1 Spectral Analysis of Bivariate Stationary Process

Definition of a Stationary Bivariate Process:
9 K, 9 €, 81 8, :::

X 1 & X ; @is bivariate stationary if and only if:
a) X 1 @, TX ; @are univariate stationary
b) ©v (X 14 X ; ¢ is afunction of (s § © only.

Let both processes be null mean.
A

©
Rll (S): E @%th f&sa
R22 (S): E@(Z,txchtsa
R (®= EgXi1tX, e,
R11(8=E X; X [¢s

SO,
R1u (8= Ry (i)
The corresponding auto- correlations are:
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similarly for %,, (=

-Rll(s) Ry (S)~
R21(8) R (8

1 — - Yoyq () Yoy (S) ~
=) 7y1(S) Yy, () .

The above are the covariance and correlation ma-
trices; there are a countable infinity of them.

RI(s) =

il - %(S) -1, maxas= 0
1= 12, %(S), symmetricins
il - %5(S) -1
but max;; () can be anywhere; %;(S) is not sym-
metric in S.

Diagram




1.1 Auto and Cross Spectra

Provided the auto and cross covariances are absolutely
summable;

l.e. provided
A

Ria®GI< 1
s il
1= 1;2
then the non-normalized spectra are:
1 X
hig(1) = — R (e ™
2
s il
For 16 jthis is the cross-spectral density function;
for 1= p we have the auto-spectral density function.

Reinterpreting this result:

By univariate stationarity:
Z

X1¢=  e®iz,(1)

i

Z
X eiudZZ(!)
i

iZ (1) are each orthogonal processes.

Substitute the definitions of X 1 @, X ; @ into the
definition for R 1, (S): 3



2 Z

R 1 (S) = e 1S 07, (1)d2,°(19g
% g%

L H Sois a function of s only by assumed station-

arity; therefore, so mustR H S:be.
LH Sis R H Stas afunction of sif, and only if :

E fz,(1)dz, (Y= 0

8161%ie j,, isadiagona matrix

Bivariate stationary processes can be represented
by orthogonal random process that that are also mu-

tually orthogonal.
y J O

N
ha()=E JI:()J |
as before. But also:
hy )= E RZ,(M)dZ,7(N)g

h (1) contains the square of the coefficients of
e jnX it

h (1) contains the product of the coefficients of
e™ inX ;cand X ; ¢

h (1) gives the contribution to total variance of
frequency 1.

h1, (1)givesthe contribution to "total covariance”

of frequency !. 4



The spectral density matrix can be related by in-
verse F T -to the covariance matrix.

1 X
hg() = 0 R (e t™
s il
1= 12
Similarly: 2
f5(1)= % hi(S)e T
s il

1.2 Various Complex Decompositions of hy; (1)

hy, (1)iscomplexingeneral, even forreal processes.
We rewrite:

e ()= ") i1 n(’)

CO-Spectrum guadrative spectrum
rea l component Imaginary component

By replacing e 1® by cos(s!) § idn(s!)in

1 X .
hyy (1)= — Ry (S)et™
X/
S
we see that



X

@O gy R ©* Ru GG9hostsh)
s il
1 X
G ()= —/ 2—[R 1 (S) iR (is)lan(s!)
s il

R )+ Ry (is)listheeven partofR 5 (S)
7[R (S iRu (i9)]is the odd part of R 1; (S);
l.e. we have separated the non-symmetric R 1; (S)
Into the sum of an even part and an odd part.
At = 0:
hy )= @ ()
 (0)=10

1.3 Polar Form Expressions

hy (T) = By (')fe’““(')
By (M=Ju ()= G+ qz12

A, (V)= tant lc;m(?))

®1 (1) > cross-amplitude spectrum
A4, (1) > phase spectrum

hy ()= E 67,0112 2()g




Let

025(1) = J1i()EH®
1= 1)
Therefore
hy (1)= B MiiM)be
E eiA1(!)iA2(!)]

Therefore
By (1)= E L, (N (PP
AlZ (!): E eiA1(!)iA2(!)]
Remember A, (1)is only defined mod 2%.

Complex coherency is a "standardization” of the
complex cross spectrum.
hy (1)

! 12 (! ) = 1
[ha (1ha (DF
and can be interpreted as the correlation coefficient
between X 19, ¥X ;g at frequency !
0 -1,() -1
1, (1) > a correlation cofficient in frequency domain
But remember, in general, !, (1)is complex.

12, (1) is invariant to linear transformations for
stationary processes only- but there can be a change
In phase relationships.

Let X ; g, TX ; g be any two time series that arg




bivariate stationary.

Let

X
€1 = aUX15u= ®B)X 1t
% i
>@2,t: b(L)Xz,tiu: B)X:t
Therefore s
i ¢
12, (1)=0 el® dé:l(!)
ig (1)=""ei" 4z, ()
Therefore
F1 (1) = _®_Ie i q;z—ﬁll 1)
B (1)= qui;i!({;rhz%t(!)
P, 0
Fo(1)=0 e" et® hy (1)
And so,
Py ( )j = P ( )j
where

Therefore,

STORELELONS

R (D, (1) °
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p Lt ei® “hl,
¢ )j — . —— 12 M)
PEMIT EiMihu@hy ()
= 220
P ()= lifand only if X 1 @is a linear trans-
form of X ; @.
Let
3 X —
X1t= Ao aj Aj <1
Fil il
Therefore
Z 3y -
X 1= Agi ™4z, (1)
i
SO, X

1Z,(M)=  Api®iz, ()

i
but this is a functional linear relationship in frequency
space, so,

Pu (!)j =1

Some Examples:

1) Uncorrelated (in time) process:




l.e.

Rlz(S): 0, S

V. ohp(1)=0, a1
V. Bp@)=10

e ®)=oq()=210, S
1 (1)=10

2) Linearly (structurally) related:
X1e= aX ¢t s
compare example above.

""ds white noise, uncorrelated with X ; ¢
therefore

R (8= aRy; (S

and
hp (P)= ahy (1)
hyy (1)= alhy (M)+ h-(1)

S0,

G ®)=ah,); qw@)=10
and

®y (P)= ahy, (1); A,()=10
therefore

hy (1)
[h11 (1)hy; (1}

SHOE
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ahzz (!)
e @) &z (1D he(D)
- ]/2 %bi%
= 1+ h"(!)

athy, (1)
If **is white noise, h~(1)is a constant.

- P

1.4 Regression with Delay- the most interesting
case

Let
X lt— aX ) -q|+ "t
therefore
Ry@©=aR, il
and as
1 X _BI
hlz(')_=/ Ry (S)et™,
s il

we get:

P i ¢
hlz(!):%4 R22 ISi IZ}GIB-

s il
&

' Z}Ifn ™)

= ge ¥

hyt (1) = athy; 1)+ he(1)



@ ()=a COSi'{}lq: har (1)
#

Note the increase
In frequency

(1) = a SnZGT 1, )

®p (1) = ah; (1)
Ap (1) = !l

Particularly important!

A time delay = > phase spectrum is a linear func-
tion of frequency and the slope is the magnitude of
the delay.

A generalization of this is to consider for any phase
spectrum: )
A, (0
a0)= i dlz,( )
Is known as the "envelope, groub delay.”

1.5 A More Complex Example with Feedback Loop
(Like a cob web cycle)

X)¢= aX ]FEH}"' "t XK1= 1Kot ¢
%

Note delay 1



"« tare independent white noise processes with
spectral densities:

()= 77 hy()= 5
Let us use the orthogonal components approach.
12, (V)= aei®jz , (1) + d7 (1)
12, ()= gz, ()+dz-(1)

Solve fordZ {,dZ ,:
-y adz-(1)
110 ey
ae %4z - (1)+ dz (1)
L+ akeit)

1z, (1)=
Use the result that:
ha(') = J2i(1)]
1= 1)
2 3

%2 %2,

-4 2% 2%
hll(!) _(1"' am..l)j

£ -
hyy (1) = et %
CEIT O fue apii)j
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— Y%
hlZ (!)_ 114_ atEii!)j

—i1+ abaii!q;T = 1+ a'b + 2abcos(1)

%+ D%
| =
h11 () 1Y, (1+ alb + ZabCOS(!))

az 3/42, + 3/42

hzz (') = 7Y, (1+ alb + ZabCOS(!))

o ae 1My g bk
hp (Y) = 2% (1 + allb + 2abcos(!))

a%t cos(1) § b
2% L+ alb + 2abcos(1))

G @)-=

a¥%: an(!)
2% (L+ alb + 2abcos(1))

(1) =

14



