OLG
Max U(co(t),c1(t+1))

S.T. (eo—co(t))p: = (c1(t+1)—e1)
FOC:

Uo(Co(t),Cl(l‘+ l)) _
Ur(co(t),c1(t+1)) P

Uo(co(?),c1(¢+1)) \
(co - co®) GRLDCLD) — ca(r+ 1) - e
Market Clearing:

co(t) +c1(t) = eg + e1

eog —co(t) = c1(t) — e
Equilibrium:

Uo(co(t),e0 + (e1 —co(t+1)))
@O_%U»<Ch@d0£o+@1—m0+1ﬂ)>

= (eo — Co(t+ 1))




= Clagsical
Case

Samuelson
Case




Under some assumptions, this is a first order

difference equation:
Note: if
Ulco®),c,(t+1))= Vicot)+W(c.(t+ 1)),

then

(CoO)—en) V' (cot))= W (ci(t+ 1)) (er—c:(t+ 1))
If (cot)—€0)> 0 (implying (ei—c:1(t+1))> 0) RHS is large for small
positive c,(t + 1) and decreasing, so that by the implicit function
theorem, c.(¢ + 1) = F(co®)). Similar argument if utility is
homothetic, that is U,/U, is a decreasing function of (c./c,).



Lety = 1, that is Population growth is zero.

i
! ¥
} \=— inteasible
. e
Classical Case
i
z
£
1
. B




\ Samuelson Case




Steady States:
1. Autarkic, (eg — co) = 0;
2. Trading p = ( Yoleocoterco) )y _ 1 golden rule.

U1(co,eo+e1—co)

TRY
1. U= aco-blco)?+ca
a,b >0, (eg,e1)=0Ow), w> %.
Try a =4,2,1.5
1-a
2. U= Aco + D) + c1,
l-a

a>0,a+1 A,b>0;
Let co—eg>0. Try A =51, a=>5.1
OLG WITH GOVERNMENT
Max V(co(t)) +c1(t+1)
S.T.
eo+e1—g = co(t) +c1(t)
ci1(t)—e1 =eo—co(t)—g
(eo —co(t+1) —g) = Vol(co(?))(eo — co(?))
x(t+1) =x(1)Voleo —x(1)) + g

Does an increase in governement expenditures and
taxes increase or decrease savings?



Try interpretation with money:
m: = pi(eo — co(t))
rimg + prie1 = pua(c1(t+1))

;ff (eo —co(?)) = (c1(t+1) —e1)

Max U(co(t),el + ]’;flt (eo —CO(f))>
rpe  Ugleo(t),c1(t+1))
P+l Ui(co(t),c1(t+1))

_ Uo(co(?t),c1(t+1))
€ —Cl(l‘+ l) = Ul(Co(t),Cl(l‘+ 1)) (eo —Co(t))

_ Ing Ml
M1 Uo(eo 3 1)( )

p 1 m; My
" Ul (80 - P Di +i )
Trading Autarkic
Samuelsonian  Unstable,PO | Stable, Not PO
Classical Stable,Not PO | Unstable, Not PO
p=1leo+co p+1 e =co




DIAMOND

Max (1 — B)ln co + pln (w—co)(1+R)
FOC
1-p p

Co W — Co

(L-B)w—co) = Bco; (W—co) = pw
fk) =k + (1 -8k

hp = DY~ By B gyke

1+n 1+n 1+n
SS (Why only one?)

- (B2

1+n

1
- (M)
Golden Rule:
(L+n)kp1 = k) + (A —-0)k: — ¢,
ci = (k)" + (A —-0)k: — (A +n)kpa
c'=ak*t—(@6+n)=0

k= (@ L(5 +n)) et




Note possible inefficiency
(ak* does not contain 6 ):

aket = a( /3((11+_n03) ) > (5 +n)

7( _ (ﬂ(l_a) ) e 2 (a—1(5+n)) ail —

1+n

Stability of SS

dkt+1 _ aﬂ(l _ a) ka—l
dkt 1+n

-1
() () <
Simple OLG:
ki1 = S(r(k:), w(k;))
dki1  1—s,7 >0

dk; w'

s,w >0 7 <0
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OLG with endogenous labor, consumption in
second period:

Max U(WthRH_l) — V(L[)
FOC and Dynamics:
U/(W(kt,Lt),LtR(kHl,Lt+1))W(kt;Lt)R(kHl,LHl)

= V'(L+)

ki1 = W(kt,Lr)Lt
These are two difference equations in (k;,L;).

Simplify by assuming log utility:
Max (1 — ﬂ)@n(l — Lt) + ﬁ@l’l(L;Wth)

FOC
1-8 _B.

=1, L, =P
Production (note change in exponents of Prod.
fn):Golden Rule

Maxy c(k) = KB+ (1 -0k -k
§=(1-a)k™pe
k=87 (1-a)7p
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Dynamics
ki1 = will; = a(kt)l_aﬂa

Steady State
k=(ap")7 =avp
Stability
dkn1 _ N %Rae — 1 _
ak a(l-a)tk) B l-a<1

Note: With log utility, dimension is reduced by 1.

OLG with Money

Max U(c1) — V(L)
S.T.

ki1t + Mp1Qr = wely

il = Rerkpr + Mp10sa
FOC and dynamics
Rt+1WtU/(Rt+1WtLt) = V/(Lt)
ki1 + My10r = wely

Qt+1 — Rt+1Qt
These are three difference equations in (L, k, Q)

Note that there are two steady states, with O = 0
and with O + 0, R = 1 (golden rule).
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Simplify with Log Utility and
F=Fk"B%+(1-68)k ThenL = p.
Dynamics:

ki1 = alk) B — M1 0;
Qt+l — Rt+th

At golden rule steady state:
R(kB) =0-a)(k) B =1
k=Q0-a)7p
Note that QO 2 0 since:
k = a(l%} 1_a,8“ - MO
a(l%} Hxﬂ“ = a((l - a)%,B> 1_aﬂ“

- (1 )a-wpz a-0tp-i
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YAAR]
Utility

T
Aﬂmdgjoaakﬂdﬂyﬁ

Wealth is accumulated savings, on which interest is
earned:

S(t) = j ; eITJ(X)dx(Wl(T ) —c(7))dr

where m(r) Is earnings, c¢(z) iIs consumption, and
j(r) Is the interest rate and S(7") > 0.

s-jo ] ST 2y — ey + ) - )

= j()S() + m(t) — c(¥)
c(t) = j(®)S(t) + m(t) — S(t)
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So
Maxs.) j Z a(t)glj(®)S(t) + m(¢t) — S(t)]dt
ST

[l ey~ oy =

Maxs, [ aOgl@S@) +m(o) - 500
Use calculus of variations:
F(8,8,1) = a()glj®)S(t) + m(r) = S(1)]
Fs = ag’j = —o'cg’ —ag”c‘ = Fq

Hj— (J— )
g )@—%

Note: if ¢ = e, 2 = —¢.
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Random Death
T € [0,T]; Density: n(t) >0

T
j 2(0)dt = 1
0

Define

Qf) = fﬂ(t)dt - 1(1) = g((g

n:(t) Is the conditional density of z(z) given that
death must occur in [z, T]. So Q(z) is the probability

that death occurs after ¢, or the probaility of being
alive at t.

Utility: _
EV = j Zn(t) _f ; a(t)g(c(t))drdt

Utility mass up to r multiplied by probability of being
alive until ¢ (dying at ¢)). Let a(¢)g(c(t)) = f(¢). Let

| fi9) = Foy - Fo)
Then
EV = j Zn(t)(F(t) _ F(0))d!

Now integrate by parts
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(u = (F() - FQ0)), dv =n()) :
(1-QW)F@) -FO)) |§ - jOT(l — Q(1))f(0)dt

_ T T
— F(T) - F(0) - j Syt + j Qe

= F(T) - F(0) — F(T) + F(0) + j OTQ(t)f(t)dt
So
T
EV = j Q)a(Dgle(D)dr

So
F(S,8,1) = Q)a()g(c())
Fs = Q@)agj = -Q()a(t)g - Q@)ag — Q)ag'¢ = F

=g (. a4 QO
¢ = gl/(]+g+g(t)>

T .
Qt) = j r()dt; Q@) = —n(t)

But

Q@)  -n()
oo - aun "~

So
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¢ = _g%/ <j+%—ﬂ';(t)>

So the discount rate can be interpreted as
<7Tt(f) — %} . the standard discount rate (—<

plus an adjusment for the possibility of death
(hazard rate) at «.
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