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1 Introduction

The variance of logarithms V7, is a widely used measure of dispersion, owing in part to its
natural link with wage determination models, its useful decomposition formula and its special
relationship with the lognormal distribution. It has figured prominently, for instance, in the
recent empirical literature on US wage inequality (e.g., Karoly, 1992, Levy and Murnane,
1992, Juhn, Murphy and Pierce, 1993, and Card and Lemieux, 1994), and is the standard
measure used in self-selection models of income distribution (e.g., Heckman and Honore,
1990). At the same time there is a longstanding view that V4, is not a proper measure of
inequality, due primarily to its clear violation of Dalton’s (1920) “principle of transfers”
and its consequent disregard for the Lorenz criterion, a ranking generally accepted as the
unambiguous arbiter of inequality comparisons.!

Further study of the relevant literature suggests that the case against the variance of
logarithms is less convincing. Cowell (1977), for example, has shown that an infinitesimal
transfer from one person to a richer person decreases the value of V1, only when both incomes
are very large (more than three times the geometric mean). Likewise, Creedy (1977, 1985)
reports an extremely low estimate of the likelihood of problematic transfers assuming that
incomes are lognormally distributed. The prevailing view among users of V4, seems to be that
these problematic cases are extremely unlikely and, in any event, are of negligible importance
since they only involve incomes in the extreme upper tail of a distribution.?

This paper reexamines the case against the variance of logarithms and offers new insights
into the extent and likelihood of its disagreement with the Lorenz criterion. Our conclusions
are strikingly different than the prevailing view. We find that disagreements between V,
and the Lorenz ordering are consistent with broad-based changes in incomes up and down
the distribution (not just at the extreme upper tail). Moreover, they can involve compar-
isons in which the Lorenz curves are widely divergent from one another, indicating that
the “Lorenz-inconsistency” of V{, is a more serious problem than suggested by the marginal
transfer analysis. In fact, one can show that the following “worst case scenerio” is possible:
Two distributions with comparable Lorenz curves may be such that the first Lorenz curve
approximates the 45% line of equality and the second approximates the L-shaped curve of
complete inequality, and yet Vi, wrongly indicates that the first is more unequal than the
second.

We next reevaluate the likelihood that V;, will produce conclusions which go against the
Lorenz criterion. Our second series of results show that the widely quoted estimate “less

1See, for example, Atkinson (1970) and Sen (1997).
2See, for example, Levy and Murnane (1992, p. 1339) who cite Cowell’s (1977) conclusions and Heckman

and Honore (1990, fn. 6) who refer to Creedy’s (1977) results. For a related discussion of this issue in the
context of measures of industrial concentration, see Sawyer (1979) and Hart (1980).



tham 1%” of the likelihood of problematic marginal transfers is considerably flawed. In
fact, standard statistical distributions fitted to US data (cf. Singh and Maddalla, 1976, and
McDonald, 1984), as well as a more recent sample drawn from the CPS, yield likelihood
estimates which range roughly from 8% to 12%. Therefore, the Lorenz inconsistency of V1,
cannot be readily dismissed as a problem which, for all practical purposes, never arises.?

2 Definitions

We focus on income distributions that can be represented as a vector x = (1, ...,z,) € R},
where n is any positive population size, and z; is the level of income of the ith individual.
Associated with x is a distribution function Fy, which, for each s, indicates the share Fy(s) of
the population receiving an income of s or below. The Lorenz curve Ly gives the cumulative
share of income Ly(p) held by the poorest cumulative share p of the population. Noting that
-

~1(p) is the income of the person whose position in the distribution is p, we see that

Lu(p) = i/pr—l(t)dt, 0<p<l
Hx Jo
defines the Lorenz curve of the distribution x, where p, is the mean of the distribution.?
We say that x Lorenz dominates y, denoted by x L y, whenever Ly(p) > Ly(p) holds for
all p € (0, 1), with strict inequality for some p. We shall concentrate exclusively here on the
case where x and y have the same population size n and the same mean u, = u, in which

case Lorenz dominance reduces to the simple partial sum condition
™ ™
E T > g Uk
k=1 k=1

for all r = 1,...,n, with a strict inequality holding for some r, where X =(%;,...,2,) is a
permutation of x such that 2; < --- < Z,, and similarly for §.

An inequality measure I is a mapping from the set of all income distributions of arbitrary
size to the reals, where I(x) denotes the level of inequality associated with the distribution x.
We say that I is Lorenz consistent if x L y implies that I(x) < I(y) for any two distributions
x and y. Two commonly used inequality measures, Gini coefficient and the coefficient of

variation, are defined as

n n

Gx) = ! ZZ |zx — ;] and CV(x) = L Z(mk — )%,

k=1 I=1 Fx k=1

3In view of our results, it is not surprising that V;, is actually observed to disagree with the Lorenz curve

analysis in a number of empirical studies; see, for instance, Creedy and Gemmell (1984).
4Formally speaking, Fic !(p) = inf,>0{Fx(s) > p}, and the Lorenz curve of x is the graph of the function

L, (Gastwirth, 1971).



respectively. On the other hand, we define Theil’s second measure as Tp(x) = In p,, — Ing,,
where gx = ([Tr-; mk)l/ " is the geometric mean of x. It is readily observed that the inequality
measures GG, CV and T are Lorenz consistent.

The variance of x is defined as V(x) = 230 | (z — p,)”, while the variance of loga-
rithms, written as Vi, is the variance applied to the distribution of log incomes. In other
words, where Inx = (Inzy, ...,Inz,), we have V,(x) = V(Inx) =1 37 (Inzy, — pyp,)2% It is
easy to see that the mean of the distribution of log incomes, p,, ., is the log of the geometric
mean. Consequently, the variance of logarithms can be expressed as

V) == 3 flan g,
k=1

where f(s,g) = (Ins —Ing)>.

3 The Problem of Lorenz Inconsistency

3.1 Preliminary Analysis

Consider any two distributions x and y for which x L y. We are interested in cases where
W.(x) > Vi(y), so that the variance of logarithms is inconsistent with the Lorenz criterion,
or equivalently AVy, = Vi,(x) — Vi(y)) > 0. In general, the change in V;, can be expressed as

1< 1
AVL == (@, 99) = fe99) + — D (F(@r,9%) = flor:9y)) (1)
k=1 k=1
when the first term is the “direct” effect holding the geometric mean fixed and the second
is the “indirect” effect via the change in the geometric mean. In the special case where x
is obtained from y by a single discrete transfer (of size 6 > 0) from a richer individual (say

person h for high) to a poorer individual (say person £ for low), this difference reduces to

AV = = ((F (e +8,9y) — £ (e, 9)) = (F (s 95) = £ s — 6,95))

* % Z (f(we(6), 9v0) — f(ur(6),95))  (2)

where the post-transfer distribution y(6) = x and its geometric mean gys) depend on é.
Finally, dividing both sides by § and letting 6 — 0, we obtain the rate at which V;, changes
as a result of a marginal transfer,

AW 1 99y 99y \ v+
lim — —;<f1(yf’9y)”f1(yh’gy)+(ayh“a_ye ;ﬁ(yk,gy) ;
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where use has been made of I’'Hospital’s rule.® Note that since > ,_; f2(y, gy) = 0, the last
term of this expression vanishes, and so

AV,

tim =2 = = (1(06.9) ~ fa(um9v) ©

describes the effect of a marginal transfer.

In the present case, where x and y have identical population sizes and means, x L y
holds if and only if x can be obtained from y by a finite number of progressive transfers
(from richer individuals to poorer ones).® Therefore, expression (1) describes the cumulative
offect of these transfers on Vi. In contrast, expression (2) corresponds to the special case
of a single progressive transfer, while expression (3) pertains to the limiting case where the
magnitude of the progressive transfer is arbitrarily small.

The final case is clearly the most tractable. Indeed, the sign of (3) depends only on the
slope of f(-,g) at y, and yx, with fi(ye, gy) < fi(yn, gy) signalling Lorenz consistency and
the reverse inequality indicating a violation. (The graph of f(-,g) is depicted in Figure 1.)

It is easy to see that f(,g) is decreasing on (0, g] and increasing on (g,00) while it is
convex on (0, eg] and concave on (eg, 0).” If y and y5 are both in (0, eg], then the convexity

of f ensures that fi(ye, 9y) < f1(Yn, gy); and if g is in (0, g] with g, in (g, o), then f, (e, 9y)

FIGURE 1

f(..9)

__—dVL((i)(;(a)) where VL(y(6)) = +(f(ye + 8 9y(5)) + f(yn —
6=0

8, 9y(8))) + 1 D okghe f(yx; 9y(5))- See Cowell (1977, p. 163).
6This is a key result in the theory of inequality measurement. See, for example, Kolm (1969), Dasgupta,

Sen and Starrett (1973), Fields and Fei (1978) or Foster (1985).
"Since fi(s,9) = 2(Ins —Ing)/s and fui(s,g) = 2(lneg — Ins)/s%, we have fi(s,g) E 0iff s E g and
fi1(s,9) 20 iff s S eg.

5 Alternatively, this rate can be found as



< 0 < fi(yn,gy), once again confirming the transfer principle. However, if both incomes lie
within (eg, 00), we obtain fi(ye, gy) > fi(yn, gy) contrary to both the transfer principle and
Lorenz consistency. Finally, the remaining case where y, is in (g, eg) and yy is in (eg, o0)
can go either way.

As an illustration, consider the distribution y = (2,5, 10, 28, 40). Since g, = 10.229 > 10
and egy, = 27.721 < 28, the only possible violation of the transfer principle due to a marginal
transfer involves the final two incomes. Indeed, fi(y4,gy) = 0.071 > 0.068 = fi(vs,gy), and
so a transfer from person 5 to person 4 increases Vi, which is a violation of the transfer
principle and hence Lorenz consistency. But how significantly can V;, disagree with the
Lorenz criterion? The marginal transfer approach is of course not suitable for addressing
this question; we should rather consider the discrete transfer case. In the context of the
example above, the question is readily answered. One can easily show that to achieve the
maximum upward shift in the Lorenz curve of y compatible with an increase in V, by means
of a single transfer, we must equalize the incomes of persons 4 and 5 (i.e. choose § = 6).
The result is that V;, rises slightly (from 1.2100 to 1.2124) while the resulting upward shift
in the Lorenz curve is modest. (See Figure 2.) Indeed, the associated transfer results in only
a 0.028 change in the Gini coefficient (which is a measure of the area, contained between the
two Lorenz curves). This is typical of examples involving a single transfer.

FIGURE 2
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3.2 A Closer Look

In practice, distributional changes are more general in structure, involving sequences of trans-
fers of varying sizes to obtain x from y. This in turn requires the analysis to be conducted in
terms of expression (1). Consider, for example, the situation depicted in Figure 3. As before,
x L y, but this time x is obtained from y by means of siz progressive transfers. Figure 3
makes it clear that the depicted Lorenz dominance is broad-based, as the curves depart for
70% of the population, and quite extensive since the area between them is very large. As
noted in Table 1, the Gini coefficient, the coefficient of variation and Theil’s second measure
strongly support the judgement of the Lorenz ranking. The Gini coefficient, in particular,
rises by almost 300% indicating that the area between the line of perfect equality and Ly is
three times larger than the area between the line of perfect equality and Ly.

TABLE 1: Ezample distributions

Distribution p G() CV() T()

x = (1,1,1,41,41,41,41,41,41,41) 29 0.29 0.40 0.77

y=(1,1,1,1,1,1,1,1,1,281) 29 0.87 839  2.80

FIGURE 3
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Yet, the Vi, declares x to be more unequal than y : Vp(x) = 2.90 > 2.86 = W (y). This
is indeed a remarkably powerful example of the Lorenz inconsistency of the variance of
logarithms.®

We will presently investigate the reason for this surprising case of inconsistency. But,
first, we note that its main point can be substantially generalized.

Proposition: For any 1 > € > 0, there exist two income distributions x and y satisfying
G(x) < € and G(y) > 1 — € for which

x Ly and VL(x)>W(y)-

Proof. See Appendix.

This proposition says that the variance of logarithms is not only Lorenz inconsistent, but it
can disagree with the Lorenz criterion in such a radical way that it misranks two distributions
which are deemed to be essentially perfectly equal and perfectly unequal by the Gini index
of inequality (and the Lorenz criterion).’ In this sense, we must conclude that there is no
limit to the disagreement between V, and the Lorenz ordering of income distributions.

Why does V1, have these unfortunate characteristics? In other words, what is the driving
force behind the above proposition? To see this, let us go back to the example we introduced
in the beginning of this subsection (see Table 1). It is easy to see that the geometric mean
rises in going from y to x, which is only natural given the fact that the geometric mean is a
Lorenz consistent equality measure for comparing distributions with fixed average income.
Now, to understand how important this change in the geometric mean is, let us look back
to (1), and note that

10 10
1

lx) -Wly) = 15 > (F(zrgy) = flyrr9y)) + % > (F(@rgx) = flan, gv))

k=1 k=1

= (2.90 —7.01) + (7.01 — 2.86).

81t is interesting to note that none of the incomes in y lie in the problematic region which is determined
by the standard marginal transfer approach. This observation underscores how misleading the conclusions

of the marginal transfer analysis can be when transfers are large.
9This proposition highlights the potentially extreme disagreement between the Lorenz criterion and V4

and not just an incompatibility between V4, and another single measure (like the Gini). Indeed, we can adapt
the proof in the appendix to show the following result for Theil’s second measure: For any ¢ > 0, there exist
two income distributions x and y satisfying T5(x) < € and T5(y) > 1/e for which x L y and Vi (x) > W.(y).



This decomposition clearly shows that while the constituent transfers decrease the variance
of log incomes evaluated at the original geometric mean, the resultant change in g raises
V1. back above its original level. In other words, the direct effect the transfers have on the
income levels of the individuals is here outweighed by their indirect effect via the geometric
mean. Consequently, this example points to variations in the geometric mean as a main
culprit in the massive disagreement between Vi, and the Lorenz criterion.

An interesting implication of this observation is that such large disagreements might be
avoided if the variation in the geometric mean stayed within certain bounds. In the case of
the above example, for instance, the effect of progressive transfers would be to decrease V4,
for the direct effect of the transfers (which agrees with the Lorenz criterion) would then be
stronger than their indirect effect on the geometric mean (which disagrees with the Lorenz
criterion). Given the definition of Theil’s second measure as T5(x) = Inpu, — Ing,, there
may well be grounds for using V;, in conjunction with 75 in practice, a point which we shall

revisit in the concluding section.

4 The Likelihood of Lorenz Inconsistency

The above analysis has documented the unusual extent to which V1, may disagree with the
Lorenz criterion. We now briefly address the related question: How likely are Vi, ’s Lorenz
inconsistencies? Put differently, the problem is to determine the likelihood of Vi, (x) > V,(y)
given x L y, or more precisely, to find the conditional probability of a reversal given that
Lorenz dominance holds. This question is, however, difficult to formulate at this level of
generality, for it is not readily evident how one can construct the joint probability distribution
over all possible income distributions. Rather than attempting to provide an exhaustive
solution to the problem at hand, therefore, we shall follow the transfer-based approach of
Creedy (1977, 1985).

Suppose that two incomes, s and ¢, are chosen at random from a given probability
distribution which is represented by the distribution function F'(-). The question we ask is
this: Given that a small transfer takes place from s to t, what is the probability, , that
the variance of logarithms will disagree with the principle of transfers? In other words, what
is the probability of the two events [AV], < 0 and s < t] and [AVL, > 0 and s > ¢]? (We
shall henceforth refer to w as the probability of reversal.) This approach, of course, ignores
the difficulties brought on by multiple transfers including the shift of the geometric mean
described above. However, it has the virtue of tractability: we can derive probabilities for
this special case.

In view of the discussion presented in the latter half of Subsection 3.1 (recall Figure
1), it is easy to obtain some bounds for 7. If both incomes s and ¢ lie above the income



level eg, then the marginal transfer will necessarily shift V4, in the wrong direction. Hence a
lower bound for 7 is (1 — F(eg))®. Analogously, we have found earlier that any time one of
the incomes was below income level g, a marginal transfer could not shift V{, in the wrong
direction. Therefore, min{s,¢} > g is a necessary condition for V;, to violate the transfer
principle, and hence, (1 — F(g))?‘ is an upper bound for w. To summarize:

(1— F(g))* > 7> (1 - F(eg))*.

The only remaining possibility is that one of the incomes, say s, lies in the range (g, eg)
while ¢ > eg, and the inequality fi (s,g) > fi(t,g) holds (recall (3)). Now f;(-,g) increases
from 0 to fi(eg, g) on (g, eg), and it decreases from fi(eg, g) to 0 on (eg, o0). Therefore, for
every s in (g,eg) there exists some h(s) in (eg, 0o) such that fi(s, g) = fi(h(s), g), and hence
fi(s,g) > fi(t, g) holds precisely when ¢ > h(s). Consequently,

7= (1— Fleg))® +2 / " (1 = F(h(w))) dF (w) (4)

provides a straightforward way of computing the probability of reversals associated with F.
Of course, a closed form solution may not be possible, in which case well-known numerical
approximation methods can be brought to bear.!’

Table 2 reports the probability of reversal 7 for the lognormal distribution, the Singh-
Maddala and the generalized beta of the second kind (beta-II), all fitted to 1970 U.S. family
income data (cf. Singh and Maddala, 1976, and McDonald, 1984), along with the respective
lower and upper bounds discussed above.!! As can be seen from this table, the likelihood
of choosing incomes associated with a problematic marginal transfer is higher than previous
results would indicate. For example, in the log-normal case, we find an 8.4% probability of
reversal as opposed to the widely quoted “less than 1%” estimate of Creedy (1977, 1985).

10The results reported below are all obtained using Mathematica® subprograms, the details of which are

available from the authors upon request.
11The density functions of the distributions of log-normal and beta-II are defined on R, as

exp [_ (Inz — )’

a‘,L.ap-—l

b2PB(p,q)(1 + (y/b)a)r+a’

1
VH,O) =
fLN(w a ) :L'a\/2—7;

572 ] and fpo(z;a,b,p,q) =

respectively, where B(p, q) is the beta function. The density of the Singh-Maddala distribution is, on the
other hand, defined as fsar(z;a,b,q) = fpa(z;a,b,1,q).

10



TABLE 2: Findings on the probability of reversal for various distributions
approximating the 1970 U.S. family income distribution

estimated lower upper
Distribution parameters™ bound T bound
Lognormal p=2.1924, ¢ = 0.6977 0.0067 0.0840 0.2661

Singh-Maddala a = 1.9652, b = 18.7288 0.0031 0.0917 0.2897
q = 2.9388

Beta-II a=5.0573, b=13.5815 0.0031 0.1014 0.3315
p=0.2961, ¢ = 0.6708

* Source: McDonald, 1984, p. 656, Table III.

The Singh-Maddala distribution (which provides a better fit to the actual 1970 family
income distribution than the lognormal) has 9.1% chance of yielding Lorenz inconsistent
transfers, while the beta-II distribution (which approximates the actual income distribution
even better) yields a 7 on the order of 10%, certainly a considerable margin of error. These
results are also robust to changes in the parameter values. Figure 4, for example, depicts the
graph of the probability of reversal as a function of V;, (i.e. o) for the lognormal distribution
where p is fixed at its 1970 level. (The thick point on the graph corresponds to the value
of 7 reported in Table 2.) As can easily be seen from this figure, the probability of reversal
exceeds 10% when V4, > 1, and monotonically approaches to its upper bound of 26.6% as V4,
increases.

One remaining question is whether these high values for 7 arise from the particular
functional forms of the probability distributions used above to approximate the actual dis-
tribution of incomes. To check this, we applied our method directly to a sample drawn from
the 1991 Current Population Survey,'? and found that the probability of reversal 7 for the
sample is even larger than the previous findings: 12.84%.

12The sample distribution consists of 13720 individuals, and excludes self-employed workers, government

officials, and certain other groups.
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FIGURE 4

0.285

In view of these results, we must conclude that, even without considering simultaneous
discrete transfers or changes in the geometric mean, the likelihood of the event that variance
of logarithms goes counter the Lorenz criterion is rather significant. In the final analysis,
it appears extremely difficult to agree with the statement that “the fact that the variance
of logarithms can violate the principle of transfers need be regarded as no more than a
curiosum.” [Creedy (1977, p. 157).]

5 Conclusion

In this paper, we have evaluated the extent and likelihood of Lorenz reversals associated
with the variance of logarithms. Our results show that extreme cases of inconsistency with
the Lorenz criterion are indeed possible and, moreover, that such reversals have a fair chance
of occuring. The conclusion to be drawn is that, except in certain special contexts,'® the
potential costs of using i, as a measure of inequality are nontrivial and, inasmuch as there
are many well-accepted Lorenz-consistent indicators of inequality available, the use of V4, is
hardly justified. Even so, there are a number of beneficial characteristics of the variance
of logarithms - such as its decomposition and its ready link with earnings equations.* To
be sure, many researchers are familiar with the measure and may continue using it for that
reason alone.. However, if one decides to employ the measure despite its potential drawbacks,
we would at least hope that it would not be the only one presented. Rather, it should be

130n special case where V, makes sense is when all distributions under consideration have the lognormal
form (e.g., Benabou, 1996, and Glomm and Ravikumar, 1992). In this case V, is Lorenz consistent, and in

fact rises ezacty when the Lorenz curve falls.
14On this, see Foster and Sen (1997) and Foster and Shneyerov (1997).
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used in conjunction with other measures, both to evaluate the robustness of conclusions and
to help identify potential Lorenz reversals (which can only occur where V;, and a Lorenz
consistent measure disagrees). In addition, as we noted above, one may get some added
insight on likely situations of reversal by monitoring changes in the geometric mean of the
distribution. Since the second Theil measure is both a Lorenz consistent measure and one
that is based on the geometric mean, it may well be a natural companion to use with V4.
We conclude on a cautionary note. Our treatment up to now seems to suggest that
the use of V1, is problematic only when it disagrees with the Lorenz criterion, and that if
reversals of this sort could be ruled out in a given situation, then its use would be entirely
proper. In fact this is not the message we are intending to send. For if a measure makes large
mistakes in cases where Lorenz curves do not cross, how can we be sure that its judgment
over the remaining cases is reasonable? This is a serious problem whether one is concerned
only with the ordering induced by Vi, or with the cardinal values upon which regression
analysis depends. For example, suppose that we find that inequality (as measured by V1)
has risen slightly in going from one distribution x to another y. Even if this change is not
itself inconsistent with the Lorenz criterion, it may be the case that its magnitude has been
dampened by the Lorenz inconsistency of V], at a nearby (unobserved) pair of distributions,
x* and y*, for which x* L y* and V;,(x*) > V,(y*). Even if the observations themselves
contain no instances of reversals, the presence of (unobserved) cases nearby may affect their
measured inequality levels. This could clearly affect empirical conclusions or at the very

least make their interpretation less clear.
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6 Appendix: Proof of the Proposition

For any integer n > 3 and any integer 1 < m < n , define

m times n—m times

B
where § = — —+ 1 for an arbitrary B > 0.!° By direct computation, we find
n —_—
mny DB m
= (2). 0
and )
L ( m B
e =3 (-3 (i (=g 1)) ©
Now define
B 2
cp(a,B)Ea(l—a)(ln(l_a+1>> forall1 >a > 0and B > 0.

Four observations about this function ¢(«, B) are in order. First, notice that an immediate
application of the ’'Hospital’s rule yields ¢(0, B) = ¢(1,B) = 0 for all B > 0. Second, we
have

(e, B) < (1 — o, B) forall%>a>0andB>0 (7)

as can be readily verified. Third,

a";%g—)= ((1—2a)1n(%+1> +B+2(O‘1B_a)>1n<1fa+1)

so that, given any B > 0, ¢ is a strictly increasing function of « on [0,1/2]. Finally, it is

clear that for any & > 1/2, there exists a B > 0 large enough to guarantee that % <0
for all o > @ and B > B. (A generic ¢(., B) is depicted in Figure 5.)

15This construction is also used in the example of Subsection 3.2, and can be interpreted as follows. The
initial distribution x%™ has n persons with 1+ B dollars. (Intuitively, each person is receiving a subsistence
level of income 1 along with a surplus B > 0.) Now suppose that all but one of the rich persons “gang up”
on the remaining person, confiscating the surplus and redistributing it evenly among themselves. Then the

1,n

resulting distribution x'" will have one person with income 1, while the remaining n — 1 persons receive

1+ ni_B—l. Repeating this process m times, we obtain a distribution x™" in which m persons receive 1 and
nB

n-—m"

n — m receive 1 + Note that each step entails several simultaneous regressive transfers, resulting in

unambiguously greater inequality and a downward shifted Lorenz curve.
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FIGURE 5
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Now pick any 0 < € < 1, and choose any 0 < a; < €. By using the last observation on ¢
noted above, we may find a By > 0 such that

(., B) is strictly decreasing on [1 — a4, 1] for all B > B;. (8)

But then, using the intermediate value theorem, we may conclude that there must exist a
1/2 < aj(B) < 1 such that

o(ay, B) = ¢(aj(B),B) for all B > B.

Moreover, by (7) and (8), we must have 1 — a; < of(B) for all B > B;. Now take any 6 <e
and define

ay(B) = max {aI(B) + E (1—ai(B)),(1—¢)+ 5} for all B > 0.

2
Clearly, 1 > as(B) > of(B) > 1 — oy (for B > By) so that, by (8), we have
o(as(B), B) < p(aj(B),B) forall B > B;. (9)
In addition, it is clear that there must exist By > 0 such that
B B
B) > —((1 — — > .
B+1a2( )_B+1(( €)+6)>1—¢€ forall B> B, (10)

We now let B = max{B;, B2} and notice that, by choosing n large enough, we may find
m; and m, such that ™' =~ @, and "% = a2(B). But then letting x = x™ ™ and using (5)

we obtain

A

B
G(x) ~ = a; <€
() B+1 '

and by letting y = x™", we find

B "
G = as(BY>1—c¢
(Y) B+1 2()

by (5) and (10). Moreover, (6) and (9) yield that
Vi(y) ~ (ea(B), B) < p(ai(B), B) = p(an, B) = Vi (x).
Finally, note that since a; < ap(B), we must have m; < my, and hence by construction,

x L y. The proof is completed by a standard continuity argument using the denseness of

rationals in the reals. O
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