General Dynamic Programming Problem:

V(x) zj\lcax %(c+n)“ + pVla(x—bc—-d)) a>1 aec (-»01l], n>0

FOC
M(c+n)** = BabV'(a(x — bc - d))
V'(x) = BaV'(a(x — bc —d)) = %(c+ )t
Vi(a(x —bc—d)) = %(c(-) + )t
M(c+m)** = BaM(c(+) +n)“™
Let: ¢ = Ax + u. Then FOC:
(Ax+ u+m)** = Ba[Aax(1 — Ab) + u(1 — Aba) — Aad +n]**
(Ax + u+1) = (Ba) =T [Aax(1 - 2b) + u(L — Aba) — Aad + 1]

Equating coeff for x:

1=pBetaet(l-Ab)

Let K=(ﬁa“)ﬁ: then A= 1-K

Equate constant terms:

p+n = (Ba)T [(1 - Aba)u— Aad + 1]
“1(1-abr) | = (@)= - 1)n—(ap) " Aad

u[ 1~ (ap)



@rr-1 _ __ ad@p)e
1—(@f)et(l—abl)  1-(aB)=i(l—-abl)
= (1-Ka)yn (1-K)ad

<follows from bA =1 —K>

a-1 (a—1)b
Therefore:
c=Ax+U
P 1-K _ 1—algaﬁlia
b b
= A-Ka)n  pad
a—1 a—1

Value Function: a*MA(x + aQ)*

a IMA(x +a0)* = a*M(c+n)* + BatMA(a(x — bc — d) + a0)*
Solve for A, Q. From: V'(x) = BaV'(a(x — bc —d)) = L (c+n)*™*
c+n= (Aﬂab)ﬁa(x—bc—d+ 0)
c+n=(Ab)eTKL(x—bc—d+ Q)

c(1+ b))k ) = (b)a K )x+ ((4b) 7K1 )(Q-d) -1

1

(4pya k) (Ap)= k) (Q-d)-n
1 X+ 1
1+ ((4b)=K) 1+ ((4b)=K™)
= Ax+ u

C:

Equating and solving, first for A,and then for u :



n(l-4)
+ 1 +d

A= (£55)" v

0

0= 43S e (o o 25551 ]

Ue) = a*M(c+n)*
c=M+p A=@A-K)b1

_ e (1-Ka)  jad
K=avepre p="mp =41

Special case of n = d = 0. (Solved for any A)
Note that this implies that u = 0.
Value Function: V(x) = a1 MAx®

a IMAx® = a*Mc* + Ba—*MA(a(x — bc))*®
Ax®* = (Ax)* + BA(ax(1 - bA))*
A = 2% + BAa®(1 - bA)"

_ A%
4= A B @)™

o A% a
Vx) = “1M( A= Pa*(L—bA)" >)

Note that maximizing 4 wrt A yields:




ar® (1 - Ba*(1—bA)*) ™t = A¢(1 - Ba®(1 - bA)*) 2afa’b(1 — bA)*:
(1 - Ba*(1—bA)*) = AbBa®(1— bA)**
1= Ba*(1-bL)* T (Ab+1-bA)
1-Ab = (Ba®) =t
A = (1-(ﬁaa)£1)b—1

Cooperative solution with two agents, and equal
consumptions
General case

- 4 (S5 T (i oo o]

V(x) =Max a *M(c+n)* + BV(a(x — 2¢))
Note,d = 0,6 = 2 :
_atm ((A-KKN\* 24 14K\, 7
V) = 7 ( 11K ) [x+<1—K>“+“ 1-K ”]
B ~ (1-Ka)
2 2 =T
If in addition n = 0,

Mx) = 4+ 4%4(5%;§%¥5)m4xa

For the logarithmic utility case (¢ = n = 0) :



MNE-2 Players

V(x) =Max a*M(c+n)*+ BV(a(x — Aax — 12 —c))

L2

Vix) =Max a*M(c+n)* + ﬂV(d(l _ lz)(x -1 c

Soleta=d(l-212), d= 1
1!—132 ! b = 1_—1121 K :(d(l _ 12)) 1-a B l-a
General case

_12

1-42

))

1 = A (B05Y e (g s (B s ]

V(x)—M(l—lz)< SIS )H
o Q-1 +x-1

ap L-A)t+x-1
(“((1—@(1—12))*“( 1«

SYMMETRIC CASE: Solve forA; = A, = 1 :

1

2= 1-0b = (1= (B ~22)") T ) (1~ i)

M= 1-2p— (B(a*(1 - A2))) T+
. 1—(/3&&(;—1»

_ (A-xa)n (A -x)aus
- (a—1)

B (1 —-xa)n
e G- D+0-0a

If n =0, u = 0isasolution. Value function in this case:




V(x) = a M1 - )Lz)< A - )a_lxa
Q-1 +x-1

THE LOGARITHMIC CASE: o = 0, =0 :
A= (Q1-p)1~-22)
A _q_
12 1P
_1-p
=55

Defection with reversion to extreme threats

Voe(o) =Max 4@ +m)+ pEL(Bate—ar—p-)+m)*+K

FOC:
(Z’ + n)a—l _ ﬂ( 5)61(( 5)61()6 —Ax — - Z.) + 77)0:—1
@+ = (B(.5)a) 7 ((.-B)a(x— Ax — p = &) + )

&= (1-(B(5)a)7T(5)a)  (B(.5)a) 7T ((5)ale(l—A) — ) + 1) — 7

Value fn:
Vop() = 4 Gox+ up +m)* + B (.5a(x(1 = 2) = = Apx + o) + )"
+ K
Simplify by assuming n = 0, u = 0. Then up = 0 as well.



Voe(x) = A Apx)* + L ((.5)a(x(1 - 1) - Apx))“
= & @p)

Defection with reversion to MNE
Take case withn,u = 0

V(x) = a*M(1 - m( A -1 )alxa
L-2)t+x-1

Vom(x) =Max %é“

a-1
+ AL (1- i)( a _%—f )+K,< » > (ax(1 = 2) - &))"

FOC:
o—1
¢t = ap(1-2) ( i _(;>‘f)+’<’( — > (a(x(L— 1) —é)%ta
¢ = Aupx
Vom(x) = TAMDX(Z
o1
n 1— .
v pM (1 x)( e _(@_f)f’( - > (a(x(1 = 2) — L))
= %AMDXQ

Equivalence between constant term in utility or in
production



MaxZ PU(c)
=0

ST kt+1 = akt—l—b—ct

b
a—1

W1 = ak; + b+

Let w =k +

— Cy

aél
Wil zakt+b<afl>—ct

Wil = AWy — Ct

Max Z Blat(c+b)*
=0

ST kt+1 = Clkt—Ct
Let ¢ =c—-b

Max Z Bla~t(c)”
=0

ST kH_]_ = akt—5t+b
Wil = QW — Cy

where w = k + b
a—1




Union-Firm

Profits:

Max al, —wid, — b(l, — 1,-1)?
ltemzt A= bl —1i1)

Wage bill:

Max Z Biwil,

w€[0,00)

Stationary Strategies:

Union: W:[0,1] - [0,0) : = W(li-1)

Firm: L : [0,) x [0,/] - [0, ] ly = L(w,li-1)

(W,L) is an (sp) equilibrium if W maximizes (2) given (1) and
L maximizes (1) given (2).

FOC:
dw(l
a=wy =200~ e1) =~ 2b(lis ~ 1)~ Les S0 |
It dL(Wt,lt—l) _ Bl dL(w;, [1-1) . dL(Wea,1y) R dL(Wea,1r)
' aw, T dl, T dwin

Derivation:



V(lt_l) =Max WtL(Wt,lt_l) +ﬂV(lt(Wt,lt_1))

0 = lt T dL(Wtalt—l) ﬁV/(l ) dL(W;,Zl‘_l)
d Wi d Wy
[;
ﬁV/(Zt) = - dLOwili1) — Wy
dwy

dL(Wi,11-1) , dL(wi,l-1)
ao PV T

o dL(wi 1) L dL(Wi,li1)
Tl (duww M T
th
AL le)
V) =~ iy i
T dwe

dL(wya,lr)
0=/ +w dL(Wt,lt—l) _B dl; dL(Wy, [1-1)
- dw, dL(wi1,l?) aw,

dwir1

V/(Z[_]_) = W;¢

Conjecture:
lte1 = ko + kils + kowen
w; = c1 + c2l;

Equilibrium solutions must hold for all (/;, ws1). Use undetermined
coefficients method in FOC to solve for (ko,k1,k2,c1.¢2).

Value Functions

F5(lo) = bo + b1l1 + byl =Max al1+ W(lo)l1+b(l1—lo) + BF°(I1)
1o€[0,7]

Us(lo) = ao + a1l +axl = Max  wiL(w1,lo) + BU°(L(w1,l0))

Wle[o,oo)

Solve for (ao,al,az,bo,b1,b2).



Dynamics:

l¢+1 = ko + kllz + kz(cl + Czlt)
= ko + kzcl + (k1+k26‘2)lt

: 7 kot+kaoc
with steady s_tate [ = 1_‘;{1_2222 :
Cooperation:
Maximize equally weighted sum (say add profits plus wage bill, so

wage bill cancels: otherwise all surplus goes either to firm or union):

S(lp) =Max al —b(l1 — 10)2 + BS(I1) #
lo€[0,]]

Define wage giving all surplus to Union as w :

Wiy =Max  al— bl — 10)? + BS(1)
lo€[0,]]

where ?1 Is the value of / that maximizes
al — b(I1 — 1p)? + BS(/1). Optimal solution for (3):

— ; <] - __a
lt Zt_]_ +Z lflz_]_ +zZ < l, z Zb(l—ﬂ)

=/ otherwise

We will denote value functions of a cooperative equilibrium as
History Dependent Strategies

H; = {(lo,...lr-1;w1,...w)|l; € [0,{],w; € [0,00);i =0,....t—1;j =1,...t}

Let ht S Ht. _
Firm Strategy: L : H, - :[0,]] :

Lihy) =1la+z ifwi=wforall i<t
= ko + k1l—1 + kow; otherwise

Union Strategy: W, . {Hy1,l~1} - [0,)



WHEhe-1,li-1)) = w ifwi=wforalli<t-1
=c1+c2l1  otherwise
Deviation:

FD(Zt_]_) = Max alt - tht - b(l; - 11_1)2 + ﬁFS(lt)
1,€[0,]]

UP(li1) = US(l11)
For Cooperation to be enforcable to be enforcable,
Fc(lt,\/f/) 2 FD(ll—l)yUC(ll—liw) Z US(lt—l)

The second always holds.

Switching Strategies

Suppose there exists an /* < 7_ and an agreed upon w such that
FC(l,w) > FP(l;-1) for I € [I*,1]

Switching strategy: _

Firm: When /.1 € [[*,/]and w; = wfori <1,

= 1 < - ___a
lt lt—l +Z @flt_]_ +z < l, z Zb(l—ﬂ)

=/ otherwise
When /.1 ¢ [I*,]]
li = ko + k1li1 + kow;
Union: When I,.; € [/*,]]and w; = wfori < ¢,
W(h,) = W
When /1 ¢ [I*,]]

W(h:) = c1+c2lia



If I > I* and [ is stable under stationary strategies, the above is an
equilibrium and converges to the cooperative solution and /, —» [. Note
this is not necessarily the best subgame perfect equilibrium. Why?

Also note, if / < /* and [ is stable under stationary strategies we get
trapped in a low level equilibrium, and always remain with stationary
strategies.



