In Aghion-Howitt book, page 57:
Poisson Process modeled as:
Cumulative distr. for event before T
F(T)=1-e*#
f(T) = pe " (Density)
g(X) = prob. that x events occurs in theAinteval

(uA) e
X!




Final product:
y=Ax* a<l

pr = Awr(X)* "

because intermediate good price Is its
marginal product in final good production.

Intermediate product:

Uses one unit of labor to produce one unit
of x with a linear technology x = Ly, so:

T = PeX—WiX = Ara(Xt)” — WX
Xt = Arg max{Ata(Xt)“ — WtXt}
a’AxEl = w, WiXe A

o Xg®

= o AXY;

1

X = | - >1azx(a)); where o = X
| ((%:) | A

T = AwaX* — WX = (a7t — DWiXy

If a = 1, % = 0, no profits.



WiXi = aZAtX{”
T = (a‘l — 1)WtXt = At(a‘l — 1)0(2X'([x
= Aot - 1)( )(xt(a)t)) = Adti(r)

NOTE X(w¢),7i(w¢) are decreasmg N o :
Tt = At(a‘l )—Xt(a)t)

= Aa = 1)(a) T (@) @



1. Distributional Assumption: If n persons
do research, probabilty density function of
an invention at time zis given by the
density

f(z) = (An)e"Wnr

with cdf, for probability of an invention by
time 7 :

F(r) = 1— e (nr
F(0) = 0, F(x0) = 1

2. Profits if firm survives until T, when new
Invention arrives:

.
I re'sds = L (1-e™)
0



3.Expected value of firm is discounted
profits summed over survival probabilties
to each T (that is by probabilities that
there is an invention exactly at T, given by
the density function above):

o 00 T
V=] (et j reSdsdT

:_ “(An)e nT( L (1— e T))dT

0
V = %( [ (n)e- T (1 — e—rT)dT)

T
I

(AN)eMTdT — j (An)e—(r””)TdT)

(s
_ %((m 1) - (0+ r+)m)>
(1-

T
'

r+)Ln) N ?(r+)m> = Tom




4. Therefore, the expected value of a firm:

_ T
I+ An
r+An)V=r
'V =rmn—-(An)V



Labor is divided between research and
production

L = Nt + X

Arbitrage across labor markets for
research and manufacturing (assuming
Ai1 = YA: because improvements in
technology are by a factor y) :Now if tis
the time between innovations,

I\/Iaxnt NiAVi1 — Wiy erIdS



Wi = AV, o = %: = ALtVtJrl
Vi1 = Tl — Np1AVia
Vi — 41 _ (05_1 — 1)W1 X1
t+1 — —
[+ Ngq A I+ N A
_ A BN ACES 1)a?AraXfi
Ot = At Vi = At ( F + N A
7/(05_1 o 1)052)(&1
Dt =
I + N A
) 1205
y(a™ - 1)052(#)
. i)
I + N A



So dynamics in w and n :

Wt = 2 ’}/ﬂ(a)ﬂ'l)
I + Ne1 A

L = n¢ +)~(t(a)t)

Steady State (n,) IS unique (draw):

_ L yr(@w1) . dn
r+nt+1ﬂ,—l o1 : %<O
L = n¢ +)~(t(a)t); g—g >0
- r + (L — Xi(@ww1))A
o - LMoo

(r + (L — (a?) s (0t+1) 1 )/l)&)t
= Ay(@t = 1)(a) T (0na)

2 1

<r n <|_ —(a) Ha)ﬂ)A)a) = Ay(at = 1)(a) v (o




Local dynamics:
(r + (L — X(w))A)dwt — X' (0) Aodwi

' (0)dwow1 = pr

() + 2@ g, - €+ LoDt

_ | _(r+ (L =X@))A)
G0 = [ i () + X (0) o }dwt

(r+~(/L—>~<(ai)/)/1) < 0.
Ay (w)+X (@)

Oscillatory since
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Evaluated at SS:

# = (@t -1)(@) 7 (@)«
70) = 227 (454 @ (@)
— _(a) = (a)) T <0

and
g2\ Te
<~ (&)
X(w) = (O{Z) = 0, 1
X' (w) = rll(az) it <0
(r + (L - Xi(0r1))2) = 2LE261)
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Ayt (@) + X (0)Aw

Aym(@t1)
Wt

2—a

—(a)l— (a))al/ly+ — (az)laa)“l/la) ‘
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Determinacy:

Since w Is not a predetermined variable,
for determinacy we need-%*+ < —1, or
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(at-1) > (

(1-a)y T

Y
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Determinacy
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Determinacy region for « to the left of the

Intersection.
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Do comparative statics. At steady state
7=(al-Dox=L=%eyx = %w(L—ﬁ)

o
~ 1_a _I\
@) yEreL - h)
r + NA r + NA
1« A
_ 7/ o (L_n). dn
1=2 r+n. ' da <0

1. n decreases with the elasticty of
demand («) faced by monopolist: lower
profits, less innovation.

2. Lower r, and higher L,y or A increases
discounted stream of profits, and cause an
Increase in n.
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Growth:
Vit = AtXa = At(L — n)“
yt+1 — At+1Xa — At+1(|— — n)a

Yira = YVt
since Ai1 = YAt where tto t + 1 reflects the
random time between innovations and

gives rise to a discrete jump in productivity
and output- a quality ladder. Taking logs:

Ny =nyr+iny

Log output increases by steps of y.
Converting to real time, between 7 and
7+ 1, we get ¢(r) innovations, with ¢(7) Is
distributed with Poisson parameter An. So,

Eny(z+1)—-Iny(r) =An{iny

where the LHS Is the average growth rate
g = An (n y. This is a random walk with
drift, and leads to divergence.
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Convergence:
Assume world grows at average rate g.
A = et
Between 7 and 7 + dr,assume
A = F(At,egt), F1 >0 F>>0

so F;1 > O implies domestic spillovers,
F> > O implies international spillovers.
F(A, A)=7A, v>1

which means there are only domestic
spillovers. This implies,since

F(A;, A7) > F(A;, A;) = vAr

F(A:, A7)
A, 7
If A, < A . country whose average
productivity is low will grow faster. Without
it, you have random walk with drift:
(N Y1 = (N yu1 + 0Ny, so divergence. Not
too deep in terms of technology diffusion!
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Welfare

7 IS time. t Is the number of innovations,
r(t,7) Is the probability that there are
exactly t innovations time O up to 7.
Expected Welfare U is

U = j: e ""y(r)dr = j: e’ (g ﬂ(t,T)At(Xt)a>dT

The distribution for the Poisson process is

t
(M,:lf) e’ Erx(t,r) = Ant

Remembering that
Ai = ytAo, Xt = L — nt,and

P Z (y trl‘f) _ einmrgrin _ g(l-y)ine
t=0 '

r(t,7) =

we have

Ao(L — n)”
r—An(y — 1)
and U'(n*) = 0implies:

Un) =
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—oAo(L —N)(r —An(y — 1))
+Ao(L —nN)*A(y — 1)

(r—An(y - 1))
1 - My —Da (L -n*)
= An*(y -1

SO g* = An*ln y
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Note under laissez-faire ((x) above)
Ava~t(1—a)(L-N)

1= r + AN

Instead of
_ My -Da(L-n*)
- r—An*(y-1)

1. Social discount rates are
r—An*(y—1) <r, notr+ An > r. This
reflects positive effect of innovations on
future productivity, or spillover effect:
under-laissez faire too little research.

2. (1- o) that appears in the private case
reflects the distortion from the monopoly
market, where output is curtailed.
Appropriability effect: too little research
under-laissez faire .

3. (y — 1) instead of y in the numerator
reflects the internalization of the business
stealing effect (obsolescence) by the social
planner. Too much research under-laissez

1
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faire: business stealing effect.

21



Charles | Jones, "Time Series Tests of

Endogenous Growth Models;" QJE, v. 110,
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Scientists and Engineers Engaged in R&D (1000s)

Source. NSF Science and Engineering Indicators 1989 and Bureau of the
Census (various).
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FIGURE V

Aggregate Total Factor Productivity Growth
Source. OECD Department of Economics and Statistics Analytic Database.
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