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ABSTRACT

This paper presents a simple direct proof of Aumann and Maschler’s result that the
nucleolus is the contested-garment solution of a bankruptcy game.
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The Nucleolus is
Contested-Garment-Consistent: A Direct
Proof.

Jean-Pierre Benoit*
Department of Economics and School of Law, New York University

In a classic paper, Aumann and Maschler(1985) show that a generaliza-
tion of a Talmudic solution to a bankruptcy problem is the nucleolus of the
corresponding game. However, their proof is a subtle indirect one which pro-
ceeds via the notion of the kernel. In this paper I provide a simple direct
proof.

A bankruptcy problem is denoted (E;d), where E is the size of an estate
and d = dy,ds, ...d, are the claims of n agents on the estate, d; > 0 for all 4,
and 0 < B <" ,d; = D. Aumann and Maschler define the CG-consistent
(Contested Garment-consistent) solution to the problem (page 199). They
show that this solution is as follows, where dg = 0:

= d; dx g di 1
For Y24+ (n—k)— < EXS Z+m—k) 2 0<k<n-1
1:12 2 ,‘-:12 2
_ Tizi", 1=1,..,k
T 2 i
Ti=(E-Y' 9)/(n—k),i=k+1,.,n
: di dk-f—l k di dk
For D — Zi-i—(n—k) 5 < E<D- 2—2—+(n—k)5 nm—1>k>0
=1 i=1

Ei:%i‘, ’L:l,,k‘
Zi=di—(D-E-Yi,$)/(n—k), i=k+1,.
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The characteristic function game (N,v (S)) corresponding to the bank-
ruptcy problem is determined by:

v(S)=(E— }_ di)s

teN/S

For any imputation z and coalition S, the coalition’s ezcess is defined by:

e(z,8)=> z;—v(S)

eS8

For any imputation write down the vector of excesses S C 2V, ordered
from smallest excess to largest. The nucleolus of the game is the imputation

with the lexicographically largest such vector.

Theorem 1 (Aumann and Maschler) The CG-consistent solution of a bank-
ruptey problem 1is the nucleolus of the corresponding characteristic function
game.

Proof. Consider a coalition S and an imputation z. If £ — ¥, nNy/sdi >0
then

e(z,5) = Yies Ti — [E — Yienys di).

Since Y ;o ; = F, we can write

ez, S) = [E — DieN/s ib‘z] — [E = Yien/s di] = Yienys (di — 21).
Thus,

ifo < E— Z d; = v(S) then
iEN/S
e(z,S) = Z (d; — ). (A)

EN/S

On the other hand;

if E— Y di < 0thenv(S)=0and

i€N/S

e(x,S) = > =z | (B)

€S




i) Suppose szl 5 (n — lAc) g,f‘ <EL Z{“:l L4 (n - l%) f’%ﬂ, for some
k,0<k<n-—1
Forall: <n-—1

i) < (DE+E T,
=1 it
2 d. d, 1 d
< L —d; 5 — —d,)y =0
— (j:1( 9 ]) + 9 + 9 )+
In addition, for k < n — 2,
n— 2d d n—1
Z: +(2) = d;)y =0
j=1
Thus, from B, for any imputation  :
e(xz,i) = z,fori=1,2,...,n—1 (1)
and e(z,n) = z,, ifk<n-—2 (2)
Fori=12 ..k k<n-—1:
k_d; -\ d;
v(N/i) > (Z§+ (n—k);’“ —di)s > 0.
i=1
Thus, from A, for any imputation z:
e(x,N/i)=d; — z;, fori=1,2,... k. (3)
Finally, note that for T :
d
5 fori=1,2,. 4)

Now let 2’ be an imputation with ' # T, and let 5,1 < j < n — 1 be the
lowest index in which these two imputations differ. Consider the set of all
coalitions 7T, such that e (%, 7,) < Z;.

If v (T;) = 0 then € (Z,T,) = Sjer, T > 7; for all i € T,
Since e (Z,T;) < Ej, if i > j then i ¢ T,. (5)
Therefore, e (Z,7,.) = e (2',T,) .
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On the other hand:

Ifv (1) > 0 then e(%,T,) = Cienyz, (di — Ts) > Yienyr, %, from 4.
Since e (Z,T,) < Z; < 4, if i > j then i ¢ N/T,. (6)

Therefore, e(Z,T,) =e(2',T,).

From 5 and 6, for each excess of T less than %, there is an identical excess
of . We now show that the converse is not true.
Suppose that j < k. If z; < T;, from 1:

e(x',j):x;<§j=e(i,j).

If 2%, > T;, from 3 and recalling that T, = %j-:

d.
e(z',N/j) =dj——a:’j < EJ

=Ej:6(f,N/j).

In either case, compared to T, &' has an additional excess which is less than
T, and so 2’ is lexicographically smaller than 7.

Suppose that j > k+ 1, so that k < n—2. Then there is aj> k+1 with
x; <Z; =7Z;. From 1 and 2

e (:v’,j') = x; <Tj=e (E,j)
Again, o’ is lexicographically smaller than T. Hence, T is the nucleolus.

i1) SupposeD—( le%i (n— lAc) dﬁ;) <EL D—( le%i (n— lAc) %&) ,
for some n — 1 ZEZ 0.

Define the game (E, d) = (D — E;d), with characteristic function o (S)
and excess function €(z,S). Notice that each imputation # of this game
corresponds to an imputation x = d — Z of (E,d), and vice versa.

As before:

R _ ) Yies®: if0(S) =0
)= T S e




Notice that #(S) = (S, di — E — ZzeN/Sd) = (Tiesdi — E), , o

5(S) = (Zd— )s

€S

5(S) > 0if (Zdi—E>>0

€S

We can write:
A(fli\ S) — ZiES:’E\i if (ZiESdi - E) <0 :
’ Yienys (di — 2;) if (Xiesdi— E) >0
While for (F,d)
A _ ) Sienys(di — 2) if (Fiesdi— E) >0
¢ (d 117,N/S) B { ZieS z; if (Eies d; — E) <0
Thus, the vector of excesses associated with an imputation Z for (E , d)
equals the vector of excesses associated with an imputation z = d — Z for
(E,d); and the nucleolus T of (E‘ d) gives the nucleolus T = d — T of (E, d).
But D — ( i 1421 (n—l%)%"—l) <ELD- ( ' 1%‘ (n—lzr)%&) for
lcn~12]§>0correspondst02112+(n—k)%‘i E<2112.
(n — IAC) El%ﬂ, for k, 0 < k < n—1, so that the results of i) apply. B
COMMENTS
1) The above proof relies on prior knowledge of the nucleolus. The fol-
lowing heuristic shows that in fact the nucleolus is easy to derive.
Imagine increasing E from 0 to D. When E < min;ey d;, v(S) = 0 for all
S . Hence, from B, e(z,S) = Zle 5 T;- The smallest excess is then given by

the smallest z;, and s0 T; = = for all 7.
As E increases beyond mm,eN d;, some coalitions now have v(S) > 0.
For these coalitions e(Z,S) = Y ;en/s(ds — Ti). The smallest such excess is

(di —T;). When E = nfl for all i, T; = % = (dy — T;) = the smallest
excess. As E increases beyond n , increasing x; would cause (d; — Z;) to
fall and hence cause a drop in the smallest excess. Therefore Z; is held fixed
at %l and the other T; are increased. This continues until Zy reaches %2. At
this point increasing To would cause a drop in the second smallest excess

Ty =T =..=Tpn =2 = (dy — T,) etc...!

'Note however, that at E = 4 + % 4 (n—2) % the third smallest excess is not
necessarily %3.




The reader will observe that this heuristic bears some resemblance to Au-
mann and Maschler’s characterization of the Contested-Garment consistent
solution on page 200.

2) There is a shorter, albeit less elementary, rigorous proof than my main
proof. First, it is easy to establish rigorously that as in 1) above :

(¥) for 0 < E < n%, %, = E/n for all i, and that as E rises above n4,
T is held fixed at %l.

Now consider the “reduced game” in which player ¢ is given & (see Au-

2
mann and Maschler, p. 208). It is easily verified that this corresponds to the

bankruptcy problem (E — %l; ds,ds, ..., dn) . From the reduced game property

of the nucleolus (see Moulin(1988)), (*) applied to (E — L. dy, ds, ...,dn)immediately
implies that in theregion n% < F < 494 (n — 1) 2 in the game (F; d, dy, ds, ..., dy)

players 2,....,n split £ — 421 evenly, while 1 gets%l. Applying the same rea-

soning repeatedly to successive reduced games yields the nucleolus.
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