either player selects the
strategically more robust second procedure as a default option. Possible
applications of the combined procedure are discussed and illustrated by the

Panama Canal treaty negotiations in the 1970s.



Fair Division: Pareto-Optimality Versus Strategic Robustness!

1. Introduction

A vexing problem in finding resolutions to two-party conflicts lies in
the state of bargaining theory, which is notably inapplicable to the
settlement of real-life disputes involving multiple issues. This is true
despite the attempts by a number of theorists to demonstrate the
contributions that rational-choice models have made to understanding
conflicts and prescribing solutions (Sebenius, 1992; Young, 1991; Brams,
1990; Lax and Sebenius, 1986; Raiffa, 1982).

One reason for this failure, in our opinion, has been the divorce of
bargaining theories—and, on the more applied side, “negotiation
analysis”—from theories of fair division (some exceptions are discussed in
van Damme, 1991, ch. 7). In this paper, we offer a reconciliation of these
theories by combining two fair division-procedures into a practical scheme
for resolving two-party conflicts over multiple issues.

We analyze these procedures with respect to normative criteria from
bargaining theory, including the degree to which the procedures (1) yield
settlements that are Pareto-optimal and (2) induce bargainers to be truthful,
or at least almost truthful. We also apply criteria from the theory of fair
division to these procedures, including the extent to which they produce
settlements that are (i) envy-free and (ii) equitable.

Both procedures satisfy (i) and (ii), which we will define later. The
trade-off comes between the bargaining criteria, (1) and (2): one

procedure satisfies (1), the other (2), but neither satisfies both (1) and (2).

'We gratefully acknowledge correspondence with D. Marc Kilgour on some of the issues
discussed in this paper.



Accordingly, we propose linking these procedures as follows: The
bargainers begin by trying to resolve the issues that divide them according
to what we call the Adjusted Winner procedure (AW). AW produces a
settlement that is Pareto-optimal, envy-free, and equitable with respect to
the bargainers’ announced preferences. However, because AW provides
little inducement for the bargainers to be truthful in announcing their
preferences, it may produce settlements that only appear to satisfy these
criteria because (2) is not also satisfied.

For this reason, we propose a second fair-division procedure, called
the Proportional Allocation procedure (PA), which provides a “default”
settlement should either party object to the settlement under AW. That is,
AW is implemented if either party, feeling that it was exploited under AW
because of AW'’s vulnerability to false announcements, requests PA.

Like AW, PA is envy-free and equitable; unlike AW, it is extremely
robust against false announcements in most situations, thereby inducing the
bargainers to be truthful. However, the settlement it yields is not Pareto-
optimal, so (1) is not satisfied. Nevertheless, it is substantially better for
both parties than the naive fair-division procedure of splitting every issue
fifty-fifty (how this might be done will be discussed later).

Our juxtaposition of the AW and PA procedures reverses the order in
which Keeney and Raiffa (1991) propose that settlements involving
multiple issues be negotiated. They advocate first asking the parties to
work out an “acceptable” settlement, théugh they do not specify a
procedure for doing so. Then they suggest that a third party (“contract
embellisher”’) make adjustments in the original settlement that moves it

toward Pareto-optimality (again without saying exactly how).



By contrast, we begin with a AW, which guarantees Pareto-
optimality; but if one or both parties objects because it feels it has been
exploited under AW, it can invoke PA as a default option. (We assume for
now that the parties cannot revise their point allocations if PA is used, but
we will revisit this issue later.) Knowing that truthfulness under PA is
near-optimal, regardless of the preferences of an opponent or what it
announces, both parties will presumably be truthful—both out of fear that
PA might be used and an inability to manipulate AW (more on such
practical questions later). AW, in effect, gives Pareto-optimality a chance
at the start; because both players will do worse under PA (if it comes to
that), they will be motivated to stick with AW,

Although our procedures and results differ considerably from those
of Keeney and Raiffa (1991), our framework is similar to theirs. There
are two parties and k issues (k 2 2) that need to be resolved. Each party
can quantify the relative importance of each issue to itself by distributing a
total of 100 points over the k issues. Moreover, for each issue there is a set
of unambiguously stipulated “resolution levels” which, as Keeny and Raiffa
(1991) point out, may be either finite or a continuum.

In an economic context, the problem we consider here is equivalent to
that of dividing k infinitely divisible homogeneous goods between two
consumers who value the goods differently. A homogeneous good
corresponds to our earlier “issue for which a set of unambiguous resolution
levels has been stipulated,” and infinite divisibility corresponds to the
resolution levels’ being a continuum. Thus, “player I gets 60 percent of
good i” corresponds to “issue i’s being resolved 60 percent in favor of

player I and 40 percent in favor of player I1.”



More formally, we assume that there are k goods (or issues) Gy, . . .,
Gy and two parties (player I, who is male, and player II, who is female).
Both players can independently assign points to the goods that indicate their

true values for the issue. We assume that player I's true values are ay, . . .

: K k
, ax and player II’s by, . . ., bg, where a; 20, b; 20, and 2 aj = Z b; =

i=1 i=1
100.

The a;’s and b;’s may or may not be common knowledge. In either
case, we assume that x;, ..., xx and yy, . . ., yx are the players’
announcements of their assigned points, which may or may not be truthful.
Our interest is in dividing each of the goods between the two parties so that
the resulting allocation is satisfactory, according to some—if not all—the

aforementioned criteria.

2. The Adjusted Winner (AW) Procedure
AW allocates k goods as follows. Let X be the sum of the points of
all goods that player I announces that he values more than player II. Let Y
to be the sum of the values of the goods that player II announces she values
more than player I. Assume X >Y. Next assign the goods that the players

value exactly the same to player I, and renumber them so that

(1) player I, based on his announcement, values goods Gy, . .., Gy at
least as much as player II does (i.e., xj2yifor1 £i<r).

(ii) player II, based on her announcement, values goods Gy, . . . ,
Gr+s more than player I does (i.e., y; > x; for r+1 €1 < r+s).

(i) xi/y1 <xfy2 <. .. £x/Yys



Thus, player I is initially given all goods 1 through r that he values at least
as much as player Il, and player Il is given all goods r+1 through r+s that
she values strictly more than player L.

Because x; 2 y; for 1 €1i <r, the ratios in (iii) are at least 1. Hence,
all the goods for which xj = y; come at the beginning of the list. Player I
—who, because X 2 Y, enjoys an advantage (if either player does) after the
winner-take-all assignment of goods—is helped additionally by being
assigned all goods that the players value equally, based on their
announcements.

The next step involves transferring from player I to player II as much
of Gy as is needed to achieve equity—that is, until the point totals of the
two players are equal. (Recall that equity is only apparent, not true,
because we do not assume that the players’ announcements of their point
assignments are necessarily truthful.) If apparent equity is not achieved,
even with all of Gy transferred from player I to player I, we next transfer
G2, Gs, etc. (in that order) from player I to player II. As we will prove

shortly, it is the order given by (iii) that ensures Pareto-optimality.

Example. Suppose that there are three goods for which players I
and II announce the following point assignments (the larger of the two

assignments is underscored):

Gy G2 G3
Player I's announced values 6 67 27
Player II’s announced values 5 34 61



Initially, G| and G are assigned to player I, giving him 73 of his points,
and Gj is assigned to player II, giving her 61 of her points. Hence, goods
must be transferred from player I to player II to create apparent equity.

Notice that x;/y; = 6/5 = 1.2 and x3/y, = 67/34 = 1.97. Even
transferring all of G; from player I to player II, however, still leaves
player I with an advantage (67 of his points to 66 of her points).

Let o denote the fraction of G, that will be retained by player I, with
the rest transferred from player I to player II. We choose o so that the

resulting point totals are equal:
670 =5+ 34(1-a) + 61,

which yields o = 100/101 = .99. As a consequence, player 1 ends up with
99 percent of G for a total of 66.3 of his points, whereas player II ends up
with all of G and G3 and 1 percent of G; for the same total of 66.3 of her
points.?

AW has three compelling properties, two of which are obvious by
construction and one of which is not. The properties are given by

Theorem 1 and further commented upon before the proof.

Theorem 1. AW produces an allocation of the goods, based on the

announced values, that is:

(1) Pareto-optimal: any allocation that is strictly better for one

player is strictly worse for the other;
(2) equitable: player I's valuation of his allocation is the same as

player II's valuation of her allocation;

2The reader might want to check that if the first transfer had been of G, instead G, both
players would have received 65.0 of their points and hence have fared worse.



(3) envy-free: neither player would trade his or her allocation for
that of the other.

Comment. Note that envy-freeness and equity both address the
question of whether one player believes he or she fared as well as the other
player. The difference is that envy-freeness involves a comparison based

on one’s own valuation:

Are you at least as well off with your allocation and, hence, would

not desire to trade with the other player?
Equity, on the other hand, involves an interpersonal comparison:

Is your valuation of what you received equal to the other player’s

valuation of what he or she received?

Again, what we are calling “envy-freeness” and “equity” are only apparent
if the players are not truthful. When the players are truthful—x; = a; and
yi = b; for all i—each player assuredly receives at least 50 points (based on
his or her own valuation), and each’s surplus above 50 points is the same

(based on a comparison of their different valuations).

Proof. To establish the Pareto-optimality of AW, we first prove

three claims:
Claim 1. Suppose we have an allocation wherein:

(i) Player I values G; at least as much as player II does;
(ii) Player II values G; at least as much as player I does;

(iii) Player I possesses the amount S < G;;

(iv) Player II possesses the amount T c G;.



Then if a trade of S for T yields an allocation that is better for one player,
it is worse for the other.

Proof. Assume that a and a' are player I's values of G; and G;,
respectively, and that b and b’ are player II's values of G; and G;,
respectively. Thus, a>b and a’' < b'. Let ISI| denote the fraction of G; that
S is, and let [Tl denote the fraction of G;j that T is. Assume that the trade

strictly benefits player I. Then

[what player I gets] > [what player I has],
and so
ITi@") > ISI(a).

But because b' > a' and a > b, we have

[TI(bY > ISI(b),
and so

[what player II has] > [what player II gets].
Hence, the trade is strictly worse for player II. Q.E.D.
Claim 2. Suppose we have an allocation wherein:

(i) Player I's values, G; and G;j, are a and a’, respectively;
(ii) Player II’s values, G; and G;j, are b and b', respectively;
(iii) Player I possesses the amount S c G;;
(iv) Player II possesses the amount T c G;;

(v) a'/b' < alv.

Then if a trade of S for T yields an allocation that is better for one player,

it is worse for the other.



Proof. Suppose, for contradiction, that a trade of S for T yields an
allocation that is strictly better for one player and no worse for the other.

Then we have

[what player I gets] = [what player I has],
and

[what player II gets] = [what player II has],
with at least one of the inequalities strict. Thus,

ITI(a) 2 ISlka),
and

ISi(b) = ITI(bY),

with at least one of these inequalities strict. Multiplying the first inequality
by b on both sides, and the second by a on both sides, yields

ITI(a")(b) = ISI(a)b),

and

ISIa)(b) = TI(a)(b").
Hence,

ITI(a")(b) 2 ITI(a}b"),
and so

@)b) 2 (a)b).

Moreover, this inequality is strict since one of our first two inequalities

was. Consequently, a'/b' > a/b, in contrast to (v). Q.E.D.



Claim 3. If a given allocation is not Pareto-optimal, then there are
goods G; and Gj, and sets S < G; and T < G;, such that a trade of S for T
yields an allocation that dominates the given one.

Proof. Since the given allocation is not Pareto-optimal, we can
choose disjoint sets S' and T" so that player I possesses S', player II
possesses T', and a trade of S' for T' is better for one (say, player I) and no
worse for the other. The set S', however, may not be a subset of a single
good—as we want (and will now show how to obtain)—but it certainly can
be written as the disjoint union Sy u . . . U Sy, of sets that are subsets of
single goods. Player II can now split T' into disjoint sets Ty ... U Ty
(which are not necessarily subsets of single goods) so that a trade of T; for
S; yields an allocation that is no worse for her than the given allocation.?

Because of Pareto-optimality, there must now exist at least one i so
that player I finds the allocation resulting from a trade of S; for T; strictly
preferable to the given allocation. (This also uses weak additivity of
preferences.) Recall that S; is a subset of a single good, but T; may not be.
Nevertheless, we can write T; as the disjoint union of sets which are subsets
of single goods and then proceed, as before, to obtain first a set S  S; and
then a set T < T; so that a trade of S for T is strictly better for player I and

no worse for player II. Q.E.D.

The theorem now follows easily from the three claims. Suppose that
the allocation from the scheme is not Pareto-optimal, and choose sets S

Gi and T c G;j as guaranteed to exist by claim 3. Assume player I had the

advantage in the winner-take-all-part of the scheme, so any transference of

3We assume here weak additivity of preferences. That is, if A and B are disjoint sets, and
X and Y are disjoint, and if a player thinks A is at least as large at X, and B is at least as

large as Y, then that player thinks A U B is at least as large as X U Y.

10



goods in the second step of the scheme was from player I to player II.
Since player I possesses S, he values good G; at least as much as player II
does (say, a 2 b). It now follows from claim 1 that player I values good G;
strictly more than player II does (say, a' > b'). Since player II possesses T,
she must have received it from player I in the transfer stage of AW.
However, player I still possessed part of G, so all of it was not transferred
to player II. Thus, we must have j < i and so a'/b' < a/b. This contradicts
claim 2 and completes the proof of Pareto-optimality.

Equitability is clear by construction, and envy-freeness follows from
Pareto-optimality and equitability. That is, if the allocation were not envy-
free, then both players would receive fewer than 50 points and, hence,

equal division would contradict Pareto-optimality.4 Q.E.D.

The main drawback of AW is the extent to which it fails to induce the
players to be truthful about their valuations. This is easy to illustrate, even
in the case of two goods. Suppose player I values the goods equally, and
player IT knows that he (player I) will truthfully announce the values 50-
50. Suppose player II’s true values are 70-30. What should she announce?
Assuming that announcements must be integers, the answer is 51-49, as we
will show shortly.

The result of this announcement will be an initial allocation of all of
Gy to player II (which she values at 70), and all of G5 to player I (which he
values at 50). Then there will be a transfer of only a trivial fraction

(1/101) of G to player I, since it appears that player I's initial advantage is

41t is worth noting that that if a point-allocation scheme is equitable, then either the
allocation is envy-free or a trade between the two players would yield an envy-free
allocation. That is, we never have a situation wherein one player wants to trade and the
other does not when an allocation is equitable.

11



only 51 to 50. Thereby player I will end up with a generous 70 - 0.7 =
69.3 points, but player II will realize only 50 + 0.5 = 50.5 points, based on
their true valuations.3

Player I can turn the tables on player II if he knows her values of 70-
30 and that she will announce these. If player I announces 69-31, there
will be a transfer of 39/139 of G; from player II to player I, giving player
I a total of 50 + 14.0 = 64.0 points and player II only 70 - 19.6 = 50.4
points, based on their true valuations.

Thereby one player (with complete information) can exploit another
player (without such information). On the other hand, if both players were
truthful in their announcements, there would be a transfer of 1/6 of G;
from player II (70-30) to player I (50-50), giving each player 58.3 points.

If the announced and real values are restricted to integers, then
optimal responses and Nash equilibria can easily be computed, with the
determination of an optimal response requiring only 100 comparisons, and
the testing of a potential equilibrium requiring at most 200 comparisons.
Such computations are not really needed, however, because the following
theorem and its corollary completely settle the question of optimal

responses and Nash equilibria in the integer-valued case:

Theorem 2. Assume there are two goods, G;and G, all true and
announced values are restricted to the integers, and suppose player I's
announced value of Gy is x, where x 2 50. Assume player II's true value

of G1 is b. Then player II’s optimal announced value of Gy is:

31t is easy to see that if announced values are not restricted to the integers, then there is no
optimal response for player II in this example, because the payoffs are discontinuous. That
is, if P(y) is the payoff to player II resulting from her announced value of 50 +y for Gy,
then P(y) — 70 as y — 0, but P(0) = 50.

12



x+1 if b>x
x if b=x
x-1 if bex

Example. In our earlier example, x = 50 and b = 70, so player IT’s
optimal announcement is X + 1 = 51. When the tables are turned and x =

70 and b = 50, player I's optimal announcement is x - 1 = 69,
Proof. The proof requires the following five claims:

Claim 1. Suppose player I's announced values of G; and G are x
and x', respectively, and player II's announced values are the truthful
assignments b and b, respectively. Assume x is the largest of the four
values. Then player I receives the fraction 100/(x+b) of G; and none of
G2, whereas player II receives the rest of Gy plus all of G,, which are the
same in terms of each player’s valuations.

Proof. Let o denote the fraction of G; that will be retained by

player I. The equity adjustment requires that

xa=b(l -a) + b,
SO

o= (b +b)x+b),
where b + b' = 100. Q.E.D.

Claim 2. For player 11, the announced value of x + 1 for G is
optimal among all announcements y > x.

Proof. An announcement by player II of y > x makes y larger than
any of the four values posited in claim 1. The equity adjustment now

requires that

13



yo =x(1 - a) + x/,
SO

a = 100/(x + ).

Because player II's true value of Gg is b, she retains only the fraction a of

it, or 100b/(x + y) points. This is largest when y is smallest. Q.E.D.

Claim 3. For player II, the announced value of x - 1 for G is
optimal among all announcements y < x.

Proof. If player II announces a value of y < x for Gy, then her
payoff depends on whether or not 100 - y > x. If 100 - y > x, she receives

none of G; and a fraction of G;, which gives her a payoff of
(100 - b)[100/(100 - y + 100 - x)] = (100 - b)[100/(200 - x - y)].
If 100 - y < x, then she receives a payoff of
100 - b + b1 - 100/(x + y)] = 100[1 - b/(x + y)].

Either way, player II’s payoff is maximized by choosing y as large as

possible, whichis x - 1 for y < x. Q.E.D.

Claim 4. In the case where x = 50, player II's payoff from an

announcement of x - 1 is the same as her payoff from an announcement of

X+ 1.

Proof. Trivial.

Claim 5. An announcement of x - 1 yields a higher payoff for
player II than does an announcement of x + 1 if and only if b < x.

Proof. Player II's payoff from an announcement of x - 1 is

14



(100 - b) + b[1 - 100/(2x - 1)],
whereas her payoff from an announcement of x + 1 is
100b/(2x + 1).
The former payoff is greater than the latter if and only if
100[1 - b/(2x - 1)] > 100b/(2x + 1).
Simplifying this inequality yields the following sequence of inequalities:

1-b/(2x-1)>b/(2x + 1),
(2x-1-b)/(2x-1)>b/(2x + 1),
4x2 -2x -2xb+2x-1-b>2xb-b,
4x? - 4xb > 1,
b<x - 1/4x,

b < x.
Q.E.D.

Claims 1 - 5, together with the trivial observation that truthfulness is
the best policy if player II's true values coincide with player I's announced

values, complete the proof of the theorem. Q.E.D.

Corollary 1. Assume all true and announced values are restricted to
the integers, and suppose player I's true value of G is a, where a > 50.
Assume player II's true value of G; is b, and a =2 b. Then the Nash

equilibria are the following ordered pairs of announced values by players I
and II:

15



(x+1, x) where b<x<a-l;

(a, a) where a=>b.

Example. To ensure a 2 b in our earlier example, let the 70-30
player be player I, so a = 70, and the 50-50 player be player II, so b = 50.
Then the Nash equilibria are all ordered pairs (x+1, x) for players I and II,
respectively, where 50 < x < 69. That is, the 20 pairs

(51, 50), (52, 51) ... (70, 69)

are precisely the announcements that players I and II can make such that
neither player would have an incentive to depart unilaterally from its

announcement, because it would do worse if it did.

3. The Proportional-Allocation (PA) Procedure

The PA procedure we introduce in this section comes much closer to
inducing the players to be truthful. Consider again our earlier example of
exploitation, wherein player I (50-50) announced his true valuation, and
player II (70-30)—knowing player I's allocation—optimally responded by
announcing 51-49. Thereby, player I obtained 69.3 points, compared with
the 58.3 points that truthfulness would have given her (a 17.2% increase).

Under PA, as we will show, the optimal response of player II is to be
nearly truthful, announcing 71-29 instead of 70-30. Her benefit from this
slight distortion of the truth is only in the third decimal place, gaining her
52.087 points compared to 52.083 points (less than a 0.01% increase). But
note that both players do worse, when truthful, under PA (52.1 points)
than under AW (58.3 points), so PA is not Pareto-optimal.

Later we will weigh the relative nonmanipulability of PA against the

Pareto-optimality of AW. But, as we shall argue, a clear-cut choice is not

16



necessary if we use PA as a back-up to AW should one or both of the
players think he or she is being exploited.

Although PA does not give a Pareto-optimal allocation, like AW it is
equitable—though this is by no means obvious—and envy-free. As we just
illustrated, it also comes remarkably close to inducing truthfulness, at least
in situations where no good is of either negligible or of overriding value to
a player.

PA, as its name implies, allocates goods proportionally. As before,
assume that player I announces values of xy, . . ., X, and player II
announces values of yy, .. ., yi, for goods Gy, . . ., Gx. Then player I is
allocated the fraction x;/(x; + yi) of good G;, and player II the

complementary fraction y;/(X + yj).

Example. Consider our earlier example of three goods for which

players I and II announce the following point assignments:

Gy Gy G3
Player I's announced values 6 67 27
Player II’s announced values 5 34 61

Player I is awarded 6/11 of G,, 67/101 of G5, and 27/88 of Gs, giving him
a total of 55.9 of his points. Likewise, player II receives a total of 55.9 of
her points. (Recall that AW awarded both players 66.3 points when they
were truthful, or 11.9% more than does PA in this example.) The

equitability of PA is no accident, as we next show:

Theorem 3. PA produces an allocation of the goods, based on the

announced values, that is equitable.
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