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AN ANALYSIS OF U.S. STOCK PRICE

BEHAVIOR USING WAVELETS

ABSTRACT

Using wavelets we re-examine the U.S. stock market price index for
any evidence of self-similarity or order that might be revealed at
different scales. The wavelet transform localized in time can be
used to indicate how the power of the projection of the signal onto
the kernel varies with the scale of observation. By comparing how
the local power scales vary over time much information about the
structure of the data can be obtained. Such evidence is not at all
evident from standard analyses of untransformed data, including
projections onto a Fourier basis. Wavelets can detect structures in
data that are highly localized in time and therefore non-detectable
by Fourier transforms.

The main conclusion is that while the data are clearly
complex, there seems to be some evidence of non-randomness in the
data. There is also some limited evidence of quasi-periodicity in

the occurrence of large amplitude shocks to the system.



AN ANALYSIS OF U.S8. STOCK PRICE BEHAVIOR

USING WAVELETS

Introduction

Economic and financial data make up for their relative
scarcity and the lack of control that economists traditionally have
had over their construction by the intensity with which they are
analyzed. Over the past few decades, there has been a dramatic
reversal in opinion concerning the degree of information contained
in the data and the beginning of a new approach to the analysis of
economic and financial data.

The early post war period until the eighties was characterized
by the overriding belief that macro-economic data contained a lot
of structural information that could be captured in the estimation
of systems of simultaneous equation models with a limited number of
external forcing terms driving the economic system. The models were
based on concepts of static equilibria that were perturbed to new
equilibria by external forces; the role of transients in the
adjustment process tended to be ignored. Conseguently, the
economists’ job was to estimate the appropriate parameters relating
the steady state of the system to potentially controllable forces
to ensure an economic dynamical path that was optimal, at least
approximately.

In contrast, financial data, with the exception of interest

rates, were regarded as unforecastable; current prices reflect all



current information on values so that no gains from trade could be
made with publicly available information; this was the famous
"efficient markets" hypothesis.

Both ideas were modified during the eighties. While the
"efficient markets hypothesis® still prevails in more sophisticated
form, there is some disputed, but growing, evidence that the equity
stock market is not entirely efficient and that very small, but
noticeable, profitable deviations exist at least for a time. The
opinion with economic data went the other way. The presence of
structure, at least that which can be captured in terms of systems
of simultaneous equation models driven by forcing terms, was found
to be in large part illusory. This was especially true, when
attention was focused on growth rates, or more simply on the
variation in first differences.

The "chaos revolution" of the last fifteen years has had a
dramatic impact on the modelling and understanding of many
scientific disciplines and engineering, as is illustrated in a
recent volume of papers on the applications of chaotic
phenomena, [1]. ©Of the many phenomenological implications of
nonlinear dynamics, the concepts of self-similarity and fractal
dimension have received an enormous amount of attention. The
dimension of a wide array of mathematical models and of the
realizations of actual experiments have been calculated by a
variety of methods. Of these, the Grassberger-Procaccia method has
been most popular; see for example, [2-4]. Since these original

articles, there have been a number of refinements and extensions of



the basic techniques, see for example, [5-7] and in general for an
excellent review of current thinking about the discovery of
nonlinear systems from time series, see volume 58 of Physica D,
that is dedicated to the "Interpretation of Time Series from
Nonlinear Systems".

Unfortunately, these procedures have not been of much use with
economic and financial data; see [8-12]}. The overall conclusion
with financial data using the Grassberger-Procaccia approach to
dimension calculation is that there seems to be little evidence for
an attractor in these data; this is especially true with returns in
the stock market. The conventional wisdom that stock market returns
are an example of geometric Brownian motion is supported by these
procedures. However, there are other papers in the financial
literature that indicate that at various time scales there are
aspects of the data that indicate observable differences with the
geometric Brownian motion hypothesis [13-18]. Early use of spectral
techniques in the analysis of economic and financial data
discovered the "typical spectral shape"; high power at very low
frequencies and rapidly declining thereafter, a shape that is
consonant with geometric Brownian motion [19,20]. Yet other work
that has relied on nonlinear techniques of analysis has discovered
some evidences of nonlinearity in the data[21,22].

A major difficulty with most of the previous analysis in this
area is that stationarity of the time series has been assumed and
the possible presence of highly time localized patterns in the

structure of the data has been ignored. Another major difficulty is



that dimension calculations using Grassberger-Procaccia procedures,
for example, require very large numbers of observations that are
simply not available for economic and even for financial data.
Consequently, there is a need for alternative ways to examine and
evaluate the data that do not depend on the assumption of
stationarity, that can detect singularities, and do not require
very large numbers of observations. Wavelet analysis can provide a
particular answer [23,24].

The research reported in this paper is a first, preliminary
step and is both experimental and exploratory in nature. The
objective is to examine stock market prices in the form of the
Standard and Poor’s index of market prices on the New York Stock
Exchange for evidence of self-similarity and ordered patterns at
some scales by using wavelets. In so far as this first attempt
reveals potentially interesting structure in the data, the project
will have been successful if it stimulates further research of
these data in greater depth.

We wish to emphasize for the reader the following points.

1) While we consider only one series, the stock market index,
this data set is well known, reliable, and substantial in quantity,
at least by economists’ standards.

2} The specific choice of kernel for the wavelet transform is
not important, as we argue in the next section. What is important
is whether using any kernel some order can be found. Later one can
investigate the choice of kernel to find one that is more

appropriate to the circumstances at hand.



3) For the impatient reader, the result of the exercise is
that without having to specify the economic mechanisms that are in
operation in this market, we have been able to detect the presence
of a certain amount of pattern in the data as revealed by wavelet
analysis.

Self-similarity and wavelets

The key idea of self~similarity is that the dynamical system
has no characteristic scale; the dynamical description of the
system is the same at all time and coordinate scales. A
corresponding concept is "statistical self-similarity". Statistical
self-similarity is the idea that a suitably renormalized sum of
random variables has the same distribution as that of the original
random variable. In the statistical literature this property is
referred to as the infinite divisibility of the probability
distribution; the Gaussian distribution is the most common example.

Brownian motion is an example of a self-affine process; self-
affine processes differ from self-similar processes only in that
for self-affine processes different coordinates scale at different
rates. Brownian motion, the supposed model for growth rates in
stock prices, is self-affine because if we rescale the time scale
by a factor "b"™ and we rescale the length scale by "b'2" we
reproduce the original distribution, Feder[25]. In so far as some
scholars claim that stock prices follow a geometric Brownian
motion, the case for an examination of the data for evidences of
self-similarity or self-affinity has been made.

The wavelet transform provides a useful approach to the



discovery of self-similarity, or self-affinity, in data, [23,24].
If {x(t)} denotes a sequence of observations on a signal that is
represented as a continuous function of time, the two parameter
wavelet transform T,(a,u) is an integral transform of the signal
with respect to a kernel function g(.) that is localized at the
point "u" and for which the scale is "a". More precisely, we

define:

T (a0 = o™ x(:)g($)dr, a>0 (M)

The kernel, or analyzing wavelet, g(a,u) satisfies the condition:

[80)dy = 0. @

For a given value in the domain of the signal, u,, the amplitude of
the transform T,(a,u,) is maximized when the scale "a" is of the
same order as the characteristic scale of the signal x(t)} in the
neighborhood of u,. This is an important tool for the visualization
of self-similar, or self-affine, properties of fractal and
multifractal processes [26]. Further, because the procedure enables
one to examine scale variations 1locally, that is, in the
neighborhood of u,, the usual difficulties associated with
nonstationarity of the data are not a problem. Another advantage of
the wavelet transform is that the analysis can be applied without
knowledge of the underlying mechanism that is generating the data.
More importantly, the analysis can be usefully applied if either

the data are statistically self-similar or if the sequence of



observations 1is generated by a self-similar function[27].
Holschneider([28] and Argoul[29] have shown that if a function f(x)

has the property:

%o+ A%) = | -A"“®f(x, +2) - fxp)] @)

then its wavelet transform will scale like:
T,(Ag, x+1b) ~ A"®T (a, x+b) @

In order to obtain useful estimates of the scaling parameter
"a" with reasonable error bars at conventional confidence levels,
some averaging of the wavelet transform is needed. Given the
presumed power law type of scaling indicated above it makes sense
as a first attempt to average the logarithm of the wavelet
transform. If ¥, is the point at which the wavelet transform is
being calculated, let x, denote a small interval, then equation(5)

defines the averaged wavelet transform.

x-
J‘o*T

<log|T(a,%) |> = — [ log|T,(a,s)|ds ®
X
m Xy
Ty
The same program that was applied to the stock market data and
is to be presented below was also applied to the wind tunnel
turbulence data discussed in [30]. A review of the turbulence

results is instructive as a point of comparison for the results to

be discussed in the next section.



The Empirical Results

The raw data consist of an average of daily closing prices of
a sample of five hundred stocks that are traded on the New York
Stock Exchange. The first observation is January, 3, 1928 and the
last is June, 25, 1990. The actual data analyzed were the "growth
rates", or "rates of return" that were obtained from the raw data
by taking the relative first difference; that is, the variable of

interest is:
r = t t-1 (6)

where P, is the observed average daily price for the sampled five
hundred stocks. These data are shown in Figures 1 and 2; the former
showing the raw price index and the latter the growth rates. Some
key dates are highlighted for the interest of the reader.

As explained in the previous section, we may first evaluate
the scaling relationships of the data, by examining the color plots
of the wavelet transform. Time is recorded on the horizontal axis
and the scale of the wavelet transform is recorded on the vertical
axis; the scaling range is such that each pixel represents one
observation at the top of the graph to each pixel represents 256
observations at the bottom. The length of the horizontal axis is
640 pixels, or points of the discrete time series.

The function g(a,u) used for the transform kernel is:

0, |x|22 }

g1, 0) =1 -1/2, 1s|x|<2
+1,  |x|<l
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As stated in the Introduction, a specific choice for the kernel
cannot be made because the economists’ theoretical knowledge is
insufficient for that purpose, other than to rely on the concept of
Brownian motion. The kernel defined in equation (7} can be regarded
as representing a second difference function. As a first step and
in the absence of information specifying a different kernel that in
equation (7) has been found by experience to provide a useful
general purpose kernel for the purposes at hand.

A subset of the wavelet transforms are presented in Figures 3
to 5 where the zoom level varies from 2° to 2°. Figure 3a shows the
central portion of the data, Figure 3b shows the right hand side of
Figure 3a scaled up by a factor of 2. The remaining Figures show in
turn the next higher factor scaling of the central half of the
graph at the previous lower scale level; simply stated, each
subsequent graph shows a magnification of the central half of the
previous graph by a factor of two.

At each wavelet scaling in each graph; that is, at each point
on the vertical axis, the graph shows by color coding the power of
the projection of the stock price growth rate signal onto the
wavelet transform at the indicated level of scaling. Reading across
the graph at a given value for the wavelet scaling, one sees how
the power of the projection varies across the time domain. Reading
down the graph at a given point in time, one sees how the power
varies with the scaling of the wavelet.

This set of six graphs illustrate quite clearly the degree of

self-similarity of the data. Compare, for example, the first and
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last graphs which differ substantially in the time domain involved,
the last graph covers the right third of the first graph
approximately, and in scaling, where the 1last graph is an
enlargement of the first on the order of 2°.

Figure 4a provides the clearest example of quasi-periocdic
structure in that the "peaks" that are visible in that graph occur
with a nearly constant period. An alternative way of examining
these issues is portrayed in Figure 6. In this Figure the major
"peaks" are represented by a A. As can be observed there is a
considerable degree of symmetry in the Figure over several levels
of scaling. This indicates a degree of structure that would not be
observed in random data.

The last pair of graphs represent estimates of the scaling
relationship that was mentioned in the previous section. Each of
the two graphs shows an average plot of the rate of scaling of the
power of the wavelet transform expressed as a function of the value
of the scale coefficient, "a"; this provides a sequence of power
scaling plots for a sequence of subsets of the data.

The graph shown in Figures 7a provides a benchmark by plotting
the results for 4000 observations on a set of independently and
identically distributed Gaussian random variables. Random data
scale given the formulation of the wavelets discussed in the
previous section as -0.5, that is, the power of the wavelet in
fitting the data declines at approximately the square root of the
scaling coefficient. Since with independently and identically

distributed data the wavelet transform essentially averages the
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terms in the sequence over increasingly longer ranges as a
increases, the result of square root scaling is not a surprise.

Figure 7b provides the corresponding information for the stock
price growth rates at a zoom level of three. The growth rate data
do not appear to be much different from the simulated Gaussian data
with respect to the scaling relationship. There is some indication,
however, that the rate of scaling is highest for the lowest level
of zoom and decreases as the zoom and consequently the degree of
averaging increases. There are some other subtle differences
between the stock market data scaling relationship and that for the
simulated Gaussian data. However, the relative paucity of the stock
market data cautions against the hasty acceptance of these last
differences as phenomenologically significant.

Summary and Conclusions

This has been an initial exploratory investigation into the
applicability and usefulness of wavelet analysis in the detection
of elements of self-similarity, or self-affinity, and of order in
the growth rates of stock price data. Such data have in the past
shown remarkable consistency, at least approximately, to the
hypothesis of being a random walk of some kind. Previous efforts
were impeded by the assumptions of stationarity, the presumed lack
of highly 1localized structures in the time domain, and small
numbers of observations. Our procedures do not require
stationarity, wavelets were designed to detect highly 1localized
structures in the time domain, and the daily stock market data are

very large by economists standards.
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Wavelet analysis was used to explore empirically the issue of
self-similarity and to look for patterns, possibly only at certain
scales, in these data. Although the wavelet transform itself
requires substantial amounts of data, the results are nevertheless
encouraging for those who believe that economic and financial data
do contain more information and potentially observable patterns
than has so far been discovered by more traditional means.

There is some evidence for quasi-periodicity in the occurrence
of some large amplitude shocks to the system. Self similarity is
also evident and this result leads to the conclusion that there is
a modest amount of predictability in the data. These results seenm
to be true notwithstanding the lack of clear evidence of a scaling
relationship in the data. In short, the data are something more

than the representation of geometric Brownian motion.
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Figure 1

Standard & Poor’s 500 Stock Price Index

No. Observations from Jan. 03 '28.

Figure 2

Standard & Poor’s Stock Price Growth Rate

No. Observations from Jan. 04 ’'28.

Figure 3a

Color Plot of the Power of the Wavelet Transform
of the Stock Price Growth Rate for the
Entire Period of Jan ‘28 to June '90.
Centered at June ‘56 at a Zoom Level of 5

Figure 3b

Color Plot of the Power of the Wavelet Transform
of the Stock Price Growth Rate for the Period June ‘52
to June ‘80. Centered at Oct. '72 at a Zoom Level of 4



Figure 4a

Color Plot of the Power of the Wavelet Transform
of the Stock Price Growth Rate for the Period July ‘62
to Dec. '82. Centered at Oct. '72 at a Zoom Level of 3

Figure 4b

Color Piot of the Power of the Wavelet Transform
of the Stock Price Growth Rate for the Period Aug. ‘67
to Nov. '77. Centered at Oct. ‘72 at a Zoom Level of 2

Figure ba

Color Plot of the Power of the Wavelet Transform
of the Stock Price Growth Rate for the Period April ‘70
to April '75. Centered at Oct. ‘72 at a Zoom Level of 1

Figure 5b

Color Plot of the Power of the Wavelet Transform
of the Stock Price Growth Rate for the Period July 71
to June ‘74. Centered at Oct. ‘72 at a Zoom Level of O



Figure 6

Schematic Representation of Peaks at Each Zoom Level

At each zoom level k, 2* data points are represented by each pixel.
Triangular markers indicate the position of the larger peaks, or apex
structures within each zoom level. Each row is 640 pixels long.

Figure 7a

A Relief Plot for 4,000 Observations on i.i.d. Gaissian {(0,1)
Deviates at a Zoom Level of 4.

The slope is approximately -0.5. This indicates a A
power decline which represnts an implicit averaging of noise
over a wavelet of length A.

Figure 7b

Relief Plot for 13,400 Observation on Growth Rates
for Standard & Poor’s 500 Stock Price Index at a Zoom level of 3°

* The time Period is Jan. '48 to Jan. '68. Half window size in 256.
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Figure 6
Schematic Representation of Peaks at Each Zoom Level
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At each zoom level k, 2K data points are represented by each pixel.
Triangular markers indicate the position of the larger peaks, or apex
structures within each zoom level. Each row is 640 pixels long.
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