1 Some Notes On Continuity And Differentiability

1.1 Lebesgue Decomposition Theorem

Any probability distribution function, F (X), may be writ-
ten in the form:
FO)= 0F(X)+ ®,F (X)+ @3F3(X)

"®1,®2,®3g! 0 -®; -1, ®+®, + ®z=1

F1 (X) is absolutely continuous; i.e. is continuous
everywhere, differentiable for almost all x.

F, (X) is a step function with at most a countable
Infinity of jumps- type | discontinuities.

F3(X) is a singular function, that is, is continuous
and has a zero derivative a2 :

1.2 Stochastic Limit Operations

The idea of this addendum is to indicate the extension
of the ideas of continuity and differentiation to stochas-
tic processes.

In the following, the preferred definition of con-
vergence is “mean square” as opposed to almost cer-
tain convergence or convergence in probability.

Def: U,u,... a sequence of rvs:

fug;. , . converges in mean square to a random
variable uif and only if O

ME Uiy =0
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which is written:
Jm y=u
i
This is a convergence in 2nd. moments.

1.2.1 Stochastic Continuity

X @is stochastically continuous at €= & if and only
If:

t'intx ®=X (®)
that is, iIf and only i{,:.. O

_ ) _
JME X@iX ®) =t
1.2.2 An Implication

If X (®gis stationary with variance % and a xcF=% (),
then X (€@ is stochastically continuous if and only if

Jn i (i )= 1
Note: this is a functional limit in the usual sense.
Pyoof: O
E X (@iX (®) = varX (§)+ var(X (K))
il ovX (0.X ()
= 51 iR (Ei B)]
l.e. we require % (¢,) to be continuous at ¢ = 0 in the
ordinary sense. 5



Example- to illustrate that this definition depends
heavily on taking “averages.”

Let ¥X (g be a signal with only two values 1,19
that occur at instants of time according to a Poissun
process with parameter ©.

Diagram

()= P (i2°ED
so % (¢)is continuous at¢, = 0. The process is still sto-
chastically continuous in that the “average process”

Involves “nearby points” that are perfectly correlated.

1.2.3 Stochastic Differentiability

X (09 is stochastically differentiable at €= €, with
derivative X_(q) if and only if: %,

I5im - X (6 hh) X (®)" _ = X (%)

h! 0



But for&he I:-1m -to exist, we need:

)
- =)
i E X(t+h)|><(t)ix_(t) .

hi 0 h
IS true if and onIy('f:

)
e XEE D)X (®)°

hi 0 h

exists.

23/“*(1 i%0))

i.e.p()! 1atI%§1$tasfastash2' 0
lL.e. 2 (h) >0 e

We can gain more insight:
Let
%l = 1

L@ i%G) - : () i %09 i F0) i k(ihg”
h h

which is a 2nd. order difference.

The limit of the expression is:
X))
If % (0) exists, % (¢,) exists for all ¢.
In short, X_(® exists if and only if % (¢ ) exists.



If X_(© exists:
o X (900 ! 8t
oV x_(1) X_(t <,) = §U Q)

)
Y0
Is the a xcfF-for X—(1).
Example: Random signal with Poissun arrivals
2@)= e (il°ED:
Y2 (¢) is continuous, but not differentiable at ¢ = 0.
So this process is stochastically differentiable.

Let us consider the derivatives of the a xCfF:
Let EfX (©g= 0 for simplicity

WH)= E B (X (& ¢)g.
If X_(Q exists, we can differentiate with respect to

or

= @)

‘.
@ A
whe) = E S OXL(E o)y
= E X (€i)X(P
by stationarity.
Differentiate again: © a

k()= IE XL(ti )X
or %k () is the a xovF:for X (9
n(0)=10



by the symmetry of % (¢).

(Saved under a:,v: CtntyDiff)



