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Abstract

We consider general economies in which rational agents interact locally. The local aspect of the
interactions is designed to represent in a simple abstract way social interactions, that is, socioeco-
nomic environments in which markets do not mediate all of agents’ choices, which might be in part
determined, for instance, by family, peer group, or ethnic group effects. We study static as well as
dynamic infinite horizon economies; we allow for economies with incomplete information, and we
consider jointly global and local interactions, to integrate e.g., global externalities and markets with
peer and group effects. We provide conditions under which such economies have rational expecta-
tions equilibria. We illustrate the effects of local interactions when agents are rational by studying in
detail the equilibrium properties of a simple economy with quadratic preferences which captures, in
turn, local preferences for conformity, habit persistence, and preferences for status or adherence to
aggregate norms of behavior.
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1. Introduction

We consider general economies with local interactions, as introduced by Föllmer[27].
Agents interact locallywhen each agent interactswith only a finite (small) set of other agents
in an otherwise large economy. The local aspect of interactions is designed to capture in a
simple abstract way a socioeconomic environment in which markets do not exist to mediate
all of agents’ choices. In such an environment each agent’s ability to interact with others
might depend on the position of the agent in a predetermined network of relationships, e.g.,
a family, a peer group, or more generally any socioeconomic group. Local interactions rep-
resent an important aspect of several socioeconomic phenomena. For instance, the decision
of a teen to commit a criminal act or to drop out of school is often importantly influenced
by the related decisions of peers, as documented by Case and Katz[17], Glaeser et al.
[33] and Crane[19], respectively. Other phenomena for which relevant peer effects have
been identified include out-of-wedlock births[19], and smoking habits[39]. More gen-
erally, local interactions occur not only between peers but also between family members,
ethnic groups, neighbors in a geographical space. For example, neighborhood effects are
important determinants of employment search[43,52], of the pattern of bilateral trade and
economic specialization[41], and of local technological complementarities[20,23]while
ethnic group effects play a fundamental role in explaining urban agglomeration, segregation
[4,50], income inequality and stratification[21]. 1

The documented empirical evidence of peer and neighborhood effects in socioeconomic
phenomena has spurred an interesting theoretical literature. This literature has generated ex-
istence and characterization results for important but special classes of static economies: for
instance economies with additive quadratic preferences, extreme value distributed shocks,
and symmetric interaction effects, introduced by Blume[8] and Brock[12] (see also[13]);
or economies with a finite number of agents, studied by Glaeser and Scheinkman[32].
Moreover, when dynamic economies are studied, the analysis is only confined to the case
of backward looking myopic dynamics, either as a simple explicit dynamic process with
random sequential choice[13], or as an equilibrium selection procedure[9,32]. 2

In this paper, we contribute to this literature by extending the class of economies under
study in various dimensions. First of all, we study economies in which the distribution
of information across the agents, as well as their interactions, are local (economies of
incomplete information). Economies in which information is distributed locally allow to
study environments in which, for instance, only the agents directly interacting with each
other observe each other’s private characteristics.3 Most importantly, we study therational
expectations equilibriaof dynamic economies. While agents may interact locally, they are

1 Finally, local interactions control thedynamics and spreadof ideasandbeliefs, and thereforemight in particular
play an important role in themicrostructure of financialmarkets; see[12,36]for theoretical applications to financial
markets. See[10,14,31,32]for good surveys of the theory of social interactions, and its applications.
2 The only exception is a simple example in[31]. Rational expectations equilibria are instead the focus of the

literature on global, or mean-field type, interactions; see[32] for a review.
3 The restriction to economies with complete information is in fact implicitly adopted by the literature only for

simplicity: it allows the direct use of mathematical techniques and results from the physics of interacting particle
systems and statistical mechanics[8,9,12,13]; see[44] for a presentation of such techniques and results).
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forward looking, and their choices are optimally based on the past actions of the agents in
their neighborhood, as well as on their anticipation of the future actions of their neighbors.
We see no valid reason why local interactions should be characterized by myopic behavior
more than standard global, e.g., market, interactions. Finally, we also introduce economies
characterized byglobal interactionstogether with local interactions to integrate e.g., global
externalities andmarkets with peer and group effects. This extension allows us, for instance,
to consider economies in which agents interact locally and, at the same time, act as price
takers in competitivemarkets, or take as given aggregate norms of behavior, such as specific
group cultures.
To pursue these extensions, we restrict in part the analysis to a specific form of local

interactions,one-sided interactions. This assumption is substantive as it limits the scope of
strategic interactions to those which aredirected, e.g., structured hierarchically inside each
social group.4

For all the distinct economies we study, static economies with complete and incomplete
information, as well as dynamic infinite horizon economies, we provide conditions under
which such economies have rational expectations equilibria which depend in a Lipschitz
continuous manner on the parameters. For each of these economies, we show that such
conditions impose an appropriate bound on the strength of the interactions across agents.5

They exclude in particular economies in which strategic coordination gives rise to multiple
equilibria; for instance economies in which it is always optimal for each agent to match the
action of a neighboring agent.
Wealso illustrate the effects of incomplete information andagents’rationality by studying

in detail the equilibrium properties of simple economieswith quadratic preferences display-
ing local preferences for conformity, habit persistence and possibly preferences forstatus.
For instance, we compare the magnitudes of thesocial multipliereffects with complete and
different degrees of incomplete information. Thesocial multipliersummarizes the equilib-
rium effects of the interactions, and measures the amplification of individual effects in the
aggregate due to the correlation across the agents’ actions induced by social interactions.
We show that incomplete information has the effect of reducing the social multiplier with
respect to the complete information case and hence to dampen the aggregate effects of the
agents’preferences for conformity. In this context we also attempt at a comparison between
the equilibrium actions when agents have rational expectations with the actions of the my-
opic agents previously studied in the literature. We show that, in the context of our local
conformity economy with habit persistence, the effect of rational expectations dynamics
is to spread the correlation of equilibrium actions across all agents in the economy. Most
importantly though, we show formally that when agents have rational expectations, the
effect of the local conformity component of their preferences on their equilibrium actions is
reduced with respect to the case in which agents are myopic. We also show then, by means

4One-sided interactions are a natural component, for instance, of models of local conformity, when each agent
has a preference for behaving as much as possible as some of his peers. They also appear prominently in other
forms of social interactions, as e.g., in Glaeser–Sacerdote–Scheinkman’s model of crime[33], in Estigneev–
Taksar’s model of trade links[26], or in Ozsoylev’s model of information flows in financial markets[46].
5 Similar conditions for related economies have appeared in the literature; Glaeser and Scheinkman[31] refers

to them as conditions ofModerate Social Influence, see also Horst and Scheinkman[37].
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of simulations, that the extent to which rational expectations reduce the agents’ reliance at
equilibrium on local conformity effects is quite substantial.
The paper proceeds as follows. We first study static economies with local interactions

with complete and incomplete information.We then study dynamic economieswith local in-
teractions and incomplete information (the results adapt simply to the complete information
case). Finally, we introduce global as well as local interactions in the dynamic analysis.

2. Static economies with local interactions

In this section, we introduce our concept of a static economy with local interactions. We
consider economies with a countable setA of agents. To each agenta ∈ A is associated
a type, the realization of a random variable�a taking values in a set� ⊂ R. Types are
independent and identically distributed across agents with law�. We assume with no loss
of generality that the random variable� := (�a)a∈A is defined on the canonical probability
space(�, F, P), i.e.,� := {(�a)a∈A : �a ∈ �}. The utility of an agenta ∈ A depends
on his type�a , on an actionxa he chooses from a common compact and convex action set
X ⊂ R, and on the action taken by his neighbor, agenta+1. In other words, we assume that
each agenta ∈ A only interacts with the agenta + 1. Such a system of local interactions
has the property that interactions are one-sided; that is, if the action or the realized type of
an agentb affects the choice of agenta, thena’s action or type does not affectb’s choice.

Remark 2.1. The one-sidedness of the interaction structure is a substantive assumption as
it excludes various forms of strategic interactions inside neighborhoods. Akerlof[1], for
instance, stresses the importance of models of social interactions encompassing a different
range of forms and intensities. In economic applications, one-sided interactions are most
appropriate for environments in which agents’ interactions are structured hierarchically
inside each social group: this is the case for instance when one subset of the agents in each
social group looks at the others as role models, as in our study of conformity in Sections
2.2, 4.3, and, in particular, in the model with both local and global interactions analyzed
in Section5. One-sided interactions are studied in the literature for simplicity when local
rather than global (e.g., mean field) interactions are modelled; see e.g.[24–26,31,33,46].
We discuss in Section2.3how to extend our analysis to general forms of local interactions
in the case of static models as, e.g., in[37]; see also[38]. Our focus, however, is on dynamic
economies of local interactions, and we are unaware of any method that would allow us to
extend our results derived in Section 3 and, in particular the existence result for dynamic
economieswith both local and global interactions established in Section 5, tomore complex
interaction patterns.

Any heterogeneity across agents can be incorporated in the probabilistic structure of the
types�a . Agents can therefore be considered identical ex ante without loss of generality.
Thus, the preferences of each agenta ∈ A are described by a utility functionu of the form(

xa, xa+1, �a
)

	→ u
(
xa, xa+1, �a

)
.
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We assume throughout thatu : X2 × � → R is continuous and strictly concave in its first
argument. Prior to his choice, each agenta ∈ A observes the realization of his own type
�a as well as the realizations of the types�b of the agentsb ∈ {a + 1, a + 2, ..., a + N}.
HereN ∈ N∗ ∪ {∞}. If N = ∞ each agent hascomplete informationabout the current
configuration of types when choosing his action. In particular, each agenta ∈ A observes
the types of all the agentsb ∈ {a + 1, a + 2, . . .} with whom he is directly or indirectly
linked. When insteadN ∈ N, an agent only hasincomplete informationabout the types of
the other agents. If, for instance,N = 1, then the agents only observe the type of the agent
with whom they directly interact.

Definition 2.2. A static economy with local interactions is a tupleS = (X, �, u, �, N). A
static economywith local interactions is an economywith complete information ifN = ∞,
and with incomplete information ifN ∈ N.

In order to introduce our notion of an equilibrium for a static economy with local inter-
actionsS = (X, �, u, �, N), we need some notation. The vector of types whose realization
is observed by the agenta = 0 is denoted�N := {�0, �1, . . . , �N }; by analogyT a�N :=(
�a, . . . , �a+N

)
denotes the vector of types whose realization is observed by the agent

a ∈ A. 6 In caseN = ∞, we let�N = {�0, �1, �2, . . .} andT a�N = {�a, �a+1, �a+2, . . .}.
Finally, the set of possible configurations of types of all agentsa�0 is given by�0 :=
{(�a)a �0 : �a ∈ �}.We first focus on the simpler case of economieswith complete informa-
tion. Agenta ∈ A takes as given his neighbor’s policy functionga+1 that mapsT a+1�N ∈
�0 into an element ofX. Agenta’s choice is then represented by a functionga that maps
anyT a�N ∈ �0 into an element ofX. 7 Since the agent observesT a�N = {�a, �a+1, . . .},
his optimization problem takes the form

max
xa∈X

u
(
xa, ga+1 (T a+1�N

)
, �a
)

.

If S is an economy with incomplete information, by taking as given his neighbor’s policy

functionga+1, andbyobserving the realization only of the typesT a�N :=
(
�a, . . . , �a+N

)
,

agenta cannot determine his neighbor’s optimal choice. The choice depends on the real-
ization of the random variable�a+N+1 and this information is not available to the agent
a ∈ A. Thus, in a situation with incomplete information, an agent’s optimization problem
is given by

max
xa∈X

∫
u
(
xa, ga+1 (�a+1, . . . , �a+N , �

)
, �a
)

�(d�).

6 Formally, T a : � 	→ � (a ∈ A) is thea-fold iteration of the canonical right shift operatorT; that is,

T a((�b)b∈A) = (�b+a)b∈A; furthermore,T
a�N :=

(
�0(T a�), . . . , �N (T a�)

)
=
(
�a, . . . , �a+N

)
.

7We therefore restrict the arguments of each of the agents’ choice to exclude any effects through the realization
of the types of the agents to their left. In other words, we exclude any extrinsic effect, that is, we exclude sunspot
and correlated equilibria.
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Since the utility functions are strictly concave with respect to an agent’s own action, the
maps

xa 	→ u
(
xa, ga+1 (T a+1�N

)
, �a
)

and

xa 	→
∫

u
(
xa, ga+1 (�a+1, . . . , �a+N , �

)
, �a
)

�(d�)

are strictly concave, too. Thus, the conditional choice of agenta ∈ A, given the policy
function of agenta + 1 and given types of all the agentsb ∈ {a + 1, a + 2, . . . , a + N}, is
uniquely determined both for economies with complete and with incomplete information.
We are now ready to introduce our notion of an equilibrium for static economieswith locally
interacting agents.

Definition 2.3. Let S = (X, �, u, �, N) be a static economy with local interactions.

(i) If S is an economywith complete information, then an equilibrium is a family(g∗a)a∈A

of measurable mappingsg∗a : �0 → X such that

g∗a
(
T a�N

) = arg max
xa∈X

u
(
xa, g∗a+1 (T a+1�N

)
, �a
)

P—a.s. (1)

for all a ∈ A.
(ii) If S is an economy with incomplete information, then an equilibrium is a family

(g∗a)a∈A of measurable mappingsg∗a : �N+1 → X such that

g∗a
(
T a�N

) = arg max
xa∈X

∫
�

u
(
xa, g∗a+1 (�a+1, . . . , �a+N , �

)
, �a
)

�(d�)

P—a.s. (2)

for all a ∈ A.

An equilibrium(g∗a)a∈A for an economyS is symmetric if

g∗a = g∗ ◦ T a P—a.s. (3)

for some mappingg∗ and eacha ∈ A.

An equilibrium for an economyS can also be viewed as a Nash equilibrium of a game
with infinitely many players in which the agents’ common strategy set is given by the
classB(�0, X) of all bounded measurable functionsf : �0 → X. Sufficient conditions
for existence of correlated equilibria in games with infinitely many players and compact
strategy sets are given in, e.g.,[34]. These results, however, do not apply to our model,
because (i)B(�0, X) equipped with the usual sup-norm is not compact; and (ii) our focus
is on Nash equilibria of the game rather than on correlated equilibria. In what follows, we
shall restrict our analysis to symmetric equilibria.
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Remark 2.4. (i) As we will see, in our complete information setting, a symmetric equilib-
riuma ∈ A, givenT a�N , is uniquely determined. Thus, the equilibriummapg∗ : �0 → X

can be identified with the mappingG∗ : � × X → X defined by

G∗(�a, xa+1) = arg max
xa∈X

u
(
xa, xa+1, �a

)
.

In fact, the previous literature has only studied this case, where each agent reacts to the
actions taken by his neighbors; see, e.g.,[8,9,12,13,32,33]or [37].
(ii) Suppose that an agent’s utility function takes the additive form

u(xa, xa+1, �a) = v(xa) + xaxa+1 + g(xa, �a).

In such a situation, the agent may as well maximize his utility with respect to the expected
actionEaxa+1 of his neighbor. Here,Ea denotes the conditional expectation operator of the
agenta ∈ A. Thus, we may as well assume that the utility functions are given by

u(xa, xa+1, �a) = v(xa) + xaEaxa+1 + g(xa, �a).

Such preferences are analyzed in, e.g.[13]. In this sense, our framework can also be viewed
as an extension of the model by Brock and Durlauf[13].

2.1. Existence, uniqueness, and Lipschitz continuity of equilibrium

In order to guarantee the existence and uniqueness of an equilibrium for static economies
with local interactions, we need to impose a form of strong concavity on the agents’ utility
functions. To this end, we recall the notion of an�-concave function.

Definition 2.5. Let ��0. A real-valued functionf : X → R is �-concave onX if the map
x 	→ f (x) + 1

2�|x|2 fromX toR is concave.

This definition is first due to Rockafellar[47], and is used for purposes related to ours by
Montrucchio[45].

Remark 2.6. Observe that a twice continuously differentiable mapf : X → R is �-
concave, if and only if the second derivative is uniformly bounded from above by−�. For
a more detailed discussion of the properties of�-concave functions, we refer the reader to
Montrucchio[45] and references therein.

We will also require any agent’s marginal utility with respect to his own action to depend
in a Lipschitz continuous manner on the action taken by his neighbor. In this sense we
impose a qualitative bound on the strength of local interactions between different agents.
More precisely, we assume that the following condition is satisfied.

Assumption 2.7. The utility functionu : X × X × � → R satisfies the following condi-
tions:

(i) The mapx 	→ u(x, y, �) is continuous and uniformly�-concave for some� > 0.
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(ii) The mapu is differentiable with respect to its first argument, and there exists a map
L : � → R such that∣∣∣∣ �

�x
u(x, y, �0) − �

�x
u(x, ŷ, �0)

∣∣∣∣ �L(�0)|ŷ − y|
and such that EL(�0) < �. (4)

A simple example where ourAssumption2.7can indeed be verified is studied in the next
section.

Remark 2.8. The interpretation of the conditionEL(�0) < � is of interest. In the differ-

entiable case, the quantityL(�0) defines a bound on�
2
u(x,y,�)

�x�y
, whereas� may be viewed

as a bound on�
2
u(x,y,�)

�x2
. Thus,EL(�0) < � means that, on average, the marginal effect of

the neighbor’s action on an agent’s marginal utility is smaller than the marginal effect of
the agent’s own choice. It is in this sense that (4) imposes a bound on the strength of the
interactions between different agents. A similar condition has also been employed to study
uniqueness of equilibria in related environments by Becker[2]; see also[3]. The Moder-
ate Social Influence conditions in[32] corresponds to the stronger contraction condition
L(�0) < � P—a.s.

We are also interested in deriving conditions which guarantee that the economy admits
a Lipschitz continuous equilibrium. Lipschitz continuity of the equilibrium map may be
viewedasaminimal robustness requirement onequilibriumanalysis. In particular, it justifies
comparative statics analysis. We therefore introduce the notion of Lipschitz continuity we
will use in our analysis. For an arbitrary constant��0, we define ametricd� on the product
space�0 by

d�(�, �̂) :=
∑
a �0

2−�|a||�a − �̂
a| (� = (�a)a∈N, �̂ = (�̂

a
)a∈N) (5)

and denote by Lip�(1), the class of all continuous functionsf : �0 → X which are
Lipschitz continuous with respect to the metricd� with constant 1, i.e.,

Lip�(1) := {f : �0 → X : |f (�) − f (�̂)|�d�(�, �̂)}.

We are now ready to formulate the main result of this section. Its proof can be found in
Appendix B.

Theorem 2.9. Let S = (X, �, u, �, N) be a static economy with local interactions and
complete information, that is withN = ∞.

(i) If the utility functionu : X2×� → R satisfies Assumption2.7, thenS admits a unique
(up to a set of measure zero) symmetric equilibriumg∗.
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(ii) If, instead of(4), the utility function u satisfies the stronger condition,∣∣∣∣ �
�x

u(x, y, �) − �
�x

u(x, ŷ, �̂)

∣∣∣∣ �Lmax{|ŷ − y|, |�̂ − �|} with L < �, (6)

then there exists�∗ > 0 such that the equilibriumg∗ is Lipschitz continuous with
respect to the metricd�∗ :

|g∗(�) − g∗(�̂)|� L

�
d�∗(�, �̂).

Establishing the existence of a symmetric equilibrium is equivalent to proving the exis-
tence of a measurable functiong∗ : �0 → X which satisfies

g∗(�) = arg max
x0∈X

u(x0, g∗ ◦ T (�), �0) P—a.s. (7)

Observe that each such map is a fixed point of the operatorV : B(�0, X) → B(�0, X)

which acts on the classB(�0, X) of boundedmeasurable functionsf : �0 → X according
to

V g(�) = arg max
x0∈X

u(x0, g ◦ T (�), �0). (8)

On the other hand, each fixed point ofV is a symmetric equilibrium. It is therefore enough
to show thatV has a unique fixed point. The existence and uniqueness of equilibrium for
economies of incomplete information, where an individual agent only observes a finite num-
berN < ∞ of types, requires an additional continuity assumption on the utility function.
The proof is analogous to the proof of Theorem2.9and is given in Appendix B.

Theorem 2.10.LetS = (X, �, u, �, N) be a static economy with local interactions and
incomplete information, that is withN ∈ N.

(i) If the utility functionu : X2×� → R satisfies Assumption2.7and if it iscontinuously
differentiable with respect to its first argument, thenS admits a unique(up to a set of
measure zero) symmetric equilibriumg∗.

(ii) If u satisfies condition(6), theng∗ is Lipschitz continuous:

|g∗(�N ) − g∗(�̂N )|� L

�
max{|�b − �̂

b| : b = 0,1, . . . , N}.

2.2. Example: local conformity

In this section, we study in detail an economy in which agents have a local preference for
conformity: each agentaenjoys utility frombehaving asmuch as possible as his close peers.
In many instances of socioeconomic relevance, from smoking to dropping out of school,
preferences for conformity act at the level of peers rather than at the level of society as a
whole; see[6] for a study of preferences for status, where interactions are global rather than
local and agents try to match the mean behavior in the society. The economy we analyze
is a special case of the general environment studied in the previous sections, in which
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the agents’ equilibrium actions can be given in closed form. We also derive interesting
statistical properties of the equilibrium action profile. In particular, we characterize the
effects of local conformity on the variance and the correlation structure of individual actions
in the population as well as on the variance of the mean action across different economies.
When the variance of the mean action across economies is larger than the variance of
each action in the population, we say that social interactions generate asocial multiplier
effect; see e.g.,[2,32]. The social multiplier summarizes the equilibrium effects of the
interactions, and measures the amplification of individual effects in aggregate due to the
correlation across the agents’ actions induced by social interactions. It is interpreted to
explain the large variability across time and space observed in empirical data regarding
smoking, criminal activity, dropping out of school, out-of-wedlock pregnancy and other
socio-economic decisions in which a social interactions component is relevant; see[31] for
a survey.
We compute thesocial multiplier for our local conformity economy under complete

and incomplete information, and we study the differential effects of the distribution of
information about agents’ types across the neighborhood structure. Consider the following
utility function:

u(xa, xa+1, �a) := −�1(xa − �a)2 − �2(xa − xa+1)2 (9)

for �1 �2�0. Quadratic utility functions of form (9) describe preferences in which agents
face a trade-off between the utility they receive from matching their own idiosyncratic
shocks and the utility they receive from conforming to the action of their peers, which
will in general be different. The higher the ratio�2�1 , the more intense is the agent’s desire
for conformity. The equilibrium action of a generic agenta ∈ A can now be solved for
in closed form (we do not report calculations for this section).8 Let �1 := �1

�1+�2
and

�2 := �2
�1+�2

. In the complete and incomplete information cases, respectively, the mapg∗ is
given by

g∗ (T a�N

) = �1

∞∑
i=a

�i−a
2 �i and g∗ (T a�N

) = �1

(
a+N∑
i=a

�i−a
2 �i + �N+1

2

1− �2
E�a

)
.

Note that, in either case, the equilibrium action of the agenta ∈ A is given by a convex
combination of all the observable types and the mean of the random variable�a . Table1
reports the variance of actionxa and the covariance of the actions taken by agentsaandb.
The variance of actionxa is highest when agents have no preference for conformity. In

such a situation, in fact, the whole variability of an agent’s idiosyncratic type is reflected
on the action he chooses,xa = �a . When agents do interact instead, and therefore at-
tempt to conform to the action of their neighbor, they choose an action which depends
on a weighted average of the types of all agents on their right. Because types are i.i.d.
across agents this type average has in fact a smaller variance than each single type, and the

8 It is easy to verify that the mapxa 	→ u(xa, xa+1, �a) is �-concave if��2(�1+ �2), and that our Moderate
Social Influence assumption holds if�1 > 0.
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Table 1
Statistical comparison

No interaction Complete info. Incomplete info.
(�1 > 0, �2 = 0) (�1, �2 > 0; N = ∞) (�1, �2 > 0; N = 1)

var(xa) var(�a)
�21
1−�22

var (�a) �21(1+ �22) var (�a)

cov(xa, xa+b) 0
�21
1−�22

(
�2
)b var(�a)

{
�21�2 var(�

a) for b = 1
0 for b > 1

var(x) var(�a) var(�a) �21
(
1+ �2

)2 var(�a)

effect of local interaction is then to reduce the variance of the actions chosen by each
agent.9

Notice also that when information is incomplete, the variance of a generic action is lower
than when information is complete. In Table 1, we only report the case in which each agent
observes the type of the neighbor whose action he wishes to conform to,N = 1. However,
it is easily shown that the variance increases with the dissemination of information, that is,
with the number of neighbors’ types each agent observes,N, and converges to the variance
of the complete information case asN → ∞. When information is incomplete, in fact, in
attempting to predict the action of the neighbor to conform to, an agent necessarily relies
on the mean of the types of the agents he does not observe and the variance of his chosen
action is reduced.10 Local interactions in our conformity model have then the effect of
reducing the variance of each agent’s action, but introduce a correlation across the actions
of the agents. In the case of complete information, such correlations extend over all agents,
while with incomplete information only the actions of agents at mostN spaces apart are
correlated. The correlation of actions across agents with preferences for conformity in turn
increases the variance of the mean action across economies.11 In fact, if the mean action
is defined asx := limn→∞

∑
|a|�n

xa

2n+1, it can then be shown that var(x) = var(x0) +
2 limn→∞

∑n
a=1 cov(x0, xa). 12 Therefore preference for conformity decreases var(xa),

but increases the covariance terms in the variance of themeanactionx. It turns out (seeTable
1) that these two effects exactly compensate in our conformity model when information is

9This is in contrast with the results obtained e.g., by Glaeser and Scheinkman[31] for a related economy
with preferences for conformity. In their formulation of conformity, agenta’s equilibrium action (with complete
information, the only case they study, and in our notation) takes the form:xa = �a + �2xa+1. In this case,
therefore, each agent’s attempt to conform to his neighbor adds to his action rather than simply shifting the weight
away from his own type, as in our case. Glaeser and Scheinkman’s formulation is therefore characterized by more
intense preferences for conformity, and local interactions increase themean and the variance of each agent’s action.
10Extending their analysis to the case of incomplete information, we can show that this effect is also present in
Glaeser and Scheinkman[31] specification of conformity.
11Following Glaeser and Scheinkman[31] and Glaeser et al.[33], the different statistical properties of the vari-
ance of individual actions and the variance of the mean action across economies could be exploited to empirically
identify the intensity of preferences for local conformity, that is,�2 in our formulation.
12Since the processxa , for a ∈ A, is stationary and satisfies a strong mixing condition with exponentially
declining bounds, central limit behavior results; see[48].
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complete, and hence conformity does not generate a variance multiplier, as e.g., in[31].
In the case of incomplete information, conformity even dampens the variance of the mean
action with respect to the case of no interactions. To better understand and summarize the
effects of incomplete information on social interactions,we study the socialmultiplier of our
economy with incomplete and complete information. Let thesocial multiplierbe defined
formally as the ratio of the variance of actionxa and the variance of the mean actionx.

From Table 1 it is clear that in the complete information case the multiplier is equal to1−�22
�21

which is larger than the multiplier in the incomplete information case,(1+�2)
2

1+�22
for N = 1

(in fact it can be easily shown that the multiplier with complete information is larger than
the multiplier with incomplete information for anyN < ∞).

2.3. Extensions and discussion

The existence and continuity results of Theorems2.9and2.10can be partly extended to
economies with more general interaction structures.While for these economies theModer-
ate Social Influenceassumption is not enough to guarantee existence, a stronger condition,
like condition (6), in fact suffices for existence, uniqueness, and Lipschitz continuity. This
is the case for both complete and incomplete information economies.We illustrate the thrust
of the argument in the following subsection. In Section2.3.2we characterize equilibria in
static economies as stationary solutions of stochastic difference equations.

2.3.1. Equilibria in economies with general interaction structures
In the complete information setting, each symmetric equilibrium can be viewed as a

fixed point of the operatorV defined by (7). The proof of the existence results in Theorems
2.9-(i) and2.10-(i) are based on a mean contraction argument. This argument only applies
to economies with one-sided interactions. For instance, in the case of complete information
we show that

|V g(�) − V ĝ(�)|� L(�0)
�

|g ◦ T (�) − ĝ ◦ T (�)|.

In an economy with one-sided interactions the random variablesL(�0) and T (�) =
(�1, �2, . . .) are independent. Under theModerate Social Influenceassumption we show
that the operator we show thatV satisfies the mean-contraction condition

E|V g(�) − V ĝ(�)|��E|g(�) − ĝ(�)| where � := EL(�0)
�

< 1,

which turns out to be the key to the existence proof. For general interaction structures,
however, best reply functions depend on the entire configuration of taste shocks, and inde-
pendence ofL(�0) andg ◦ T (�) is typically lost. As a consequence, in this case, there is no
reason to expect that aModerate Social Influencecondition, as Assumption2.7, translates
into a mean contraction property of the operatorV.
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To study existence, uniqueness and continuity in the context of economies with more
general forms of interactions, we pursue a different strategy. Under the stronger contraction
condition (6), in the proof of Theorems2.9-(ii) and2.10-(ii) we show that

|V g(�) − V ĝ(�)|� L

�
|g ◦ T (�) − ĝ ◦ T (�)|

and so ‖V g − V ĝ‖∞ � L

�
‖g − ĝ‖∞

and thatVg is Lipschitz continuous wheneverg is. This method therefore delivers existence,
uniqueness, and Lipschitz continuity. For a suitable modification of condition (6), it carries
over to the case of more general interaction structures. Consider the case in which agents
are located on thed-dimensional integer latticeZd , and the preferences of the agenta ∈ Zd

are described by a utility function of the form(
xa, {xb}b∈N(a), �

a
)

	→ û
(
xa, {xb}b∈N(a), �

a
)

,

whereN(a) := {b ∈ Zd : ‖a − b‖ = 1} denotes the set of the agent’s nearest neighbors.
In such a more general model, each symmetric equilibrium is given by a fixed point of the
operator

V g(�) = arg max
x0∈X

û
(
x0, {g ◦ T a(�)}a∈N(0), �

0
)

.

If utility function satisfies the contraction condition∣∣∣∣ �
�xa

û
(
xa, {xb}b∈N(a), �

)
− �

�xa
û
(
xa, {x̂b}b∈N(a), �̂

)∣∣∣∣
�Lmax{|x̂b − xb|, |� − �̂| : b ∈ N(a)},

using straightforwardmodifications of the arguments given in the proof of Theorems2.9-(ii)
and2.10-(ii), it can be shown thatV satisfies the contraction condition

|V̂ g − V̂ ĝ|� L

�
max{|g ◦ T b − ĝ ◦ T b| : b ∈ N(a)}.

We then obtain that̂V is a contraction that maps a set of Lipschitz continuous functions
continuously into itself. Two-sided interactions are simply a special case of this general
model.

2.3.2. Equilibria as stationary solutions to stochastic difference equations
It is possible and instructive, in the class of static economies we have studied, to charac-

terize an equilibrium as a stationary solution to a stochastic difference equation. Consider
for illustration an economy with one-sided interactions and complete information.An equi-
librium can be defined as a sequence of actions{xa}a∈A that satisfy the non-linear recursive
relation

xa = G∗(�a, xa+1) (a ∈ Z), (10)

whereG∗(�a, xa+1) denotes the conditional best reply of the agenta, given�a and his
neighbor’s actionxa+1. Showing existence of a symmetric equilibrium is then equivalent
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to the existence of a stationary solution to the stochastic difference equation (10), where
the index runs over agentsa ∈ A rather than over time periods as is common in rational
expectations models, e.g.,[7,15,49]. 13 It follows, e.g. from results given in Chapter 8
of Borovkov [11], that (10) admits a unique stationary solution if the best reply function
satisfies themean contraction condition

E|G∗(�a, xa+1) − G∗(�a, x̂a+1)|��|xa+1 − x̂a+1| for some � < 1.

The proof of Theorem2.9shows that this is the case whenever the utility functionusatisfies
Assumption2.7-(ii). The mean contraction condition, in turn, guarantees that the difference
equation (10) has a unique stationary solution, that is it guarantees a transversality condition
of the form14

lim
�→∞

�
�xa+�

G∗ (�a, G∗ (�a+1, . . . , G∗ (�a+�−1, xa+�
)

. . .
))

= 0.

Thus, in an economy with complete information, an equilibrium may be viewed as the
unique stationary solution to difference equation in (10) with state spaceX. If the mapG∗
is linear, as is the case in our example with quadratic utility, Section2.2, for instance, an
equilibrium can be represented by a deterministic difference equation of the form

xa = �1�
a + �2x

a+1

and the transversality condition holds if its root is explosive, that is, if�2 < 1. Similar
arguments apply for economies with incomplete information and one-sided interactions.
Then, a sequence{ĝa}a∈A of measurable mappingŝga : �N → X is an equilibrium if

ĝa(�a, ·) = arg max
xa∈X

E
[
u(xa, ĝa+1, �a)|Fa

]
(·) =: Ĝ(�a, ga+1) (a ∈ Z), (11)

whereFa denotes the information set of agenta, i.e., the	-field generated by the random
variables�a+1, . . . , �a+N . Again, the best reply function̂G admits a unique stationary
solution (on a suitable function space) if it satisfies a mean contraction condition, which
in turn we prove is satisfied under the assumptions of Theorem2.10-(i). If the best reply
function Ĝ(�0, ·) is linear the analysis is again straightforward; we developed it above in
Section2.2.
Consider finally the case of economies with general interaction structures, which we

discuss previously in this section. In the special case in which information is complete and
an arbitrary agenta ∈ A interacts directly with agentsa − 1 anda + 1, an equilibrium
satisfies a second order difference equation of the form

xa = G∗ (�a, xa−1, xa+1) (a ∈ Z).

Difference equations of this form appear in rational expectations models, see e.g.,[5,40].
In this case a symmetric equilibrium can also be represented by a stationary solution to the

13We thank an anonymous referee for suggesting us to make this analogy explicit.
14Of course differentiability ofG∗ is not needed; we report the transversality condition only in this case for the
sake of notational simplicity.
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difference equation, provided appropriate transversality conditions hold (at plus and minus
infinity). Results in the literature are generally limited to conditions for local stability; see
e.g.[15,5]. Finally, in the case of economies with incomplete information, the stochastic
difference equation resulting from the best replymap of an arbitrary agenta is non-standard,
as the information sets of agentsa ∈ A do not form a filtration, and so the results in the
rational expectations literature do not apply. Similarly, economies with more general local
interactions, discussed previously in this section, or dynamic economies, as we study in the
next section, give rise to equilibrium conditions that cannot be reduced to a standard form.

3. Dynamic economies with local interactions

The theoretical literature on dynamic economieswith local interactions has so far concen-
trated onmodels with ad hocmyopic dynamics. One of themain reasons for the widespread
use ofmyopic dynamics is that the resulting equilibrium process for{xa

t }t∈N has been inten-
sively investigated in themathematical literature on interacting particle systems. Conditions
for asymptotic stability of these processes have been established under suitable weak in-
teraction and average contraction conditions; see e.g.,[29,42,44]. In this paper, we instead
study economies with forward looking agents and consider rational expectations equilib-
rium dynamics. In our economy, therefore, an agent’s actual action typically depends on
his current type, on his past choices, on the present states of all the other agents and on
the expected future behavior of his neighbors. His expectations with respect to the future
actions of his neighbors are assumed to be rational, that is, the expectations are assumed to
be consistent with the equilibrium dynamics of the neighbors’ actions at each time in the
future. In the context of a dynamic extension of the local conformity economy of Section
2.2, with quadratic preferences accounting for habit persistence effects, we can identify
the characteristics of the behavior of locally interacting agents. This behavior stems from
rational expectations about the future and about the behavior of neighbors, which do not
exist in the standard analysis of myopic economies; see Section4.3.
We are now going to introduce our notion of a dynamic economy with locally interacting

agents as well as our equilibrium concept. As in the case of static economies, we consider
a countable setA of agents. Each agent is infinitely lived, and is of type�a

t ∈ � at time
t ∈ N. Types are assumed to be distributed independently and identically across agents and
time.15 The law of the random variables�a

t is denoted by�. The instantaneous utility of
agenta ∈ A at timet ∈ N depends on his current type�a

t , on the actionx
a
t he chooses from

a common compact and convex action setX ⊂ R, and on his actionxa
t−1 in the previous

periodt −1.Wemaintain the simple interaction structure introduced in the previous section,
and assume that the agents’momentary utility also depends on the current actionxa+1

t of his
neighbor, agenta +1. His instantaneous preferences at timet are described by a continuous
utility function(

xa
t , xa

t−1, xa+1
t , �a

t

)
	→ u

(
xa

t , xa
t−1, xa+1

t , �a
t

)
, (12)

15 Independence over time simplifies the analysis substantially; see[51] for standard dynamic programming
techniques to deal with correlated shocks over time.
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where the mapxa
t 	→ u

(
xa

t , xa
t−1, xa+1

t , �a
t

)
is assumed to be strictly concave. An agent’s

overall utility is the expected sum of future utilities, discounted at a rate� < 1. Prior to
his choice at timet, the agenta ∈ A observes the realization only of his own type�a

t . In
this sense, we focus on economies with incomplete information, in which agents do not
observe the type of any other agent except their own.This is just for notational and analytical
convenience.We allow agents to observe the entire action profilex� = (xa

� )a∈A of previous
periods� = t − 1, t − 2, . . ..

Definition 3.1. A dynamic economy with local interactions is a tupleS = (X, �, u, �, �).

In order to describe an individual agent’s optimization problem, we need to introduce
some notation.We denote byX := {x = (xa)a∈A : xa ∈ X} the space of all configurations
of individual actions and letX0 := {x = (xa)a �0}. We equip theconfiguration spacesX
andX0 with the product topologies, and so compactness of the individual action spaces
implies compactness of the configuration spacesX andX0. At each timet, the agenta ∈ A

observes the entire action profilext−1 ∈ X, in particular, he observes the past actionsxb
t−1

of all the agentsb > a with whom he interacts either directly or indirectly. Even though his
instantaneous utility only depends on present and expected future actions of his neighbor,
the information contained in all the choices(xa+c

t−1 )c�1 is used to predict his neighbor’s
future actions, and is therefore relevant for the solution to his decision problem. In fact, the
choicexa+c

t−1 of the agenta + c at timet −1 affects the action of agenta + c −1 in periodt;
this has an impact on the action of agenta+c−2 in periodt +1, etc.A rational agenta ∈ A

anticipates these effects, and so he bases his current decision on all the states(xb
t−1)b�a . In

principle, agenta could base his decision att on the action profiles at timet −2, t −3, etc.,
which he observes. In fact though, we study Markov perfect equilibria, in which the policy
function of any agent att will only depend on periodt − 1 actions. Of course actions at
t − 2 also affect future actions, butat a Markov perfect equilibrium, they only affect future
actionsthrough the actions att − 1. As a consequence, an agent observing actions att − 1
finds the information contained in actions att − 2 irrelevant to compute the expectations
about future actions that he cares about for optimizing at timet. 16 As in the static case,
we shall focus on symmetric equilibria.17 Thus, we may assume that the optimal action
of an economic agenta ∈ A is determined by a choice functiong : X0 × � → X in the

16Our economy is formally equivalent to a dynamic game. See[30, Chapter 13], for the standard justifications
for Markov perfect equilibria in dynamic games. Restricting the analysis to the class of Markov perfect equilibria
is substantial; trigger strategies and other dynamic punishment strategies, for instance, are excluded. The analysis
of these strategies requires differentmathematical techniques as in the study of repeated games; see[22] for a study
of repeated games in a local interaction environment where punishment strategies spread bycontagionacross the
economy.
17We will also, as in the static case, restrict the arguments of each agent’s choice to exclude the actions of agents
‘on the left’, that is, non-payoff-relevant state variables and extrinsic effects. For instance, in our formulation of
equilibrium, agenta’s action at timet cannot affect agenta + 1’s action at timet + 1, even though this action
affects agenta’s utility at time t +1. This assumption also precludes the analysis of complex dynamic punishment
strategies as, e.g., in[22], and of other forms of strategic interactions.
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sense that

xa
t = g(T axt−1, �a

t ) where T axt−1 = {xb
t−1}b�a.

In a symmetric situation, it is thus enough to analyze the optimization problem of a single
reference agent, say of the agent 0∈ A. Given acontinuouschoice functiong : X0×� →
X, the agenta�0 takes as given his neighbor’s current choiceg(T axt−1, �a

t ).We denote by

g(T axt−1; ·) the conditional law of the actionxa

t , given the previous configurationxt−1,
and so the choice functiong : X0 × � → X induces the Feller kernel

�g(x; ·) :=
∞∏

a=1

g(T ax; ·). (13)

If the agent 0∈ A believes that the agentsa > 0 choose their actions according tog, the ker-
nel�g describes the stochastic evolution of the process of individual states

{
(xa

t )a>0
}

t∈N
.

In this case, for any initial configuration of individual statesx ∈ X0 and for each initial
type�01, the optimization problem of the agent 0 is given by

max
{x0t }


∫

u(x01, x0, x11, �01)
g(T x; dx1)

+
∑
t �2

�t−1
∫

u(x0t , x0t−1, x1t , �0t )�t
g(T x; dxt )�(d�0t )

 . (14)

The value function associated with this dynamic choice problem is defined by the fixed
point of the functional equation

Vg(xt−1, �0t ) = Vg(x0t−1, T xt−1, �0t )

= max
x0t ∈X


∫

u
(
x0t−1, x0t , y1t , �0t

)

g(T xt−1; dy1t )

+�
∫

X0×�

Vg(x0t , x̂t , �
1)�g(T xt−1; dx̂t )�(d�1)

 . (15)

The following is awell known result from the theoryof dynamicprogramming, seee.g.,[51].

Lemma 3.2. Assume that the choice map g is continuous. Under our assumptions on the
utility function u, the functional fixed point equation(15) has a unique bounded and con-
tinuous solutionVg onX0 × �.Moreover, the mapVg(·, T xt−1, �0t ) is strictly concave on
X and there exists a unique continuous policy functionĝg : X0 × � → X that satisfies

ĝg

(
xt−1, �0t

)
= arg max

x0t ∈X

{∫
u
(
x0t−1, x0t , y1t , �0t

)

g(T xt−1; dy1t )

+ �
∫

Vg(x0t , x̂t , �
1)�g(T xt−1; dx̂t )�(d�1)

}
. (16)
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We can now define a symmetric Markov perfect equilibrium in a dynamic random econ-
omy with forward looking interacting agents.

Definition 3.3. A symmetric Markov perfect equilibrium of a dynamic economy with for-
ward looking and locally interacting agentsS = (X, �, u, �, �), is amapg∗ : X0×� → X

such that

g∗ (xt−1, �0t
)

= arg max
x0t ∈X

{∫
u
(
x0t−1, x0t , y1t , �0t

)

g∗(T xt−1; dy1t )

+ �
∫

Vg∗(x0t , x̂t , �
1)�g∗(T xt−1; dx̂t )�(d�1)

}
.

(17)

By analogy to the static case, a symmetric equilibrium might be viewed as a fixed point
of a certain operator. Indeed, every fixed point of the operatorV̂ that acts on the class of
bounded measurable functionsg : X0 × � → X by

V̂ g(x, �0) = arg max
x̂0∈X

{∫
u
(
x̂0, x0, y1, �0

)

g(T x; dy1)

+�
∫

Vg(x̂0, x̂, �1)�g(T x; dx̂)�(d�1)
}

(18)

defines a symmetric equilibrium; and every symmetric equilibriumg∗ satisfies the fixed
point relation

V̂ g∗(x, �0) = g∗(x, �0).

We proceed by establishing a series of general results, on the existence and the convergence
of the equilibrium process. Such results require conditions on the policy functionĝg, and
hence are not directly formulated as conditions on the fundamentals of the economy. In the
next section, we will then introduce an example economy with quadratic preferences which
we are able to study in detail. For this economy, we can show that our general conditions
are satisfied, and hence they are not vacuous.

3.1. Existence and Lipschitz continuity of equilibrium

In order to state a general existence result for equilibria in dynamic random economies
with forward looking interacting agents, we need to introduce the notion of a correlation
pattern.

Definition 3.4. For some finiteC > 0, let

LC+ :=
c = (ca)a �0 : ca �0,

∑
a �0

ca �C


denote the class of all non-negative sequences whose sum is bounded from above byC.
A sequencec ∈ LC+ will be called a correlation pattern with total impactC.
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Each strictly positive correlation patternc ∈ LC+ gives rise to a metric

dc(x, y) :=
∑
a∈N

ca|xa − ya|

that induces the product topology onX0. Thus,(dc,X0) is a compact metric space. In
particular, the class

LipC
c := {f : X0 → R : |f (x) − f (y)|�dc(x, y)}

of all functionsf : X0 → R which are Lipschitz continuous with constant 1 with respect
to the metricdc is compact in the topology of uniform convergence.

Remark 3.5. For a fixed�0 ∈ �, let g(·, �0) ∈ LipC
c be the policy function of the agent

0 ∈ A. The constantca may be viewed as a measure for the total impact the current action
xa of the agenta�0 has on the optimal action of agent 0∈ A. SinceC < ∞, we have
lima→∞ ca = 0. Thus, the impact of an agenta ∈ A on the agent 0∈ A tends to zero as
a → ∞. In this sense, we consider economies with weak social interactions. The quantity
C provides an upper bound for the total impact of the configurationx = (xa)a �0 on the
current choice of the agent 0∈ A.

We are now going to formulate a general existence result for symmetric Markov perfect
equilibria in dynamic economies with local interactions.

Theorem 3.6. Assume that there existsC < ∞ such that the following holds:

(i) For anyc ∈ LC+, for all �0 ∈ � and for each choice functiong(·, �0) ∈ LipC
c , there

existsF (c) ∈ LC+ such that the unique policy function̂gg(·, �0) which solves(16), is
Lipschitz continuous with respect to the metricdF (c) uniformly in�0 ∈ �.

(ii) The mapF : LC+ → LC+ is continuous.
(iii) We havelimn→∞ ‖ĝgn(·, �0) − ĝg(·, �0)‖∞ = 0 if limn→∞ ‖gn − g‖∞ = 0.

Then the dynamic economy with local interactions has a symmetric Markov perfect
equilibriumg∗ and the functiong∗(·, �0) is Lipschitz continuous uniformly in�0.

Proof. For anyC < ∞, the convex setLC+ may be viewed as a closed, and hence compact
(with respect to the product topology) subset of the compact set[0, C]N. Thus, by (ii) the
continuous mapF has a fixed pointc∗. Due to (i) and (iii), the operator̂V defined by (18)
maps the compact and convex set LipC∗

+ continuously into itself whereC∗ := ∑
a �0 c∗

a .

This shows that̂V has a fixed pointg∗. �

3.2. Convergence to a steady state

In the previous section, we have formulated conditions on a dynamic economy with local
interactionsS = (X, u, �, �, �) which guarantee the existence of a symmetric Markov
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perfect equilibriumg∗. In this section, we study the asymptotic behavior of the process
{xt }t∈N in equilibrium. To this end, we denote by

�g∗(x; ·) =
∏
a∈A


g∗(T ax; ·)

the stochastic kernel onX induced by the policy functiong∗ and by�t
g∗ , its t-fold iteration.

Given an initial configurationx ∈ X, the measure�t (x; ·) describes the distribution of the
configuration of individual states at timet. Let us introduce the vectorr∗ = (r∗

a )a∈A with
components

r∗
a := sup{‖
g∗(x; ·) − 
g∗(y; ·)‖ : x = y off a}. (19)

Here,‖
g∗(x; ·) − 
g∗(y; ·)‖ denotes the total variation of the signed measure
g∗(x; ·) −

g∗(y; ·), andx = y off a means thatxb = yb for all b �= a. The next theorem gives
sufficient conditions for convergence of the equilibrium process to a steady state. Its proof
follows from a fundamental convergence theorem by Vaserstein[53].

Theorem 3.7. If
∑

a∈A ra
g∗ < 1, then there exists a unique probability measure�∗ on the

infinite configuration spaceX such that, for any initial configurationx ∈ X, the sequence
�t

g∗(x; ·) converges to�∗ in the topology of weak convergence for probability measures.

4. Example: local conformity and habit persistence

This section studies a dynamic extension of the local conformity economy introduced
in Section2.2 where the assumptions of Theorems3.6 and3.7 can indeed be verified.
As in the static model analyzed in Section2.2, agents have a preference for conformity,
and each agenta receives utility from conforming his own action to his neighbor’s. In the
dynamic economy we study in this section, however, agents also face habit persistence:
each agent faces a disutility from changing his action over time. Habits and addictions
are often associated with social interactions and preferences for conformity: for instance,
the consumption of addictive substances, like smoke and several chemical drugs, is often
initiated by the desire to conform with peers; the decision to commit criminal acts, partly
determined by social interactions and preferences for conformity (see[32]), is difficult to
reverse over time. We consider an economy where the preferences of a generic agenta are
represented by the utility function

u
(
xa

t−1, xa
t , xa+1

t , �a
t

)
= −�1

(
xa

t−1 − xa
t

)2 − �2
(
�a

t − xa
t

)2
−�3

(
xa+1

t − xa
t

)2
, (20)

where�1, �2 and�3 are positive constants. The agent’s utility can be decomposed into three

components. The first term of the utility functionu
(
xa

t−1, xa
t , xa+1

t , �a
t

)
in (20) represents

habit persistence, the second the effect of the agent’s own type, and the third the local
conformity component, that is, social interactions.
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4.1. Existence of equilibria

Our first aim is to prove existence of a Markov perfect equilibrium for this economy.

Theorem 4.1. LetX = � = [−1,1].Assume thatE�0t = 0,and that an agenta ∈ A only
observes his own type�a . If the instantaneous utility function takes the quadratic form in
(20), the economy has a symmetric Markov perfect equilibriumg∗. The policy functiong∗
can be chosen to be of the linear form

g∗(x, �0) = c∗
0x

0 + ��0 +
∑
b�1

c∗
bxb

for some positive sequencec∗ = (c∗
a)a �0 and some constant� > 0.

The proof of Theorem4.1will be carried out in several steps. In a first step, we prove
the existence of an interior solution to an agent’s optimization problem in an economy with
quadratic utility functions.

Lemma 4.2. Letg : X0 × � → X be a continuous choice function for the agentsa > 0.
Under the assumptions of Theorem4.1, the induced policy function, ĝg, of the agent0 ∈ A

is uniquely determined and

P
(
ĝg(xt−1, �0t ) ∈ {−1,1} for somet ∈ N

)
= 0. (21)

Thus, we have almost surely an interior solution.

Proof. The existence of a unique policy function follows from continuity ofg along with
the quadratic form of the utility functions, using standard arguments from the theory of
discounted dynamic programming. In order to prove (21), we let

� := inf
{
t > 0 : ĝg(xt−1, �0t ) = 1

}
and yt := ĝg(xt−1, �0t ).

It suffices to show thatP[� < ∞] = 0. Let us assume to the contrary thatP[� < ∞] > 0.
In such a situation,y� = 1 is optimal and this means that

−�1(1− y�−1)2 − �2(1− x1� )2 − �3(1− �0�)2 − ��1(1− y�+1)2

� − �1(y − y�−1)2 − �2(y − x1� )2 − �3(y − �0�)2 − ��1(y − y�+1)2

for all y ∈ X. Otherwisey� < 1 would lead to a higher payoff. This, however, requires
�0� = y�−1 = y�+1 = 1. This shows thatyt = 1 = �0t for all t ∈ N. This, of course,
contradictsE�0t = 0. Thus,P[� < ∞] = 0. �

Let usnowestablisha representationof theagents’policy function in termsof theexpected
behavior of his neighbor. To this end, we denote byM(X0) the class of all probability
measures onX0 equipped with the topology of weak convergence. The utility of the agent
0 ∈ A at timet ∈ N depends on the actionsxa

t taken by the agentsa > 0 only through his
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neighbor’s expected action

zt :=
∫

y1�g(T xt ; dy) and through
∫

(y1)2�g(T xt ; dy).

Wemay thus view the agent’s dynamic problem as an optimization problem depending only

on thestochasticsequence{�0t }t∈N, and on thedeterministicsequence
{
�t

g(T x; ·)
}

t∈N
.

In fact, in our present setting, we can let�(·) := �g(T x; ·), for any initial configuration
x ∈ X0, and rewrite his optimization (14) as

max
{x0t }t∈N

U(x01, x00, �01, �) +
∑
t �2

�t−1
∫

U(x0t , x0t−1, �
0
t , ��t

g)�(d�0t )

 , (22)

where

U(x01, x00, �0, �) := −�1(x01 − x00)2 − �1(x01 − �0)2 − �3

∫
(x01 − y1)2�(dy).

This allows us to show that the agent’s optimal action is given as a weighted sum of his
present type, of his action taken in the previous period and of the expected future actions
of his neighbor.

Lemma 4.3. Let the assumptions of Theorem4.1be satisfied. Given an action profilex ∈
X0 and a choice functiong : X0 × � → X for the agentsa > 0, the policy function of
agent0 ∈ A is of the linear form

ĝg(x, �) = �1x
0 + �2�

0 +
∑
t �1


t−1
∫

y1�t
g(T x; dy). (23)

With� := �1 + �2 + �3 + �1�, the constants�1, �2, 
0, 
1, . . . are given by

�1 :=
� −

√
�2 − 4�21�

2�1�
and �2 := �2

� − �1�1�
(24)

and by


0 := �3
� − �1�1�

and 
t+1 = �1�
� − �1�1�


t for t �1. (25)

The constants in(24) and(25) do not depend on g and satisfy�1 + �2 +∑t �0 
t �1.

Proof. Fix an initial configurationx = (xa)a �0 and let� := �g(T x; ·). The value function
associated with the optimization problem (22) solves the functional fixed point equation

Vg(x00, �01, �) = max
x01∈X

{
−�1(x00 − x01)2 − �2(�

0
1 − x01)2 − �3

∫
(y1 − x01)2�(dy)

+�
∫

Vg(x01, �02, ��g)�(d�02)
}

. (26)
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In view of Lemma4.2, the fixed point equation (26) has a unique solutionV ∗
g : X ×

� × M(X0) → R, the agent’s policy function̂gg : X × � × M(X0) → X is uniquely
determined and the optimal solution is almost surely interior. Thus, the first order condition
takes the form,

+2�1(x00 − x01) + 2�2(�
0
1 − x01)2 + 2�3

∫
(y1 − x01)�(dy)

+�
∫

�
�x01

V ∗
g (x01, �02, ��g)�(d�02) = 0

and the envelope theorem gives us

�
�x01

V (x01, �02, ��g) = −2�1(x01 − x02) = −2�1
(
x01 − ĝg

(
x01, �02, ��g

))
. (27)

This yields

x01 = 1

�1 + �2 + �3 + ��1

×
(
�1x00 + �2�

0
1 + �3

∫
y1�(dy) + �1� ĝg

(
x01, �02, ��g

))
. (28)

Let us now assume that we have the following alternative representation for the optimal
path{x0t }t∈N:

x0t = �1x
0
t−1 + �2�

0
t +

∞∑
i=0


izt+i ∈ (0,1), (29)

wherezt denotes the expected action of the agenta = 1 at timet. UsingE�0t = 0, it does
then follow from the first order condition, from (27) and from (28) that

x01 = 1

�1 + �2 + �3 + �1�1

×
(

�1x00 + �2�
0
1 + �3

∫
y1�g(x; dy) + �1��1x

0
1 + �1�

∞∑
i=0

z2+i

)
. (30)

Now we need to find coefficients�1, �2, 
0, 
1, . . . such that the representations in (29) and
in (30) coincide. This can be accomplished recursively and yields the constants in (24) and
(25). In order to prove that the sum of the coefficients is bounded from above by 1, we
consider the situation in which the agents maximize the discounted sum of their expected
utilities over the periodst ∈ {0,1, . . . , �} and denote byg�(x, �0) the optimal action of the
agent 0∈ A. Using a cumbersome, but rather straightforward induction argument along
with an argument similar to the one given in the proof of Lemma4.2, one can easily show
that

g�(x, �0) = ��
1x
0 + ��

2�
0 +

�∑
i=1


�
i−1zi .
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Here, the coefficients satisfy the recursive relations

��
i = �i

��
(i = 1,2), 
�

0 = �3
��+1

, 
�
i = �1�

��

�−1

i−1 (i = 1,2, . . .) and

��+1 = � − �21�

��

with �0 = �1 + �2 + �3. This shows that��
i → �i and
�

i → 
i for all i = 0,1,2, . . . as
� → ∞. Thus,

�1 + �2 +
∑
i �0


i �1 because ��
1 + ��

2 +
∑
i �0


�
i �1 for all �. �

Our representation (23) of the policy function does not yet allow us to apply Theorem
3.6. For this, we need a representation ofĝg in terms of the sequence(xa)a �0. This,
however, can be accomplished as follows: let us fix a correlation patternc = (ca)a �1 ∈
L
1−�2+ and assume for the moment that the choice function of the agentsa > 0 takes the

linear form

g̃(T ax, �a) = c0x
a + �2�

a +
∑
b�1

cbxa+b. (31)

In view of (23), we havec0 = �1 and the continuous choice functiong̃ induces a Feller
kernel�g̃ onX0. Thus, it follows from (31) and fromE�0t = 0 that∫

y1�g̃(x; dy) =
∑
a �0

caxa+1.

Hence the expected action of the agenta = 1 in the second period is given by∫
y1�2

g̃(x; dy) =
∑

a1�0

ca1

∫
ya+1�g̃(x; dy) =

∑
a1�0

ca1

∑
a2�0

ca2x
a1+a2+1.

By induction we obtain

∫
y1�t

g̃(x; dy) =
∑

a1�0

ca1

∑
a2�0

ca2 · · · cat−1
∑

at �0

cat x
a1+···+at+1

 · · ·
 (32)

for all t ∈ N. Thus, we have the alternative representation of our policy function:

ĝg̃(x, �) = �1x
0 + �2� +

∑
b�1

lbxb,
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where the positive sequence(lb)b�1 is given by

lb = Fb(c0, c1, . . . , cb−1)

:=
∑
t �1


t−1

 b−1∑
a1=0

ca1

b−1∑
a2=0

ca2 · · ·
 b−1∑

at=0
cat

1{∑t
i=1 ai=b−1}. (33)

This representation allows us to prove the main result of this section.

Proof of Theorem 4.1. Sinceĝg̃(x, �0) ∈ X, we have
∑

b�1 lb �1− �1 − �2. Thus, the
mapF defined by

F (c) := (Fb(�1, c1, . . . , cb−1))b�1 (34)

maps the setL
1−�1−�2+ into itself. SinceF is continuous in the product topology, it has a

fixed pointc∗ = (c∗
a)a �1 and

lb = Fb(�1, c∗
1, . . . , c∗

b−1) = c∗
b for all b�1.

Finally, let c∗
0 = �1 and� = �2, as defined in (24). Then the assumptions of Theorem3.6

are satisfied. This proves the assertion.�

4.2. Convergence to a steady state

We turn now to study the convergence to a unique steady state for the example economy
with quadratic preferences. To this end, we consider the representation

g∗(x; �0) = c∗
0x

0 + �2�
0 +

∑
a �1

c∗
axa

of the policy functiong∗. For any two configurationsx, y ∈ X0 which differ only at site
a ∈ A,

|g∗(x, �0) − g∗(y, �0)|�c∗
a |xa − ya|.

Assuming that the taste shocks are uniformly distributed on[−1,1], we obtain
|
g∗(x; A) − 
g∗(y; A)|�2c∗

a

for all A ∈ B([−1,1]), and so∑a �0 ra
g∗ < 1 if

∑
a �0 c∗

a < 1
2. This yields convergence to

a steady state if�1 is big enough and if�3 is small enough, i.e., if the interaction between
different agents is not too strong.

4.3. Rational expectations, local conformity, and habit persistence

As already noticed, the literature has only studied the myopic dynamics of economies
with local interactions. In particular, the specific form of myopic expectations assumed in
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the literature contains two components:

(i) an agenta ∈ A, when choosingxa
t at timet, is assumed not to consider that he or his

neighbors will choose again at timet + 1;
(ii) an agenta ∈ A, when choosingxa

t at timet, is assumed to expect his neighbors, agents
b > a, not to change their previous actions.

In this case, the dynamics describe a backward looking behavior of the agents since the
configuration(xa

t )a∈A onlydependson thecurrent configurationof typesandon theprevious
action profile(xa

t−1)a∈A. In this section, we study a simple 2 period version of the local
conformity and habit persistence introduced in the previous section and solve it for both
myopic and rational expectations, to illustrate the effects of rationality of expectations on
the dynamics of actions. Each agenta ∈ A chooses at timet andt +1, respectively, actions
xa

t , x
a
t+1. The initial condition of the dynamic economy, that is, the configuration of actions

at timet − 1, is{xa}a∈A. Consider first, as a benchmark, the case in which a generic agent
a ∈ A choosesxa

t at timet in a fully myopic manner: he does not expect to choose att +1,
that is, he expectsxa

t+1 = xa
t ; and he expects his neighbors’ actions to remainxb both att

and att +1. In this case it is easy to show (we do not report the calculations for this section)
that his choice will satisfy:

xa
t = �2

c0
�a

t + �
�2
c0

E(�a
t ) + �1

c0
xa + (1+ �)

�3
c0

xa+1, (35)

wherec0 = �1+�2+�3+� �2+�3
�1+�2+�3

. Note that actionxa
t is chosen as a convex combination

of the arguments(�a
t , E(�a

t ), xa, xa+1). That is, the weights on the arguments sum to unity.
Consider now the case in which agenta still expects his neighbors’ actions to remainxb

at botht and att + 1, but he now realizes that he will choose again at timet + 1 and that
his choice will be optimal (conditionally onxb

t = xb
t+1 = xb, for all agentsb > a). In this

case, his choice at timet will satisfy:

xa
t = �2

c1
�a

t + �
�2
c1

�1
�1 + �2 + �3

E(�a
t )

+�1
c1

xa +
(
1+ �

�1
�1 + �2 + �3

)
�3
c1

xa+1, (36)

wherec1 := �1 + �2 + �3 + �1�
�2+�3

�1+�2+�3
. Thus, an agent’s choice is given in terms of a

convex combination of his type, his expected type and in terms of his own and his neighbor’s
action in the previous period. Becausec1 < c0, though, agenta’s own type�

a
t and his past

choicexa have now a larger weight in his choice, while the mean action and the action
of the neighbor he wishes to conform to have a smaller weight. This effect is due to the
fact that the agent now rationally anticipates that he can re-optimize at timet + 1, and
hence at timet, he will attempt matching more directly those arguments which change at
time t + 1 (remember he myopically expects his neighbor not to change actions att nor
at t + 1). Rational expectations of the agent’s own dynamic choice therefore reduce the
dependence of the agents’ actions on the local conformity effect, but on the other hand
strengthen the effect of habits. Consider now the case in which the expectations of the
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agents in the local conformity and habits economy are fully rational. Agenta in this case,
when choosing at timet, not only anticipates rationally his own choices at timet + 1, but
also the choices of his neighbor, agenta + 1, at timet andt + 1. In this case, his choice
will satisfy:

xa
t = �2

c1
�a

t +
(
�

�2
c1

�1
�1 + �2 + �3

+ A

)
E(�a

t ) + �1
c1

xa +
∞∑

b=a+1
fbxb, (37)

whereA andfb (b�a + 1) are positive constants, andxa
t is given in terms of a convex

combination of the arguments
(
�a

t , E(�a
t ), xa, {xb}b�a+1

)
. Taking into account the rational

expectations of agenta regarding the behavior of his neighbors has the effect that his
choice att depends on the past actions of all the agents to his right, and not only on the
choice of his immediate neighbor, as in the previous case. This introduces long spatial
correlation terms in the resulting configuration of actions. But most importantly, comparing
(36) and (37), it is apparent that the fully rational choice of agenta is more weighted on
the mean shockE(�a

t ) and less on the past action of the neighbors. This property of the
equilibrium actions is the consequence of the rational expectations of agenta regarding
the persistence of the actions of the agentsb > a: even though all agents face habits,
they still will, in general, change their actions at timet, and hence agenta’s action will
depend less on the past actions of his neighbors; this further limits the component of local
conformity in the choice of agents in this economy. Closed-form solutions for the policy
function (37), that is, solutions forA and{fb}b�a+1, are hard to derive. We have therefore
run some simulations to better illustrate the properties of the policy function; Fig. 1 reports
the shape of{fb}b�a+1 in two representative simulations.18 First of all, notice that when
local conformity is not the predominant component of the agent’s preferences (that is, when
�1 = �2 = �3 = 1 in the simulations), the number of neighbors that significantly affect
each agent’s action is relatively limited, of the order of 7 or 8. On the contrary, when local
conformity is predominant (that is, when�1 = �2 = 1, and�3 = 10 in the simulations)
the number of neighbors that affect each agent’s action increases substantially, about three
times in our parametrization of preferences. As we noted, the policy function of myopic
agents (35) overestimates, with respect to the policy function of fully rational agents (37),
the dependence of equilibrium actions on the agents’ neighbors, that is, it overestimates the
local conformity effect. In our simulations such overestimation is quite substantial. When
local conformity is predominant in preferences the weight onxa+1 in (35) is .8382, while
the sum of the weights onxb, b�a +1, in (37) is only .2928.When local conformity is not
predominant, instead, the respectiveweightsare.3611and.1278.Weconclude therefore that
our analysis of the local conformity and habits economy shows that the effect of rational
expectations dynamics is to spread the correlation of equilibrium actions across several

18The code for the simulations, available from the authors, uses a recursive algorithm to compute the weights
associated toxb, for any arbitraryb > a, in agenta’s policy function. The code does not perform any truncation
or approximation, but rather computes the exact weights.
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Fig. 1. Weights of the neighbors’ past actions in the policy function.

agents in the economy, but to substantially reduce the effects of the local interactions, that
is of the agents’ preferences for local conformity.

5. Dynamic economies with local and global interactions

This section extends the analysis of dynamic economies with local interactions to
economies in which interactions have an additionalglobal component. In particular, we
study economies in which each agent’s preferences depend on the average action of all
agents. Such dependence might occur, for instance, if agents have preferences forsocial
status. Similarly, preferences to adhere to aggregate norms of behavior, such as specific
group cultures like piercing or rap music, also give rise to the form of global interactions
we study in this section. More generally, the analysis of global interactions could capture
other externality effects as well as price effects. Formally, we study a dynamic economy
with quadratic preferences, as in our analysis of local conformity and habit persistence in
Section4.3, in which the preferences of each agenta ∈ A also depend on the average action
of the agents in the economy,

�(x) := lim
n→∞

1

2n + 1

n∑
a=−n

xa,
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when the limit exists. We denote byXe the set of all configurations such that the associated
average action exists:

Xe :=
{
x ∈ X : ∃ �(x) := lim

n→∞
1

2n + 1

n∑
a=−n

xa

}
.

The preferences of the agenta ∈ A in periodt are described by the instantaneous utility
functionu : Xe × � → R of the quadratic form

u
(
xa

t−1, xa
t , xa+1

t , �a
t , �(xt )

)
= −�1

(
xa

t−1 − xa
t

)2 − �2
(
�a

t − xa
t

)2 − �3
(
xa+1

t − xa
t

)2
−�4

(
�(xt ) − xa

t

)2 (38)

for some positive constants�1, . . . , �4. The first term in (38) represents habit persistence,
the second the own effect of the agent’s type, the third the local conformity component, and
the last the global conformity component. As before, we assume thatX = � = [−1,1]
and thatE�0 = 0.We also assume that information is incomplete so that an agenta ∈ A at
time t only observes his own type�a

t , and all agents’ past actions. Following the analysis of
Section4.3, we can define a symmetric Markov perfect equilibrium of this economy.

Definition 5.1. Let x ∈ Xe be the initial configuration of actions. A symmetric Markov
perfect equilibrium of a dynamic economy with local and global interactions is a map
g∗ : X0 × � × X → X and a mapF ∗ : X → X such that:

g∗ (xt−1, �0t , �t

)
= arg max

x0t ∈X

{∫
u
(
x0t−1, x0t , y1t , �0t , �t

)

g∗(T xt−1; dy1t )

+�
∫

Vg∗
(
x0t , x̂t , �

1, �t+1
)

�g∗(T xt−1; dx̂t )�(d�1)
}

. (39)

and

�t+1 = F ∗ (�t

)
and

�1 = �(x) and �t = � (xt )almost surely.

At a symmetric Markov perfect equilibrium the policy functiong∗ determines the optimal
action of each agent under the rational expectations condition that all agents choose their
own action by the policy functiong∗. Moreover, each agent rationally expects the sequence
of average actions{�(xt )}t∈N to be determined recursively via the mapF ∗. In studying
existence of an equilibrium of a dynamic model with local and global interactions several
mathematical difficulties arise. First of all, the endogenous sequence of average actions
{�(xt )}t∈N might not be well-defined for allt (that is,xt might not lie inXe for somet).
Moreover, even whenxt ∈ Xe, an agent’s utility function depends on the action profilext
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in a global manner through the average action�(xt ), and hence will typically not be contin-
uous in the product topology. Thus, standard results from the theory of discounted dynamic
programming cannot be applied to solve the agent’s dynamic optimization problem in (39).
We are going to show though that, when preferences are quadratic and interactions are
one-sided, (i) the endogenous sequence of average actions{�(xt )}t∈N exists almost surely
if the exogenous initial configurationx belongs toXe, and that (ii) it follows a deterministic
recursive relation. This allows us to view dynamic models with local and global interac-
tions as purely local interaction models to which a deterministic time-varying component
is added.19 More specifically, in order to establish the existence of an equilibrium for an
economy with locally and globally interacting agents, we proceed in three steps. We first
consider an economy where the agents’ utility depends on someexogenousquantity�, con-
stant over time.We then extend the analysis to the case in which the agents’ utility depends
on someexogenousbut time-varying quantity{�t }t∈N described in terms of a possibly non-
linear recursive relation. Finally, we show that the recursive structure of{�t }t∈N is preserved
if we require each element of the sequence to be endogenously determined as the average
equilibrium action:�t = � (xt ), for anyt, at the equilibrium configurationxt . Consider then,
first of all, an economy in which the agents’ utility depends on someexogenousconstant
quantity�.

Lemma 5.2. Assume that the agents’instantaneousutility functions take thequadratic form

u
(
xa

t−1, xa
t , xa+1

t , �a
t , �
)

= −�1
(
xa

t−1 − xa
t

)2 − �2
(
�a

t − xa
t

)2 − �3
(
xa+1

t − xa
t

)2 − �4
(
� − xa

t

)2 (40)

with � ∈ X and positive constants�1, . . . , �4, then there exists a policy functiong∗ :
X0 × � × X → X such that

g∗ (xt−1, �0t , �
)

= arg max
x0t ∈X

{∫
u
(
x0t−1, x0t , y1t , �0t , �

)

g∗(T xt−1; dy1t )

+�
∫

Vg∗
(
x0t , x̂t , �

1, �
)

�g∗(T xt−1; dx̂t )�(d�1)
}

.

The policy functiong∗ can be chosen of the linear form

g∗(x, �0, �) = e∗
0x

0 + ��0 +
∑
b�1

e∗
bxb + A(�), (41)

where the correlation patterne∗ = (e∗
a)a �0, and the constant� > 0 are independent of�.

Proof. Fix a continuous policy functiong for the agentsa �= 0.Continuity ofg togetherwith
our special interaction structure guarantees that the optimization problemof the agent 0∈ A

19Such separation arguments originally appeared in[29,35]where the long run dynamics of locally and globally
interacting Markov chains are analyzed. Similar separation arguments have also been successfully applied in the
context of a static equilibrium model with locally and globally interacting agents in[37], and in the context of
microstructure models for financial markets in[36].
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can be solved by standard methods from the theory of discounted dynamic programming.
In fact, using the same arguments as in the proof of Lemma4.3, we see that the optimal
action of the agent 0 is given in terms of a weighted average of his neighbor’s future action
and of�:

ĝg(x, �0, �) = �1x0 + �2�
0 +

∑
t �1

{

t−1

∫
y1�t

�(T x; dy) + �t−1�
}

, (42)

where �1, �2 and (�t , 
t ) (t ∈ N) are strictly positive constants satisfying�1 + �2 +∑
t �1

(

t + �t

)
�1. Suppose now that the agenta = 0 assumes that the other players’

policy function is given by

g(T ax, �a, �) = �1x0 + �2�
0 +

∑
b�1

ebxa+b + B(�) ∈ [−1,1], (43)

where the non-negative correlation pattern{ea}a �1 is independent of the states{xa}a �1
and where the constantB(�) depends only on�. It is then straightforward to show agent 0’s
policy functionĝg defined by (42), takes the form

ĝg(x, �0, �) = �1x0 + �2�
0 +

∑
a �1

laxa + B(�)
∑
t �1


t−1Ct + �
∑
t �1

�t−1,

where the constantsla = Fa(�1, e1, . . . , ea−1) are given by (33), andC := �1+∑a �1 ea .
In order to prove our assertion it is thus enough to find a correlation patterne∗ = (e∗

a)a �1
and someB(�) such that

e∗
a = Fa(�1, e∗

1, . . . , e∗
a−1) for all a�1 (44)

and such that

B(�)
∑
t �1


t−1Ct + �
∑
t �1

�t−1 = B(�) where C := �1 +
∑
a �1

e∗
a. (45)

To this end, we first consider the caseB(�) = 1− C. Condition (45) translates then into

(1− C)
∑
t �1


t−1Ct + �
∑
t �1

�t−1 = 1− C.

By continuity, this equation has a solutionC(�) ∈ [0,1], andC(1)�C(�). Choose a
sequencec = (ca)a �0 with c0 = �1 such that

∑
a �0 ca �C(�). The correlation pattern

l = (la)a �0 in (43) satisfies then
∑

a �0 la �C(�), because an agent’s optimal action is
almost surely interior, and because the quantitiesla are increasing inc0, . . . , ca−1. Hence
the same arguments as in the proof of Theorem4.1 show that, for any� ∈ [−1,1], the
mapF has a fixed point, i.e., there exists a sequence(e∗

a)a �1 such that (44) is satisfied.
For a given�, we have a fixed point in the set of sequences such that

∑
a �0 ca �C(�). In

fact, we can look for a fixed point such that
∑

a �0 ca �C(1)�C(�). An equilibrium for
an arbitrary external condition� ∈ [−1,1] is then given by

g∗(x, �0, �) = e∗
0x

0 + ��0 +
∑
b�1

e∗
bxb + A∗(�),
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where� = �2, e∗
0 = �1 andA∗(�) is given by

A∗(�) := �

∑
t �1 �t−1

1−∑t �1 
t−1(C∗)t
. �

Note that the policy function (41) has the property that a change in� has a direct effect
on the chosen action but does not affect the dependency of the action on the realized agent’s
type nor on the neighbors’ actions. In other words, both� and the correlation structure{
e∗

b

}
b�0 are independent of�. It is this property that allows us to proceed to the second

step of our analysis, that is, to study the case in which the agents’ preferences at timet are
described by a quadratic utility function

u
(
xa

t−1, xa
t , xa+1

t , �a
t , �t

)
= −�1

(
xa

t−1 − xa
t

)2 − �2
(
�a

t − xa
t

)2 − �3
(
xa+1

t − xa
t

)2 − �4
(
�t − xa

t

)2
,

(46)

and the dynamics of the process{�t }t∈N is described by a possibly non-linear recursive
relation of the form

�t+1 = F (�t ) for some continuous functionF : X → X. (47)

SinceF is continuous, an agent’s optimization problem can again be solved using standard
results from the theory of discounted dynamic programming. In fact, we can apply the same
arguments as in the proof of the previous lemma in order to show that for given a continuous
policy functiong for the agentsa �= 0, the optimal action of the agenta = 0 is given in terms
of a weighted average of his neighbors future actions and of future external conditions. In
order to make this more precise, we fix a continuous policy functiong : X0×�× X → X

for the agentsa �= 0 and denote by
(T ax, �; ·) the conditional distribution of the agent
a’s optimal choice, given the states(xb)b�a and given�. Since preferences now depend
on �t , which is no longer constant but evolves according to a deterministic dynamics, the
expected action of the agent 1∈ A in period t, given some continuous policy function
g : X0 × � × X → X is of the form∫

y1��1 · · ·��t
(T x; dy) where ��t

(T x; ·) :=
∏
a �1


(T ax, �t ; ·)

and
(x, �t ; ·) denotes the distribution of the random variableg(x, ·, �t ). Let 
�(·) be the
Dirac measure concentrated on�, and assume that the policy functiong is continuous. The
kernel

�̂(x, �; ·) := ��(x; ·) ⊗ 
F (�)(·)
which describes the joint evolution of the sequences{xa

t }t∈N (a�1) and{�t }t∈N has the
Feller property becauseF is continuous. Hence, an agent’s optimization problem can again
be solved using methods from discounted dynamic programming and arguments as in the
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previous section show that the optimal choice of our reference agenta = 0 is of the form

ĝg(x, �0, �1) = �1x0 + �2�
0 +

∑
t �1

{

t−1

∫
y1��1 · · ·��t

(T x; dy) + �t−1�t

}
.

(48)

If agent 0 expects all the other agents’ policy functions to take the linear form

g∗(T ax, �a, �) = e∗
0x

a + ��a +
∑

b�a+1
e∗

bxb +
∑
t �1

ht�t

with thecorrelationpatterne∗ = (e∗
a)a �0 derived inLemma5.2andwithasuitablesequence

h = (ht )t �1, then (48), using tedious but straightforward calculations, can be written as

ĝg(x, �0, �1) = e∗
0x

0 + ��0 +
∑
b�1

e∗
bxb +

∑
t �1

Gt(h)�t

for suitable constantsGt(h). By analogy to the proof of Lemma5.2 one can now show
that there exists a sequenceh∗ = (h∗

t )t∈N which does not depend on the specific sequence
{�t }t∈N such that

Gt(h
∗) = h∗

t .

Thus, we have the following result.

Lemma 5.3. Assume that the agents’instantaneousutility functions take thequadratic form
(46) and that the sequence{�t }t∈N follows the deterministic recursive dynamics(47).Then
there exists a policy functiong∗ : X0 × � × X → X such that

g∗ (xt−1, �0t , �t

)
= arg max

x0t ∈X

{∫
u
(
x0t−1, x0t , y1t , �0t , �t

)

g∗(T xt−1; dy1t )

+�
∫

Vg∗
(
x0t , x̂t , �

1, F (�t )
)

�g∗(T xt−1; dx̂t )�(d�1)
}

.

The policy function can be chosen of the linear form

g(x, �0, �1) = e∗
0x

0 + ��0 +
∑
b�1

e∗
bxb +

∑
t �1

h∗
t �t

for some correlation patterne∗ = (e∗
a)a �0 and a positive sequenceh∗ = (h∗

t )t �1. These
sequences can be chosen independently of F and satisfy∑

a �0

e∗
a +

∑
t �1

h∗
t �1.

We are now ready to prove the existence of a symmetric Markov perfect equilibrium of
our economy. Let a continuous functionF : X → X determine recursively the sequence
{�t }t∈N by (47). Assume that the exogenous initial configurationx has a well defined
average� := �(x), that is, assume thatx ∈ Xe. Let F (t) denote thet-fold iteration ofF
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so that�t = F (t)(�). Since the agents’ types are independent and identically distributed, it
follows from the law of large numbers that the average equilibrium action in the following
period is almost surely given by

lim
n→∞

1

2n + 1

n∑
a=−n

g(T ax, �a, �) = C∗� +
∑
t �1

h∗
t F (t)(�) =: G(F )(�).

Thus, the average action in periodt = 2 exists almost surely if the average action in period
t = 1 exists, and an induction argument shows that the average action exists almost surely
for all t ∈ N. In order to establish the existence of an equilibrium, we first show that there
exists a continuous functionF ∗ such that, with�1 := �(x) we have

�2 := F ∗(�1) = G(F ∗)(�1).

Lemma 5.4. Let C(X) be the class of all continuous functions F on X equipped with the
usual sup-norm‖ · ‖∞. The mapF 	→ G(F ) onC(X) has a fixed pointF ∗.

Proof. Let Lip ⊂ C(X) be the class of Lipschitz continuous functionF onXwith constant
1. Due to the theorem by Ascoli and Arzela, the set Lip is compact with respect to the
topology induced by the norm‖ · ‖∞. Thus, the assertion follows from Brouwer’s fixed
point theorem if we can show that the mapF 	→ G(F ) maps the compact convex set Lip
continuously into itself. Continuous dependence ofG(F, �) on F is obvious. SinceF is
Lipschitz with constant 1, the iteratesF (t) are Lipschitz with constant 1 for allt. Hence
G(F ) is Lipschitz with constant 1 becauseC∗ +∑t �1 h∗

t �1; see Lemma5.3. �

We are now in a position to prove the main result of this section.

Theorem 5.5. LetX = � = [−1,1]. Assume thatE�0 = 0 and, that the initial configu-
ration of actionsx belongs toXe, that an agenta ∈ A only observes his own type�a , and
that the instantaneous utility function takes the quadratic form in(38). Then the following
hold:

(i) The economy has a symmetric Markov perfect equilibrium(g∗, F ∗) whereg∗ : X0 ×
� × X → X andF ∗ : X → X.

(ii) In equilibrium, the sequence of average actions{�(xt )}t∈N exists almost surely.
(iii) The policy functiong∗ can be chosen of the linear form

g∗(x, �0) = e∗
0x

0 + ��0 +
∑
b�1

e∗
bxb + B∗(�(x)) (49)

for some positive sequencee∗ = (e∗
a)a �0, a constant� > 0, some constantB∗(�(x))

that depends only on the initial average action.

Proof. Let e∗ = (e∗
a)a �0 andh∗ = (h∗

t )t �1 be the sequences derived in Lemmas5.2and
5.3, respectively, and letF ∗ be a fixed point of the operatorG studied in Lemma5.4. If, for
a given initial configurationx ∈ Xe, the agent 0∈ A expects the policy functions of all the
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agentsa ∈ A to take the form

g(T ax, �a, �(x)) = e∗
0x

a + ��a +
∑
b�1

e∗
bxa+b +

∑
t �1

h∗
t F ∗(t)(�(x)), (50)

then his own policy function is given by

g(x, �0, �(x)) = e∗
0x

0 + ��0 +
∑
b�1

e∗
bxb +

∑
t �1

h∗
t F ∗(t)(�(x))

and the average action in periodt is almost surely given by

�(xt ) = �t = F ∗(t)(�(x)). �

It is important to re-iterate that, for our analysis in this section, it is essential that the
agents’ utility function is quadratic (and hence policy functions are linear). Only in this
case, in fact, can the dynamics of average actions{�(xt )}t∈N can be described in terms of a
recursive relation. In models with more general local interactions, such a recursive relation
typically fails to hold, as shown e.g., by Föllmer and Horst[29]. In suchmore general cases,
the average action typically is not an appropriate state variable, i.e., a sufficient statistic, for
the aggregate behavior of the configurationx; and the analysis must be pursued in terms
of empirical fields, which require a probabilistic framework that is beyond the scope of the
present paper, along the lines of Föllmer and Horst[29].

6. Conclusions

In this paper, we study existence and continuity of rational expectations equilibria of
static and dynamic economies in which an infinite number of agents interact locally. Some
of our results should be strengthened. For instance, several other examples for which the
assumption ofTheorems3.6and3.7can indeedbe verified, should be studied.Also, the class
of economies we study is restricted in that we impose several simplifying assumptions on
preferences, on theagents’choicespace, andon thestochastic structureof preferenceshocks.
While these assumptions can be relaxed using standard methods, this is not the case for the
restrictions we have imposed on the structure of local interactions of dynamic economies.
In particular, we have restricted the analysis to the case of ‘one-sided’ interactions, which
greatly limits the strategic aspect of the interactions between agents. Allowing for more
general forms of local interactions in dynamic economies (when agents are rational) will
certainly require a non-trivial and independent analysis. No doubt the first steps introduced
in this paper will be of use for such extensions, which we plan for future work. In the
analysis of the dynamic model of local interactions in this paper, we have only considered
Markov perfect equilibria.While the restriction to Markovian strategies is common to most
analyses of dynamic games, for technical as well as substantive reasons, we have noted
that it possibly misses an important class of equilibria supported by trigger strategies and
other complex dynamic punishment strategies, in analogy to the case of repeated games.
This is also content for future work. Finally, we have studied the mathematical properties
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of existence, continuity, and, in the dynamic models, of ergodicity of the equilibrium of our
economies with local interactions.A detailed study of the welfare properties of equilibrium
would also be exceptionally interesting.While such a study is outside the scope of this paper,
we can show in the special context of our static local conformity example that equilibria
will in general (almost surely) be Pareto inefficient.
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Appendix A. Maximizing �-concave functions

The following theorem plays a central role in our analysis. Even though its proof follows
primarily from straightforward modifications of arguments given in the proof of Theorem
3.1 in[45], we prove it to keep the paper self contained.

Theorem A.1. LetX ⊂ R be a closed and convex set and let(Y, ‖ ·‖Y ) be a normed space.
LetF : X × Y → R be a continuous function which satisfies the following conditions:

(i) For eachy ∈ Y , the mapx 	→ F (x, y) is �-concave on X.
(ii) F is differentiable with respect to x and the derivativeF1(·) := �

�x
F (·) satisfies

|F1(x, y1) − F1(x, y2)| �G(y1, y2)

for some functionG : Y × Y → R.

Then there exists a uniquemapf : Y → X such thatsupx∈X F (x, y) = f (y). Moreover,
f satisfies

|f (y1) − f (y2)|� 1

�
G(y1, y2).

In particular, |f (y1) − f (y2)|� L
� ‖y1 − y2‖Y if G(y1, y2) = L‖y1 − y2‖Y .

Proof. Our proof uses modifications of arguments given in[45]. It follows from Lemmas
A1–A3 in [45] that, for anyy1 ∈ Y , the�-concave functionx 	→ F (x, y1) has a unique
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maximizerf (y1) which satisfies

�|x − f (y1)|2�F1(x, y1)(f (y1) − x). (A.1)

Thus, choosingx = f (y2) in (A.1) for somey2 ∈ Y , we obtain

�|f (y1) − f (y2)|2�F1(f (y2), y1)[f (y1) − f (y2)]. (A.2)

Sincef (y2)maximizes the differentiable functionx 	→ F (x, y2), we obtainF1(f (y2), y2)

[f (y1) − f (y2)]�0. Indeed in case of an interior solutionF1(f (y2), y2) = 0. If we have
a boundary solution, strict concavity ofF (·, y2) impliesF1(f (y2), y2)) > 0 andf (y2) >

f (y1). Hence

�|f (y1) − f (y2)|2� (F1(f (y2), y1) − F1(f (y2), y2)) [f (y1) − f (y2)]
and so

�|f (y1) − f (y2)|� |F1(f (y2), y2)|�G(y1, y2).

This yields the assertion.�

Appendix B. Proof of Theorems 2.9 and 2.10

This section gives the proof of Theorems 2.9 and 2.10. While related, both the proof are
reported for the sake of completeness.

B.1. Proof of Theorem 2.9

In this section, we are going to prove Theorem2.9. For this, it is enough to prove the
existence of an almost surely uniquely defined fixed point of the operatorV : B(�0, X) →
B(�0, X) defined by (8). In a first step, we establish the following result.

Lemma B.1. If the utility function u is uniformly�-concave in its first argument and if the
contraction condition(6) holds, then the operator V satisfies the following conditions:

(i) There exists�∗ > 0 such that V maps the setLip�∗(1) continuously into itself.
(ii) The operator V has a unique fixed pointg∗, andg∗ ∈ Lip�∗(1).

Proof. Let us denote by

g(y, �0) = arg max
x

u(x, y, �0) (B.1)

the conditional optimal action of the agent 0∈ A, given his type�0 and given the action
y ∈ X of his neighbor. We equip the product space� × X with the maximum norm, and
so it follows from TheoremA.1, fromAssumption2.7-(i) and from (6) that

|g(y, �0) − g(ŷ, �̂
0
)|�� max{|y − ŷ|, |�0 − �̂

0|}, (B.2)

where� := L
� < 1.
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(i) Let us first show thatV is a continuous operator on theBanach space(B(�0, X), ‖·‖∞).
Indeed, due to (B.2) we have

|V g(�) − V ĝ(�)|��|g ◦ T (�) − ĝ ◦ T (�)|��‖g − ĝ‖∞ (B.3)

for all g, ĝ ∈ B(�0, X). Thus,

‖V g − V ĝ‖∞ ��‖g − ĝ‖∞.

SinceL < �, the operatorV is not only continuous, but also a contraction. In particular,
it has a unique fixed point.

(ii) Let us now choose� > 0 such that 2�� < 1 and fixg ∈ Lip�(1). It follows from (B.2)
that

|V g(�) − V g(�̂)| � � max
{
|�0 − �̂

0|, |g ◦ T (�) − g ◦ T (�̂)|
}

� �max

|�0 − �̂
0|,
∑
a �1

2−�(a−1)|�a − �̂
a|


� 2��

|�0 − �̂
0| +

∑
a �1

2−�a|�a − �̂
a|


� d�(�, �̂).

This shows thatVmaps Lip�(1) into itself. Since Lip�(1) is a closed subset ofB(�0, X)

with respect to the topology of uniform convergence,
(
Lip�(1), ‖ · ‖∞

)
is a

Banach space. Thus,V may also be viewed as a contraction on the Banach space(
Lip�(1), ‖ · ‖∞

)
, and so the unique fixed pointg∗ of V belongs to Lip�(1).

This proves the lemma.�

Proof of Theorem 2.9. (i) Due to TheoremA.1 and Assumption2.7, we have

|g(y, �0) − g(ŷ, �0)|� L(�0)
�

|y − ŷ|,
where the mapg is defined by (B.1). This shows that the operatorV satisfies

|V g(�) − V ĝ(�)|� L(�0)
�

|g ◦ T (�) − ĝ ◦ T (�)|

for all g, ĝ ∈ B(�0, X). Since the types are distributed independently across agents, the
random variablesL(�0) and|g ◦ T (�) − ĝ ◦ T (�)| are independent, and so

E|V g(�) − V ĝ(�)|� EL(�0)
�

E|g ◦ T (�) − ĝ ◦ T (�)|��E|g ◦ T (�) − ĝ ◦ T (�)|.

Here� := EL(�0)
� < 1. As the types are also identically distributed, we obtain

E|V g(�) − V ĝ(�)|��E|g(�) − ĝ(�)|.
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Thus, denoting byV n then-fold iteration of the operatorV, we see that

lim
n→∞ E|V ng(�) − V nĝ(�)| = 0. (B.4)

In particular, the sequence(V ng)n∈N satisfies

E|V n+mg(�) − V ng(�)| = E|V n(V mg)(�) − V ng(�)|
� �nE|V mg − g|
� C�n

for someC < ∞. This shows that(V ng)n∈N is a Cauchy sequence inL1(P). SinceL1(P)

is a complete space, there exists an almost surely uniquely determined random variable
G∗[g] such that

V ng
L1−→ G∗[g].

Due to (B.4), theL1-limit G∗[g] does almost surely not depend ong. In other words, there
exists an almost surely uniquely defined random variableg∗ such that

V ng
L1−→ g∗ for all g ∈ B(�0, X).

In view of Chebyschev’s inequality this yields

P[|V ng∗ − g∗| > �]��−1E|V ng∗ − g∗| → 0 as n → ∞.

Let us now fix�̂ > 0. There exists a sequence of measurable sets(An)n∈N that satisfies
P[An] → 1 asn → ∞ andN ∈ N such that

|V ng∗ − g∗| < �̂ and |V n+1g∗ − g∗| < �̂ onAn for all n�N .

Since the best reply functions are continuous, we can choose�̂ so that|V g∗ − g∗| < � on
An, and so

V g∗ = g∗ P—a.s.

Recall now thatL1-convergence implies almost sure convergence along a subsequence.
Since any symmetric equilibrium̂g satisfiesP[V ĝ = ĝ] = 1, it follows that

ĝ = lim
k→∞ V nk g = g∗ P—a.s.

alon some subsequence(nk)k∈N. This shows uniqueness (up to a set of measure zero) of
the symmetric equilibrium.
(ii) The assertion follows from LemmaB.1. �

B.2. Proof of Theorem 2.10

We proceed by analogy with the proof of Theorem2.9. For analytical convenience, we
restrict our attention to the caseN = 1. The more general caseN ∈ N can easily be
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established using similar arguments. In the present setting, it is enough to show that there
exists a measurable functiong∗ : �2 → X which satisfies

g∗(�0, �1) = arg max
xa∈X

∫
u(xa, g∗(�1, �2), �0)�(d�2). (B.5)

Each such function is a fixed point of the operatorṼ : B(�2, X) → B(�2, X) which acts
on the classB(�2, X) of bounded measurable functions from�2 toX according to

Ṽ g(�0, �1) = arg max
x0∈X

∫
u(xa, g(�1, �2), �0)�(d�2). (B.6)

In order to prove that this operator has a Lipschitz continuous fixed point if the utility
function satisfies (6), we introduce the class

Lip :=
{
g : �2 → R : |g(�0, �1) − g(�̃

0
, �̃
1
)|� max{|�0 − �̃0|, |�1 − �̃1|}

}
of all Lipschitz continuous functions on�2 with Lipschitz constant 1. The following lemma
establishes some basic properties of the operatorṼ .

Lemma B.2. If the utility function u is Lipschitz continuous in the sense of(6), then the
operatorṼ defined by(B.6) satisfies the following conditions:

(i) Ṽ maps the setLip continuously into itself.
(ii) Ṽ has a unique fixed pointg∗ andg∗ ∈ Lip.

Proof. We introduce the continuous mappingU : Lip × X × �2 → R by

U(g, x, �0, �1) :=
∫

u(x, g(�1, �2), �0)�(d�2). (B.7)

Under the assumptions of Theorem2.10, the mapx 	→ u(x, y, �0) is uniformly�-concave,
and so the mappingx 	→ U(g, x, �0, �1) is �-concave.

(i) Let us first prove that̃V maps the class Lip into itself. To this end, we fixg ∈ Lip. Since
the map(x0, �0, �1, �2) 	→ �

�x
u(x0, g(�1, �2), �0) is uniformly continuous, it follows

fromAssumption2.7-(ii) that∣∣∣∣ �
�x

U(g, x0, �0, �1) − �
�x

U(g, x0, �̂
0
, �̂
1
)

∣∣∣∣
� sup

�2

∣∣∣∣ �
�x

u(x, g(�1, �2), �0) − �
�x

u(x, g(�̂
1
, �2), �̂

0
)

∣∣∣∣
� sup

�2
L
{
|g(�1, �2) − g(�̂

1
, �2)| + |�0 − �̂

0|
}

�L max
{
|�1 − �̂

1|, |�0 − �̂
0|
}

. (B.8)

Here, the last inequality follows from Lipschitz continuity ofg. This shows that, for
any fixedg ∈ Lip, the map(x, �0, �1) 	→ U(g, x, �0, �1) satisfies the assumption of
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TheoremA.1 with Y := �2 equipped with the maximum norm. Thus, TheoremA.1
concludes that̃V g ∈ Lip becauseL < �. Let us now show continuity of̃V with respect
to the sup-norm.To this end, we fix�0, �1 ∈ �. For any two functionsg, ĝ ∈ B(�2, X)

we have∣∣∣∣ �
�x

U(g, x, �0, �1) − �
�x

U(ĝ, x, �0, �1)

∣∣∣∣ �L‖g − ĝ‖∞,

due to (B.8). Thus, for each pair(�0, �1), the mapping(g, x) 	→ U(g, x, �0, �1) satis-
fies the assumptions of TheoremA.1 with Y := B(�2, X). Hence,

‖Ṽ g − Ṽ ĝ‖∞ = sup
�0,�1

∣∣∣∣arg maxx∈X
U(g, x, �0, �1) − arg max

x∈X
U(ĝ, x, �0, �1)

∣∣∣∣
� L

�
‖g − ĝ‖∞.

This proves continuity of the operator̃V in the topology of uniform convergence.
(ii) SinceL < �, it follows from (i) thatṼ is a contraction on the Banach spaceB(�2, X).

Thus, Ṽ has a unique fixed pointg∗. SinceṼ maps the closed set Lip into itself,
g∗ ∈ Lip. �

Proof of Theorem 2.10. (i) Using similar arguments to the ones provided in the proof of
Theorem2.9and applying TheoremA.1 to the functionU defined by (B.7), we obtain

E
∣∣∣Ṽ g(�0, �1) − Ṽ ĝ(�0, �1)

∣∣∣ � EL(�0)
�

∫ ∫ ∣∣∣g(�1, �2) − ĝ(�1, �2)
∣∣∣ �(d�2)�(d�1)

� �E|g − ĝ|.
Since� := EL(�0)

� < 1, it follows by an argument sufficiently close to the one spelled out in
detail in the proof of Theorem2.9 that the operator has a fixed pointg∗ which is uniquely
defined up to a set of measure 0.
(ii) The assertion follows from LemmaB.2. �
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