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Abstract

We consider general economies in which rational agents interact locally. The local aspect of the
interactions is designed to represent in a simple abstract way social interactions, that is, socioeco-
nomic environments in which markets do not mediate all of agents’ choices, which might be in part
determined, for instance, by family, peer group, or ethnic group effects. We study static as well as
dynamic infinite horizon economies; we allow for economies with incomplete information, and we
consider jointly global and local interactions, to integrate e.g., global externalities and markets with
peer and group effects. We provide conditions under which such economies have rational expecta-
tions equilibria. We illustrate the effects of local interactions when agents are rational by studying in
detail the equilibrium properties of a simple economy with quadratic preferences which captures, in
turn, local preferences for conformity, habit persistence, and preferences for status or adherence to
aggregate norms of behavior.
© 2004 Published by Elsevier Inc.

JEL classificationC62; C72; Z13

Keywords:Rational expectations; Local interactions, Existence of equilibria

* Corresponding author. Fax: +1212 995 4186.
E-mail addresses: alberto.bisin@nyu.edu(A. Bisin), horst@mathematik.hu-berlin.dg€U. Horst),
onur.ozgur@nyu.ed(O. Ozgiir).

0022-0531/$ - see front matter © 2004 Published by Elsevier Inc.
doi:10.1016/j.jet.2004.08.004


http://www.elsevier.com/locate/jet
mailto:alberto.bisin@nyu.edu
mailto:horst@mathematik.hu-berlin.de
mailto:onur.ozgur@nyu.edu

2 A. Bisin et al. / Journal of Economic Thecsa (1nu1) ini—1ui
1. Introduction

We consider general economies with local interactions, as introduced by F@lrer
Agents interact locally when each agent interacts with only afinite (small) set of other agents
in an otherwise large economy. The local aspect of interactions is designed to capture in a
simple abstract way a socioeconomic environment in which markets do not exist to mediate
all of agents’ choices. In such an environment each agent’s ability to interact with others
might depend on the position of the agent in a predetermined network of relationships, e.qg.,
a family, a peer group, or more generally any socioeconomic group. Local interactions rep-
resent an important aspect of several socioeconomic phenomena. For instance, the decision
of a teen to commit a criminal act or to drop out of school is often importantly influenced
by the related decisions of peers, as documented by Case and1K§ttGlaeser et al.

[33] and Crand19], respectively. Other phenomena for which relevant peer effects have
been identified include out-of-wedlock birtfik9], and smoking habit§39]. More gen-

erally, local interactions occur not only between peers but also between family members,
ethnic groups, neighbors in a geographical space. For example, neighborhood effects are
important determinants of employment segeB,52], of the pattern of bilateral trade and
economic specializatiof1], and of local technological complementaritje,23] while

ethnic group effects play a fundamental role in explaining urban agglomeration, segregation
[4,50], income inequality and stratificatig@1]. 1

The documented empirical evidence of peer and neighborhood effects in socioeconomic
phenomena has spurred an interesting theoretical literature. This literature has generated ex-
istence and characterization results forimportant but special classes of static economies: for
instance economies with additive quadratic preferences, extreme value distributed shocks,
and symmetric interaction effects, introduced by BlUBieand Brock12] (see als¢13]);
or economies with a finite number of agents, studied by Glaeser and ScheifiB®jan
Moreover, when dynamic economies are studied, the analysis is only confined to the case
of backward looking myopic dynamics, either as a simple explicit dynamic process with
random sequential choi¢&3], or as an equilibrium selection proced(®e32]. 2

In this paper, we contribute to this literature by extending the class of economies under
study in various dimensions. First of all, we study economies in which the distribution
of information across the agents, as well as their interactions, are local (economies of
incomplete information Economies in which information is distributed locally allow to
study environments in which, for instance, only the agents directly interacting with each
other observe each other’s private characteristidgost importantly, we study thetional
expectations equilibriaf dynamic economies. While agents may interact locally, they are

1 Finally, local interactions control the dynamics and spread ofideas and beliefs, and therefore mightin particular
play animportantrole in the microstructure of financial marketsfE&86]for theoretical applications to financial
markets. Sefl10,14,31,32for good surveys of the theory of social interactions, and its applications.

2The only exception is a simple example[81]. Rational expectations equilibria are instead the focus of the
literature on global, or mean-field type, interactions; 82 for a review.

3 The restriction to economies with complete information is in fact implicitly adopted by the literature only for
simplicity: it allows the direct use of mathematical technigues and results from the physics of interacting patrticle
systems and statistical mechani8®,12,13] see[44] for a presentation of such techniques and results).
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forward looking, and their choices are optimally based on the past actions of the agents in
their neighborhood, as well as on their anticipation of the future actions of their neighbors.
We see no valid reason why local interactions should be characterized by myopic behavior
more than standard global, e.g., market, interactions. Finally, we also introduce economies
characterized bglobal interactiondogether with local interactions to integrate e.g., global
externalities and markets with peer and group effects. This extension allows us, for instance,
to consider economies in which agents interact locally and, at the same time, act as price
takers in competitive markets, or take as given aggregate norms of behavior, such as specific
group cultures.

To pursue these extensions, we restrict in part the analysis to a specific form of local
interactionspne-sided interactiond his assumption is substantive as it limits the scope of
strategic interactions to those which dieected e.g., structured hierarchically inside each
social group?

For all the distinct economies we study, static economies with complete and incomplete
information, as well as dynamic infinite horizon economies, we provide conditions under
which such economies have rational expectations equilibria which depend in a Lipschitz
continuous manner on the parameters. For each of these economies, we show that such
conditions impose an appropriate bound on the strength of the interactions across’agents.
They exclude in particular economies in which strategic coordination gives rise to multiple
equilibria; for instance economies in which it is always optimal for each agent to match the
action of a neighboring agent.

We alsoillustrate the effects of incomplete information and agents’rationality by studying
in detail the equilibrium properties of simple economies with quadratic preferences display-
ing local preferences for conformity, habit persistence and possibly preferenctsttcr
For instance, we compare the magnitudes obthatal multipliereffects with complete and
different degrees of incomplete information. T¢wial multipliersummarizes the equilib-
rium effects of the interactions, and measures the amplification of individual effects in the
aggregate due to the correlation across the agents’ actions induced by social interactions.
We show that incomplete information has the effect of reducing the social multiplier with
respect to the complete information case and hence to dampen the aggregate effects of the
agents’ preferences for conformity. In this context we also attempt at a comparison between
the equilibrium actions when agents have rational expectations with the actions of the my-
opic agents previously studied in the literature. We show that, in the context of our local
conformity economy with habit persistence, the effect of rational expectations dynamics
is to spread the correlation of equilibrium actions across all agents in the economy. Most
importantly though, we show formally that when agents have rational expectations, the
effect of the local conformity component of their preferences on their equilibrium actions is
reduced with respect to the case in which agents are myopic. We also show then, by means

4 One-sided interactions are a natural component, for instance, of models of local conformity, when each agent
has a preference for behaving as much as possible as some of his peers. They also appear prominently in other
forms of social interactions, as e.g., in Glaeser-Sacerdote—Scheinkman’s model of33]mia Estigneev—

Taksar’s model of trade lin26], or in Ozsoylev's model of information flows in financial markp46].

5 Similar conditions for related economies have appeared in the literature; Glaeser and Schédfmeders
to them as conditions dfloderate Social Influenceee also Horst and Scheinkm&].
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of simulations, that the extent to which rational expectations reduce the agents’ reliance at
equilibrium on local conformity effects is quite substantial.

The paper proceeds as follows. We first study static economies with local interactions
with complete and incomplete information. We then study dynamic economies with local in-
teractions and incomplete information (the results adapt simply to the complete information
case). Finally, we introduce global as well as local interactions in the dynamic analysis.

2. Static economies with local interactions

In this section, we introduce our concept of a static economy with local interactions. We
consider economies with a countable 8ebf agents To each agent € A is associated
atype the realization of a random variabé taking values in a se® C R. Types are
independent and identically distributed across agents withvlalle assume with no loss
of generality that the random variatle= (0%),cx is defined on the canonical probability
space(®, F, P), i.e.,® := {(0")4en : 0° € O}. The utility of an agent: € A depends
on his typef“, on an actionc® he chooses from a common compact and convex action set
X C R, and on the action taken by his neighbor, age#tl. In other words, we assume that
each agent € A only interacts with the ageat+ 1. Such a system of local interactions
has the property that interactions are one-sided; that is, if the action or the realized type of
an agenb affects the choice of ageat thena’s action or type does not affebis choice.

Remark 2.1. The one-sidedness of the interaction structure is a substantive assumption as
it excludes various forms of strategic interactions inside neighborhoods. Ake&}ldbr
instance, stresses the importance of models of social interactions encompassing a different
range of forms and intensities. In economic applications, one-sided interactions are most
appropriate for environments in which agents’ interactions are structured hierarchically
inside each social group: this is the case for instance when one subset of the agents in each
social group looks at the others as role models, as in our study of conformity in Sections
2.2, 4.3, and, in particular, in the model with both local and global interactions analyzed

in Section5. One-sided interactions are studied in the literature for simplicity when local
rather than global (e.g., mean field) interactions are modelled; seR4-46,31,33,46]

We discuss in SectioR.3how to extend our analysis to general forms of local interactions

in the case of static models as, e.g[31A]; see als§38]. Our focus, however, is on dynamic
economies of local interactions, and we are unaware of any method that would allow us to
extend our results derived in Section 3 and, in particular the existence result for dynamic
economies with both local and global interactions established in Section 5, to more complex
interaction patterns.

Any heterogeneity across agents can be incorporated in the probabilistic structure of the

types0”. Agents can therefore be considered identical ex ante without loss of generality.
Thus, the preferences of each agert A are described by a utility functiomof the form

(x“, xat1 9“) — u (x“, paany 9“) )
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We assume throughout that X2 x @ — R is continuous and strictly concave in its first
argument. Prior to his choice, each agent A observes the realization of his own type
0" as well as the realizations of the typ(é’sof the agentd € {a+ 1, a+2,...,a+ N}.
Here N € N* U {oo}. If N = oo each agent hasomplete informatiombout the current
configuration of types when choosing his action. In particular, each agent observes
the types of all the agentse {a + 1,a + 2, ...} with whom he is directly or indirectly
linked. When insteadv € N, an agent only haiscomplete informatiombout the types of
the other agents. If, for instanck¥, = 1, then the agents only observe the type of the agent
with whom they directly interact.

Definition 2.2. A static economy with local interactions is a tugle= (X, ©, u, v, N). A
static economy with local interactions is an economy with complete informatiér=f oo,
and with incomplete information iV € N.

In order to introduce our notion of an equilibrium for a static economy with local inter-
actionsS = (X, O, u, v, N), we need some notation. The vector of types whose realization
is observed by the ageat= 0 is denotedy := {6°, 0%, ..., 6V }; by analogyT“0y :=
(0“, 0““’) denotes the vector of types whose realization is observed by the agent

a e A.%IncaseN = oo, we letdy = {0°, 0%, 62, ...} andT90y = {0°, 0°TL, 0°+2, . ).
Finally, the set of possible configurations of types of all agentd) is given by@0 =
{(04=0:0% € ). Wefirstfocus on the simpler case of economies with complete informa-
tion. Agenta € A takes as given his neighbor’s policy functigfi! that maps/“*t10y e

@ into an element oK. Agenta’s choice is then represented by a functighthat maps
anyT?0y € ®%into an element oK.’ Since the agent observég0,y = {0“, et 1

his optimization problem takes the form

max u (x“, ga+1 (T“+10N> , 9“) .

xdeX
If Sis an economy with incomplete information, by taking as given his neighbor’s policy
functiong®*1, and by observing the realization only of the tyg&®) y := (H“, 00N,
agenta cannot determine his neighbor’s optimal choice. The choice depends on the real-
ization of the random variablé**V** and this information is not available to the agent

a € A. Thus, in a situation with incomplete information, an agent’s optimization problem
is given by

max / u (x“, P (0““, 00N 0) : 0“) V(d0).

xdeX

6Formal|y, T : @ — O (a € A) is thea-fold iteration of the canonical right shift operat®dr that is,
T4 pep) = (0P e furthermore 740y = (HO(T“H) ..... HN(THH)) = (6" ..... (9“+N).
7 We therefore restrict the arguments of each of the agents’ choice to exclude any effects through the realization

of the types of the agents to their left. In other words, we exclude any extrinsic effect, that is, we exclude sunspot
and correlated equilibria.
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Since the utility functions are strictly concave with respect to an agent’'s own action, the
maps

s (xa’ ga+l (Ta+19N) ’ 6(1)
and
X s / u (x“, g1 (9““, ...,0“+N,0),0“) v(d0)

are strictly concave, too. Thus, the conditional choice of ageat A, given the policy
function of agent: 4+ 1 and given types of all the agetti {¢« + 1,a +2,...,a+ N}, is
uniquely determined both for economies with complete and with incomplete information.
We are now ready to introduce our notion of an equilibrium for static economies with locally
interacting agents.

Definition 2.3. LetS = (X, ©, u, v, N) be a static economy with local interactions.

(i) If Sisaneconomy with complete information, then an equilibrium is a fagit§),ca
of measurable mappingg“ : ®° — X such that

g (T"0y) = arg maxu (x“, gratt (T“+19N> , 9“) P—a.s. (1)

foralla € A.
(i) If S is an economy with incomplete information, then an equilibrium is a family
(8**)4en of measurable mappings? : @V+! — X such that

*a a _ a _xa+1 [ pa+1l a+N a
g™ (T eN)_argxrp&x/@u(x,g (0 0 ,0),9)v(d0)
P—a.s. (2)

foralla € A.

An equilibrium (g**),ca for an economys is symmetric if
g4 =g"oT* P—as. (3)
for some mapping* and eacl: € A.

An equilibrium for an economy can also be viewed as a Nash equilibrium of a game
with infinitely many players in which the agents’ common strategy set is given by the
classB(®°, X) of all bounded measurable functionfs: ®° - X. Sufficient conditions
for existence of correlated equilibria in games with infinitely many players and compact
strategy sets are given in, e.§34]. These results, however, do not apply to our model,
because (iB(G)O, X) equipped with the usual sup-norm is not compact; and (ii) our focus
is on Nash equilibria of the game rather than on correlated equilibria. In what follows, we
shall restrict our analysis to symmetric equilibria.
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Remark 2.4. (i) As we will see, in our complete information setting, a symmetric equilib-
riuma € A, givenT“0y, is uniquely determined. Thus, the equilibrium mgp 0 - x
can be identified with the mappin@* : ® x X — X defined by

wopa a+ly a ,a+l pa
G*(0%, x )_argxrpg(x»:<x , x40 )
In fact, the previous literature has only studied this case, where each agent reacts to the
actions taken by his neighbors; see, §89,12,13,32,33br [37].
(i) Suppose that an agent’s utility function takes the additive form

u(xa,anrl’ Qa) — v(xa) +xaxa+l + g(xa’ 0”)

In such a situation, the agent may as well maximize his utility with respect to the expected
actionF,x%*1 of his neighbor. Heref,, denotes the conditional expectation operator of the
agentz € A. Thus, we may as well assume that the utility functions are given by

u(x®, x4 07 = v(x®) + x ExTt + g(x9, 69).

Such preferences are analyzed in, fL8]. In this sense, our framework can also be viewed
as an extension of the model by Brock and Durldu].

2.1. Existence, uniqueness, and Lipschitz continuity of equilibrium

In order to guarantee the existence and uniqueness of an equilibrium for static economies
with local interactions, we need to impose a form of strong concavity on the agents’ utility
functions. To this end, we recall the notion of aconcave function.

Definition 2.5. Letx>0. A real-valued functiory : X — R is a-concave orX if the map
x> f(x)+ 3ax|? from X to R is concave.

This definition is first due to Rockafell§47], and is used for purposes related to ours by
Montrucchio[45].

Remark 2.6. Observe that a twice continuously differentiable map X — R is a-
concave, if and only if the second derivative is uniformly bounded from aboveshyor

a more detailed discussion of the properties-@bncave functions, we refer the reader to
Montrucchio[45] and references therein.

We will also require any agent’s marginal utility with respect to his own action to depend
in a Lipschitz continuous manner on the action taken by his neighbor. In this sense we
impose a qualitative bound on the strength of local interactions between different agents.
More precisely, we assume that the following condition is satisfied.

Assumption 2.7. The utility functionu : X x X x @ — R satisfies the following condi-
tions:

(i) The mapx — u(x, y, 0) is continuous and uniformly-concave for some > 0.
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(i) The mapu is differentiable with respect to its first argument, and there exists a map
L : ® — R such that

0 0 R R
—u(x, y, 0% — —u(x, §, 00| <LOO -yl
Ox Ox
and such that EL(0°) < a. (4)

A simple example where our Assumptigry can indeed be verified is studied in the next
section.

Remark 2.8. The interpretation of the ConditidEL(HO) < o is of interest. In the differ-
~2
entiable case, the quantil;(@o) defines a bound oﬁ%{;g), whereast may be viewed

2
as a bound oﬁ“é"i‘zy’(’). Thus,[EL(HO) < o means that, on average, the marginal effect of
the neighbor’s action on an agent’'s marginal utility is smaller than the marginal effect of
the agent’'s own choice. It is in this sense thgtitnposes a bound on the strength of the
interactions between different agents. A similar condition has also been employed to study
uniqueness of equilibria in related environments by Be¢RErsee alsd3]. The Moder-
ate Social Influence conditions [B2] corresponds to the stronger contraction condition
L% < o P—as.

We are also interested in deriving conditions which guarantee that the economy admits
a Lipschitz continuous equilibrium. Lipschitz continuity of the equilibrium map may be
viewed as a minimal robustness requirement on equilibrium analysis. In particular, itjustifies
comparative statics analysis. We therefore introduce the notion of Lipschitz continuity we
will use in our analysis. For an arbitrary constant0, we define a metrig, on the product

space®® by

dy©.0):= > 2710 — 0" (0= (0aen. 0= @ )aen) (5)

a=>0

and denote by Lip(1), the class of all continuous functions : ®° — X which are
Lipschitz continuous with respect to the mew/jcwith constant 1, i.e.,

Lip, (1) := {f : @° — X : | £(0) — £(D)| <dy(0, D))

We are now ready to formulate the main result of this section. Its proof can be found in
Appendix B.

Theorem 2.9. LetS = (X, ©,u, v, N) be a static economy with local interactions and
complete informatiorthat is withN = oc.

(i) Ifthe utility functionu : X2 x ©® — R satisfies Assumptich7, thenS admits a unique
(up to a set of measure zémymmetric equilibriung*.
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(i) If, instead of(4), the utility function u satisfies the stronger condition
L, 0 = Sute, 5.0 <Lmaxis =yl -0y with L <2 ()
Oox 0x

then there existg® > 0 such that the equilibriung* is Lipschitz continuous with
respect to the metrid;::

. L )
1g*(0) — g"(0)] < ;dn*(e’ 0).

Establishing the existence of a symmetric equilibrium is equivalent to proving the exis-
tence of a measurable functigii : ®° — X which satisfies

¢*(0) = argmaxu(x°, g* o T(0), 0°) P—a.s. (7)
xOex

Observe that each such map is a fixed point of the opekatorB((BO, X) - B@®° X)
which acts on the clasg(®°, X) of bounded measurable functiofis - x according
to

Vg(0) = arg rgmaXu(xO, g o T(0),0°). (8)
xYeX

On the other hand, each fixed point\ofs a symmetric equilibrium. It is therefore enough

to show that has a unique fixed point. The existence and uniqueness of equilibrium for
economies of incomplete information, where an individual agent only observes a finite num-
ber N < oo of types, requires an additional continuity assumption on the utility function.
The proof is analogous to the proof of Theor2r@and is given in Appendix B.

Theorem 2.10.LetS = (X, O, u, v, N) be a static economy with local interactions and
incomplete informatiorthat is withN € N.

(i) Ifthe utility functionu : X? x @ — R satisfies Assumptidh7and if it is continuously
differentiable with respect to its first argumetitenS admits a uniquéup to a set of
measure zejosymmetric equilibriung™*.

(i) If u satisfies conditioii6), theng* is Lipschitz continuous

R L Ab
18" On) = g" O <~ max|0” = 0] : b =0,1,..., N}.
2.2. Example: local conformity

In this section, we study in detail an economy in which agents have a local preference for
conformity: each agemtenjoys utility from behaving as much as possible as his close peers.
In many instances of socioeconomic relevance, from smoking to dropping out of school,
preferences for conformity act at the level of peers rather than at the level of society as a
whole; sed6] for a study of preferences for status, where interactions are global rather than
local and agents try to match the mean behavior in the society. The economy we analyze
is a special case of the general environment studied in the previous sections, in which
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the agents’ equilibrium actions can be given in closed form. We also derive interesting
statistical properties of the equilibrium action profile. In particular, we characterize the
effects of local conformity on the variance and the correlation structure of individual actions
in the population as well as on the variance of the mean action across different economies.
When the variance of the mean action across economies is larger than the variance of
each action in the population, we say that social interactions genesaigiad multiplier
effect; see e.g[2,32]. The social multiplier summarizes the equilibrium effects of the
interactions, and measures the amplification of individual effects in aggregate due to the
correlation across the agents’ actions induced by social interactions. It is interpreted to
explain the large variability across time and space observed in empirical data regarding
smoking, criminal activity, dropping out of school, out-of-wedlock pregnancy and other
socio-economic decisions in which a social interactions component is relevaf&1$ém
a survey.

We compute thesocial multiplier for our local conformity economy under complete
and incomplete information, and we study the differential effects of the distribution of
information about agents’ types across the neighborhood structure. Consider the following
utility function:

u(x®, x4 07 = —o(x? — 092 — ap(x® — x@t1)2 9)

for oy a2 > 0. Quadratic utility functions of form9) describe preferences in which agents
face a trade-off between the utility they receive from matching their own idiosyncratic
shocks and the utility they receive from conforming to the action of their peers, which
will in general be different. The higher the rati?, the more intense is the agent’s desire
for conformity. The equilibrium action of a generic agent A can now be solved for

in closed form (we do not report calculations for this sectinet 8, := al"jrlaz and
fo = al“jfxz. In the complete and incomplete information cases, respectively, thgfap
given by

© ) atN _ N+1
g (T0n) =P Y_p5 0" and g* (T“HN)=/31<Z[3'2_”0’+12 3 [E@“).
- P2

i=a i=a

Note that, in either case, the equilibrium action of the agenat A is given by a convex
combination of all the observable types and the mean of the random vafifablable 1
reports the variance of actiarf and the covariance of the actions taken by agaatsdb.

The variance of action“ is highest when agents have no preference for conformity. In
such a situation, in fact, the whole variability of an agent’s idiosyncratic type is reflected
on the action he chooses? = 0“. When agents do interact instead, and therefore at-
tempt to conform to the action of their neighbor, they choose an action which depends
on a weighted average of the types of all agents on their right. Because types are i.i.d.
across agents this type average has in fact a smaller variance than each single type, and the

8ltis easy to verify that the magf’ — u(x?, x?t1, %) is a-concave ifx < 2(a1 + o2), and that our Moderate
Social Influence assumption holds:f > 0.
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Table 1
Statistical comparison

No interaction Complete info. Incomplete info.
(1 > 0,00 = 0) (0q, 02 > 0; N = 00) (xq,00 >0, N =1)
var(x) var(0) l/lﬁz var (0%) [3%(1 + ﬂ%) var (0%)
a .a+b @ ﬁlﬁZ var((?“) forb=1
cov(x4, x@tb) 0 1— /;2 (ﬁz) var(6) { S
varex) var(0) var(0) /31 (1+ /32) var(0%)

effect of local interaction is then to reduce the variance of the actions chosen by each
agent?

Notice also that when information is incomplete, the variance of a generic action is lower
than when information is complete. In Table 1, we only report the case in which each agent
observes the type of the neighbor whose action he wishes to confonn=tol. However,
it is easily shown that the variance increases with the dissemination of information, that is,
with the number of neighbors’ types each agent obseNgeasnd converges to the variance
of the complete information case &s— oo. When information is incomplete, in fact, in
attempting to predict the action of the neighbor to conform to, an agent necessarily relies
on the mean of the types of the agents he does not observe and the variance of his chosen
action is reduced? Local interactions in our conformity model have then the effect of
reducing the variance of each agent’s action, but introduce a correlation across the actions
of the agents. In the case of complete information, such correlations extend over all agents,
while with incomplete information only the actions of agents at nibspaces apart are
correlated. The correlation of actions across agents with preferences for conformity in turn
increases the variance of the mean action across econdmiestact, if the mean action
is defined ag = lim, .« Zlalén %’H it can then be shown that var) = var(x%) +
21im, 0o Y 7_; cov(x, x%). 12 Therefore preference for conformity decreasegxr
butincreases the covariance terms in the variance of the meanadtiturns out (see Table
1) that these two effects exactly compensate in our conformity model when information is

9 This is in contrast with the results obtained e.g., by Glaeser and Scheirf&tpfor a related economy
with preferences for conformity. In their formulation of conformity, ageatequilibrium action (with complete
information, the only case they study, and in our notation) takes the fefms= 0% + /fzx‘”d. In this case,
therefore, each agent’s attempt to conform to his neighbor adds to his action rather than simply shifting the weight
away from his own type, as in our case. Glaeser and Scheinkman'’s formulation is therefore characterized by more
intense preferences for conformity, and local interactions increase the mean and the variance of each agent'’s action.

10 Extending their analysis to the case of incomplete information, we can show that this effect is also present in
Glaeser and Scheinkmg®il] specification of conformity.

11 Following Glaeser and Scheinkm8i] and Glaeser et a33], the different statistical properties of the vari-
ance of individual actions and the variance of the mean action across economies could be exploited to empirically
identify the intensity of preferences for local conformity, thatfis,in our formulation.

12since the process?, for a € A, is stationary and satisfies a strong mixing condition with exponentially
declining bounds, central limit behavior results; 8.
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complete, and hence conformity does not generate a variance multiplier, as ¢34], in

In the case of incomplete information, conformity even dampens the variance of the mean
action with respect to the case of no interactions. To better understand and summarize the
effects ofincomplete information on social interactions, we study the social multiplier of our
economy with incomplete and complete information. Letdbeial multiplierbe defined
formally as the ratio of the variance of actiafi and the variance of the mean action

2
From Table 1 it is clear that in the complete information case the multiplier is eqéﬁé‘-ﬁo

which is larger than the multiplier in the incomplete information ¢ 1+/;2) forN =1

(in fact it can be easily shown that the multiplier with complete information is larger than
the multiplier with incomplete information for any < oo).

2.3. Extensions and discussion

The existence and continuity results of Theorér@and2.10can be partly extended to
economies with more general interaction structures. While for these economisdiee
ate Social Influencassumption is not enough to guarantee existence, a stronger condition,
like condition @), in fact suffices for existence, uniqueness, and Lipschitz continuity. This
is the case for both complete and incomplete information economies. We illustrate the thrust
of the argument in the following subsection. In Sect®®.2we characterize equilibria in
static economies as stationary solutions of stochastic difference equations.

2.3.1. Equilibria in economies with general interaction structures

In the complete information setting, each symmetric equilibrium can be viewed as a
fixed point of the operatd¥ defined by 7). The proof of the existence results in Theorems
2.9(i) and2.10(i) are based on a mean contraction argument. This argument only applies
to economies with one-sided interactions. For instance, in the case of complete information
we show that

L(0°
V() — V3 (0)|< %m oT () — 3o T(0)].

In an economy with one-sided interactions the random variabK@Q) and 7(0) =
(01, 92, ...) are independent. Under tidoderate Social Influencassumption we show
that the operator we show thdisatisfies the mean-contraction condition

A A EL(6°)
EVg(0) — Vg(O)|<yElg) — g(0)| where y:= " <1,

which turns out to be the key to the existence proof. For general interaction structures,
however, best reply functions depend on the entire configuration of taste shocks, and inde-
pendence of.(0°) andg o T(0) is typically lost. As a consequence, in this case, there is no
reason to expect thatModerate Social Influenceondition, as AssumptioB.7, translates

into a mean contraction property of the operator
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To study existence, uniqueness and continuity in the context of economies with more
general forms of interactions, we pursue a different strategy. Under the stronger contraction
condition @), in the proof of Theorem2.9-(ii) and 2.10-(ii) we show that

. L .
[Vg(0) — Vg0l < S l8° T(0)—goT ()]

. L 5
and so [|Vg — V&l < —llg — &lloo

and thaW/gis Lipschitz continuous whenevgis. This method therefore delivers existence,
unigueness, and Lipschitz continuity. For a suitable modification of condiioit €arries

over to the case of more general interaction structures. Consider the case in which agents
are located on thé-dimensional integer lattic&?, and the preferences of the agent 7¢

are described by a utility function of the form

(xa, (X} ben ) 0“) i <X“, X} bena) 0“) ,

whereN(a) := {b € Z¢ : ||la — b|| = 1} denotes the set of the agent’s nearest neighbors.
In such a more general model, each symmetric equilibrium is given by a fixed point of the
operator

Vg(0) = arg maxi (xo, {goT(D)}aen ), 90) .
xYeX
If utility function satisfies the contraction condition
J . a b J . a y(ab 0
‘&C—uu (x AxX"}beN(a)s 9) ~at (x AX Y beN(@a)s 9)‘
<Lmax(|z? — x|, 10— 0] : b € N(a)},

using straightforward modifications of the arguments given in the proof of The @&n(ig
and?2.10(ii), it can be shown thaV satisfies the contraction condition

U §
[Vg—Vgl<=maxX{|goT? —g0T" :be N@).
o

We then obtain thaV’ is a contraction that maps a set of Lipschitz continuous functions
continuously into itself. Two-sided interactions are simply a special case of this general
model.

2.3.2. Equilibria as stationary solutions to stochastic difference equations

Itis possible and instructive, in the class of static economies we have studied, to charac-
terize an equilibrium as a stationary solution to a stochastic difference equation. Consider
for illustration an economy with one-sided interactions and complete information. An equi-
librium can be defined as a sequence of actiafi$, < 5 that satisfy the non-linear recursive
relation

x4 =G*0°, xY  weD), (10)

where G*(0°, x**1) denotes the conditional best reply of the agangiven 0° and his
neighbor’s actionc®*1, Showing existence of a symmetric equilibrium is then equivalent
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to the existence of a stationary solution to the stochastic difference equafiprwhere
the index runs over agentse A rather than over time periods as is common in rational
expectations models, e.dZ,15,49] 12 It follows, e.g. from results given in Chapter 8
of Borovkov[11], that (L0) admits a unique stationary solution if the best reply function
satisfies thenean contraction condition

EIG* (0%, x**1) — G*(0°, 2971 <ylx*t — 2L forsome y < 1.

The proof of Theorem.9shows that this is the case whenever the utility functisatisfies
Assumptior2.7-(ii). The mean contraction condition, in turn, guarantees that the difference
equation 10) has a unique stationary solution, that is it guarantees a transversality condition
of the form4

im —C_G* (ea,G* (6”“,...,G*(@““—l,xa“)...))=o.

T—>00 (xa+T

Thus, in an economy with complete information, an equilibrium may be viewed as the
unique stationary solution to difference equationlif))(with state spac&. If the mapG*

is linear, as is the case in our example with quadratic utility, Se@ignfor instance, an
equilibrium can be represented by a deterministic difference equation of the form

X4 = B0+ fpxt

and the transversality condition holds if its root is explosive, that i, if< 1. Similar
arguments apply for economies with incomplete information and one-sided interactions.
Then, a sequendg“},ca of measurable mappings : @Y — X is an equilibrium if

§°(0. ) = arg maxE [u(x“, Fasd 0“)|]—'a] ) = 60", Y (aeZ), (11)
x%e

whereF, denotes the information set of agent.e., theo-field generated by the random
variablesg“*t, ..., g*+V, Again, the best reply functiot’ admits a unique stationary
solution (on a suitable function space) if it satisfies a mean contraction condition, which
in turn we prove is satisfied under the assumptions of The@d(i). If the best reply
function G(0°, -) is linear the analysis is again straightforward; we developed it above in
Section2.2

Consider finally the case of economies with general interaction structures, which we
discuss previously in this section. In the special case in which information is complete and
an arbitrary agent € A interacts directly with agenis — 1 anda + 1, an equilibrium
satisfies a second order difference equation of the form

x4 =G* (9“, x4 1 x“+l) (a € 2).

Difference equations of this form appear in rational expectations models, sei® d@],
In this case a symmetric equilibrium can also be represented by a stationary solution to the

13We thank an anonymous referee for suggesting us to make this analogy explicit.

14.0f course differentiability of5* is not needed; we report the transversality condition only in this case for the
sake of notational simplicity.



A. Bisin et al. / Journal of Economic Theasa (1111) 111111 15

difference equation, provided appropriate transversality conditions hold (at plus and minus
infinity). Results in the literature are generally limited to conditions for local stability; see
e.g.[15,5]. Finally, in the case of economies with incomplete information, the stochastic
difference equation resulting from the best reply map of an arbitrary agenbn-standard,

as the information sets of agents= A do not form a filtration, and so the results in the
rational expectations literature do not apply. Similarly, economies with more general local
interactions, discussed previously in this section, or dynamic economies, as we study in the
next section, give rise to equilibrium conditions that cannot be reduced to a standard form.

3. Dynamic economies with local interactions

The theoretical literature on dynamic economies with local interactions has so far concen-
trated on models with ad hoc myopic dynamics. One of the main reasons for the widespread
use of myopic dynamics is that the resulting equilibrium processfdr<n has beeninten-
sively investigated in the mathematical literature on interacting particle systems. Conditions
for asymptotic stability of these processes have been established under suitable weak in-
teraction and average contraction conditions; see[@942,44] In this paper, we instead
study economies with forward looking agents and consider rational expectations equilib-
rium dynamics. In our economy, therefore, an agent’s actual action typically depends on
his current type, on his past choices, on the present states of all the other agents and on
the expected future behavior of his neighbors. His expectations with respect to the future
actions of his neighbors are assumed to be rational, that is, the expectations are assumed to
be consistent with the equilibrium dynamics of the neighbors’ actions at each time in the
future. In the context of a dynamic extension of the local conformity economy of Section
2.2, with quadratic preferences accounting for habit persistence effects, we can identify
the characteristics of the behavior of locally interacting agents. This behavior stems from
rational expectations about the future and about the behavior of neighbors, which do not
exist in the standard analysis of myopic economies; see Sekton

We are now going to introduce our notion of a dynamic economy with locally interacting
agents as well as our equilibrium concept. As in the case of static economies, we consider
a countable sef\ of agents. Each agent is infinitely lived, and is of tyffec © at time
t € N. Types are assumed to be distributed independently and identically across agents and
time.1® The law of the random variable¥ is denoted by. The instantaneous utility of
agent € A attimer € N depends on his current typg, on the action he chooses from
a common compact and convex action ¥et. R, and on his actiony’_; in the previous
periodr — 1. We maintain the simple interaction structure introduced in the previous section,
and assume that the agents’momentary utility also depends on the currenk&ﬁfimhhis
neighbor, ageni + 1. His instantaneous preferences at tirage described by a continuous
utility function

a _a a+l pa a .a a+1l pa
<x, S XX 0,) = u (x, JX g, X 0,) , (12)

15|ndependence over time simplifies the analysis substantiallyfsddefor standard dynamic programming
techniques to deal with correlated shocks over time.
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where the map; — u (x,“, xt g, X0t 9?) is assumed to be strictly concave. An agent’s

overall utility is the expected sum of future utilities, discounted at a fate 1. Prior to

his choice at time, the agent: € A observes the realization only of his own tyf§e In

this sense, we focus on economies with incomplete information, in which agents do not
observe the type of any other agent except their own. This is just for notational and analytical
convenience. We allow agents to observe the entire action pxef#e(x?),ca of previous
periodst =r—1,t—2,....

Definition 3.1. A dynamic economy with local interactions is a tugle= (X, @, u, v, f5).

In order to describe an individual agent’s optimization problem, we need to introduce
some notation. We denote By:= {x = (x%),ecn : x* € X} the space of all configurations
of individual actions and lex° := {x = (x4 >0}. We equip theconfiguration spaceX
and X° with the product topologies, and so compactness of the individual action spaces
implies compactness of the configuration spacesdX°. At each time, the agent € A
observes the entire action profite_1 € X, in particular, he observes the past actimfl_s1
of all the agent$ > a with whom he interacts either directly or indirectly. Even though his
instantaneous utility only depends on present and expected future actions of his neighbor,
the information contained in all the choic(ye‘,‘ff)c>1 is used to predict his neighbor’s
future actions, and is therefore relevant for the solution to his decision problem. In fact, the
choicext“jf of the agent: + ¢ at timer — 1 affects the action of ageatt ¢ — 1 in periodt;
this has an impact on the action of agertc —2 in periodr + 1, etc. Arational agent € A
anticipates these effects, and so he bases his current decision on all thecélq)@§a. In
principle, agena could base his decision abn the action profiles at time— 2,1 — 3, etc.,
which he observes. In fact though, we study Markov perfect equilibria, in which the policy
function of any agent atwill only depend on period — 1 actions. Of course actions at
t — 2 also affect future actions, bat a Markov perfect equilibriupthey only affect future
actionsthrough the actions at— 1. As a consequence, an agent observing actions dt
finds the information contained in actionsrat 2 irrelevant to compute the expectations
about future actions that he cares about for optimizing at tirfe As in the static case,
we shall focus on symmetric equilibrid. Thus, we may assume that the optimal action
of an economic agent € A is determined by a choice functign: X° x @ — X in the

16 our economy is formally equivalent to a dynamic game. [88¢ Chapter 13]for the standard justifications
for Markov perfect equilibria in dynamic games. Restricting the analysis to the class of Markov perfect equilibria
is substantial; trigger strategies and other dynamic punishment strategies, for instance, are excluded. The analysis
of these strategies requires different mathematical techniques as in the study of repeated g§22¢&sastudy
of repeated games in a local interaction environment where punishment strategies spea@dipnacross the
economy.

17we will also, as in the static case, restrict the arguments of each agent's choice to exclude the actions of agents
‘on the left’, that is, non-payoff-relevant state variables and extrinsic effects. For instance, in our formulation of
equilibrium, ageng’s action at timet cannot affect agent + 1's action at timer + 1, even though this action
affects agend’s utility at timer + 1. This assumption also precludes the analysis of complex dynamic punishment
strategies as, e.g., [82], and of other forms of strategic interactions.
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sense that
x{ = g(T%;_1,07) where T%;_q1= {xtb,l}bga-

In a symmetric situation, it is thus enough to analyze the optimization problem of a single
reference agent, say of the agert @\. Given acontinuoushoice functiorg : X° x @ —

X, the agent >0 takes as given his neighbor’s current ch@i¢g“x;_1, 7). We denote by

n, (T“x;_1; -) the conditional law of the action’, given the previous configuration_g,

and so the choice function: X x @ — X induces the Feller kernel

My(x; ) = [ [ me(Tx: ). (13)
a=1

Ifthe agent O= A believes thatthe agenis> 0 choose their actions accordinggdhe ker-
nel I, describes the stochastic evolution of the process of individual s{tat,é}spo}teN.

In this case, for any initial configuration of individual statess X° and for each initial
type@o, the optimization problem of the agent 0O is given by

max /u(x?,xo,x%, Gg)ng(Tx; dxt
{x[}

Y / w0, x0_ g, x0T, (Tx; dx)v(d6D) } . (14)

=2

The value function associated with this dynamic choice problem is defined by the fixed
point of the functional equation

Ve(xi-1, 0%) = Vo (x2 4, Tx,_1, 0°)

= max /u (x,o_l, x0, y1, 9?) Mo (Tx—1; dyl)

x,oeX

48 [ Vel O (T dividoh | (15)
X0x 6
The following is awell known result from the theory of dynamic programming, sed&14.,

Lemma 3.2. Assume that the choice map g is continuous. Under our assumptions on the
utility function y the functional fixed point equatidi5) has a unique bounded and con-
tinuous solution, on X9 x @. Moreover the mapVe (-, Tx;_1, 9?) is strictly concave on

X and there exists a unique continuous policy funcipn X% x ® — X that satisfies

8e (x,_l, 9?) = arg max{/ u (xtofl, x,o, y,l, 09) e (Tx—1; dytl)

x,oeX

+B / Ve (P, &, 09T (Tx, 1 d)e,)v(del)}. (16)
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We can now define a symmetric Markov perfect equilibrium in a dynamic random econ-
omy with forward looking interacting agents.

Definition 3.3. A symmetric Markov perfect equilibrium of a dynamic economy with for-
ward looking and locally interacting agefis= (X, @, u, v, f),isamagg* : X°x 0 — X
such that

¢ (tvor. 0F) = arg max{ / (3 1,30, 32 09) e (T )

xPEX

+ B / Vr (60, &, O T g (Tx; _1; d)?t)v(dHl)}.
(17)

By analogy to the static case, a symmetric equilibrium might be viewed as a fixed point
of a certain operator. Indeed, every fixed point of the opertttinat acts on the class of
bounded measurable functiogs X° x @ — X by

f/\g(x, 00) = arg max {/ u ()?0, %0, yl, (90) g (Tx; dyl)

10ex
+8 / Ve (20, %, 0T, (T x; d)e)v(dol)} (18)

defines a symmetric equilibrium; and every symmetric equilibriginsatisfies the fixed
point relation

Ve*(x, 0% = g*(x, 0°).

We proceed by establishing a series of general results, on the existence and the convergence
of the equilibrium process. Such results require conditions on the policy fungticemd

hence are not directly formulated as conditions on the fundamentals of the economy. In the
next section, we will then introduce an example economy with quadratic preferences which
we are able to study in detail. For this economy, we can show that our general conditions
are satisfied, and hence they are not vacuous.

3.1. Existence and Lipschitz continuity of equilibrium

In order to state a general existence result for equilibria in dynamic random economies
with forward looking interacting agents, we need to introduce the notion of a correlation
pattern.

Definition 3.4. For some finiteC > 0, let

C . .
L+ =1C=(ca)az0 : ca=0, Z ¢ <C
a>0

denote the class of all non-negative sequences whose sum is bounded from al@ve by
A sequence € LE will be called a correlation pattern with total impact
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Each strictly positive correlation pattecns LE gives rise to a metric

de(x,y) =) calx” = |

aeN

that induces the product topology &P. Thus, (d¢, X°) is a compact metric space. In
particular, the class

LipS == 1{f : X = R:[f(x) — F(»)|<de(x, y)}

of all functions f : X° — R which are Lipschitz continuous with constant 1 with respect
to the metricd. is compact in the topology of uniform convergence.

Remark 3.5. For a fixedd® € 0, letg(-, 0% e LipS be the policy function of the agent

0 € A. The constant, may be viewed as a measure for the total impact the current action
x“ of the agent: >0 has on the optimal action of agent0A. SinceC < oo, we have
lim,_ . ¢, = 0. Thus, the impact of an agemte A on the agent & A tends to zero as

a — oo. In this sense, we consider economies with weak social interactions. The quantity
C provides an upper bound for the total impact of the configuratiea (x%), >0 on the
current choice of the agentO A.

We are now going to formulate a general existence result for symmetric Markov perfect
equilibria in dynamic economies with local interactions.

Theorem 3.6. Assume that there exists < oo such that the following holds

(i) Foranyc e Lﬁ, for all 0° € © and for each choice functiog(-, 0°) e Lip¢, there
existsF(c) € LJCr such that the unique policy functign (-, 0°) which solveg16), is
Lipschitz continuous with respect to the metfjgc) uniformly in 0 c o.

(i) The mapF : LS — LS isocontinuou%

("l) We havdim,,_, » ”é;gn('v 0°) — gg('s 0)loo = 01if lim,,_ 0 llgn — glloo =0.
Then the dynamic economy with local interactions has a symmetric Markov perfect
equilibriumg* and the functiorg*(-, 6°) is Lipschitz continuous uniformly i#f.

Proof. For anyC < oo, the convex seLJCr may be viewed as a closed, and hence compact

(with respect to the product topology) subset of the compaqﬂséI]N.A Thus, by (i) the
continuous mag- has a fixed point*. Due to (i) and (iii), the operato¥ defined by 18)
maps the compact and convex set{igontinuously into itself wher€* := > a>0Ca-

This shows tha¥’ has a fixed poing*. O

3.2. Convergence to a steady state

In the previous section, we have formulated conditions on a dynamic economy with local
interactionsS = (X, u, B, ©, v) which guarantee the existence of a symmetric Markov
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perfect equilibriumg*. In this section, we study the asymptotic behavior of the process
{Xt};en in equilibrium. To this end, we denote by

Mye(x; ) = [ ] 7 (T9x: )
acA

the stochastic kernel oxinduced by the policy functiog* and byH;*, itst-fold iteration.
Given an initial configuratiox e X, the measurél’ (x; -) describes the distribution of the
configuration of individual states at timeLet us introduce the vectei* = (r)),ca With
components

ry o= Suf{|| g« (x; -) — g (y; )| : x = y off a}. (19)

Here, ||g« (x; ) — me«(y; -)|| denotes the total variation of the signed measykéx; -) —

e+ (y; ), andx = y off a means thak? = y” for all b # a. The next theorem gives
sufficient conditions for convergence of the equilibrium process to a steady state. Its proof
follows from a fundamental convergence theorem by Vaserf8in

Theorem 3.7.1f Y .a rg- < 1,then there exists a unique probability measpteon the
infinite configuration spac¥ such thatfor any initial configurationx € X, the sequence
H;*(x; -) converges tq:* in the topology of weak convergence for probability measures

4. Example: local conformity and habit persistence

This section studies a dynamic extension of the local conformity economy introduced
in Section2.2 where the assumptions of Theore®$ and 3.7 can indeed be verified.
As in the static model analyzed in Secti@r?, agents have a preference for conformity,
and each ager receives utility from conforming his own action to his neighbor’s. In the
dynamic economy we study in this section, however, agents also face habit persistence:
each agent faces a disutility from changing his action over time. Habits and addictions
are often associated with social interactions and preferences for conformity: for instance,
the consumption of addictive substances, like smoke and several chemical drugs, is often
initiated by the desire to conform with peers; the decision to commit criminal acts, partly
determined by social interactions and preferences for conformity{82&k is difficult to
reverse over time. We consider an economy where the preferences of a generacagent
represented by the utility function

(g XL ) = o (g — x1)? — 2 (67 = x)?
2
g (x =) (20)

wherexs, oz andas are positive constants. The agent’s utility can be decomposed into three

components. The first term of the utility functiar(x;Ll, xf, x,“*l, 9;’) in (20) represents

habit persistence, the second the effect of the agent’s own type, and the third the local
conformity component, that is, social interactions.
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4.1. Existence of equilibria
Our first aim is to prove existence of a Markov perfect equilibrium for this economy.

Theorem 4.1. LetX = ® = [—1, 1]. Assume tha[EQ? = 0,and that an agent € A only
observes his own typ#'. If the instantaneous utility function takes the quadratic form in
(20), the economy has a symmetric Markov perfect equilibriginiThe policy functiorg™*
can be chosen to be of the linear form

g¥(x, 0°%) = céxo + W/HO + Z chb
b>1

for some positive sequencé = (c}), >0 and some constant> 0.

The proof of Theorend.1 will be carried out in several steps. In a first step, we prove
the existence of an interior solution to an agent’s optimization problem in an economy with
quadratic utility functions.

Lemma 4.2. Letg : X° x ® — X be a continuous choice function for the agemts 0.
Under the assumptions of Theordi, the induced policy functigrg,, of the agend € A
is uniquely determined and

P (gg(xt_l, 0% e {—1, 1} for somer < N) —o. 1)
Thus we have almost surely an interior solution

Proof. The existence of a unique policy function follows from continuitygadlong with
the quadratic form of the utility functions, using standard arguments from the theory of
discounted dynamic programming. In order to pro2#(we let

7 :=inf {t >0: go(x—1, 9?) = 1} and y; == gg(x;—1, 9?).

It suffices to show thaP[t < oo] = 0. Let us assume to the contrary tiigjtt < oo] > 0.
In such a situationy, = 1 is optimal and this means that

—o1(1— yr_1)% — 02(1 — x1)? — a3(1 — 092 — By (1 — yo11)?
> — o1y — ye1)? — 2(y — xH?% — a3y — 092 — Boa(y — yei1)?

for all y € X. Otherwisey, < 1 would lead to a higher payoff. This, however, requires
0° = y._1 = yip1 = 1. This shows thay, = 1 = 0° for all # € N. This, of course,
contradictsEf° = 0. Thus,P[t < co] =0. O

Letus now establish arepresentation of the agents’policy function in terms of the expected
behavior of his neighbor. To this end, we denote b X?) the class of all probability
measures oX° equipped with the topology of weak convergence. The utility of the agent
0 € A attimer € N depends on the action$ taken by the agents > 0 only through his
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neighbor’s expected action

Zr = /yng(Tx,; dy) andthrough /(yl)zﬂg(Tx[; dy).

We may thus view the agent’s dynamic problem as an optimization problem depending only
on thestochastlcsequencqf) }en, @and on thaﬂetermmlstlcsequence{ H’ (Tx; )}

In fact, in our present setting, we can }et) := I1,(Tx; -), for any |n|t|al conf|gurat|on
x € X9, and rewrite his optimizatiorild) as

max 3 U9 x0. 09, iy + Y Bt / UG x2 00, ulIt)vdo?) ¢ (22)

(xPhren =2

where
U2, 20, 0%, 1) = o (x0 — x0)% — o0 (x0 — 092 — g / 0 — y2pu(dy).

This allows us to show that the agent’s optimal action is given as a weighted sum of his
present type, of his action taken in the previous period and of the expected future actions
of his neighbor.

Lemma 4.3. Let the assumptions of Theorenl be satisfied. Given an action profitee
X9 and a choice functiorg : X% x @ — X for the agents: > 0, the policy function of
agentO € A is of the linear form

8600, 0) = 3%+ 7,00+ 36,1 / LT (Ts dy). (23)

=1

With 1 := o1 + a2 + a3 + a1/, the constants, 75, 0o, 1, . . . are given by

22— 42p oz
pim V" T g = 2 24
" 2018 T b &9
and by
So 1= L and 041 = i fort > 1. (25)
A—=710ap A=710ap

The constants i(24) and(25) do not depend on g and satigfy+ y, + >, 6: < 1.

Proof. Fix aninitial configurationr = (x*),>oandletu := I, (Tx; -). The value function
associated with the optimization proble2?) solves the functional fixed point equation

Ve(x§. 03, ) = max {—al(xg — )% — az(0) — x9)? — 03 f O = xD)2udy)

xleX

+B / Ve (xd, 09, ,qu)v(dGCZ))} . (26)
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In view of Lemma4.2, the fixed point equation26) has a unique solutiofy : X x
0 x M(X% — R, the agent's policy functiog, : X x @ x M(X% — X is uniquely

determined and the optimal solution is almost surely interior. Thus, the first order condition
takes the form,

+204(x§ — x9) + 202(07 — x)? + 2013 / Ot = aDu(dy)
0
+B / —5 V(Y. 09, ull)v(d63) =0
0x7
and the envelope theorem gives us

0 A
ﬁV(x?, 09, ully) = =200 (x9 — x) = —204 (x? — & (x? 09, ul_[g>) . (@27
0x7y

This yields
0 . 1
.xl =
o1 + o + a3 + fog
x (oclxg + 0009 + 015 / yhu(dy) + a1f g, (xg’, 09, Mng)> . (28)

Let us now assume that we have the following alternative representation for the optimal
path{x2};en:

o
X = y1xg + 7200 + Z dizr+i € (0, 1), (29)
i=0

wherez, denotes the expected action of the agent 1 at timet. Using [EO? =0, it does
then follow from the first order condition, fron27) and from 8) that

1
oq + o2 + o3 + froa

o0
X (oclxg + 205 + o3 / YT, (x; dy) + o1 fygxd + a1ﬁ2zz+,~> . (30)
i=0

N

Now we need to find coefficienis, 75, do, d1, . .. such that the representations 29 and

in (30) coincide. This can be accomplished recursively and yields the constag#) and

(25). In order to prove that the sum of the coefficients is bounded from above by 1, we
consider the situation in which the agents maximize the discounted sum of their expected
utilities over the periods € {0, 1, ..., 7} and denote by (x, 00) the optimal action of the
agent Oe A. Using a cumbersome, but rather straightforward induction argument along
with an argument similar to the one given in the proof of Len#riaone can easily show

that

T
g (x, 0°) = 750 +950° + > 57 yzi.
i=1
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Here, the coefficients satisfy the recursive relations

e =i°—r (=12, 0= }i‘il, o = “jf&f_i (=12 ) and
2
. o
foyl = A — ;1ﬂ
(54

with 1° = o + ap + a3. This shows thap! — 7; anddé; — ¢; foralli =0,1,2,... as
T — 00. Thus,

y1+y2+25i<1 becausew/§+"/§+25§<1 for all 7. O
i>0 i>0

Our representatior2@) of the policy function does not yet allow us to apply Theorem
3.6. For this, we need a representationQfin terms of the sequenog“),>o. This,
however, can be accomplished as follows: let us fix a correlation patteric,),>1 €

L_lfyz and assume for the moment that the choice function of the agent$ takes the
linear form

g(T%, 0%) = cox® + 7,0 + Z cpxth, (31)
h>1

In view of (23), we havecg = y4 and the continuous choice functigninduces a Feller
kernelll; on XO°. Thus, it follows from 81) and from[EH? = O that

/yng,(x; dy) = Z Cax®tL,
a=>0

Hence the expected action of the agent 1 in the second period is given by

/ylﬂg(x;dy) = Z calfya-i-lﬂg,(x;dy): Z Cay Z Cazxal+a2+1.

a1 =0 a1 >0 az=>0
By induction we obtain
i (A , . ., 1
/y Hg(xa dy) = Z Cay Z Cap """ Ca;_q Z Ca,xa1+ tact c (32)
ap >0 a>0 a; =0

for all € N. Thus, we have the alternative representation of our policy function:

8o 0) = 7%+ 950+ 3 Iy,
b>1
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where the positive sequen@g), > 1 is given by

lp = Fp(co, €1, ..., Cp-1)
b—1 b—1 b—1
S5 SURY 31 P9 SET b 3P0 P @
t>1 a1=0 a=0 a;=0

This representation allows us to prove the main result of this section.

Proof of Theorem 4.1 Sinceg;(x, 0% € X, we have} ;- 11, <1 — 71 — 7,. Thus, the
mapF defined by

F(C) := (Fp(y1, €15 -+, Ch—1))b>1 (34)

maps the self,}r_“_v2 into itself. SinceF is continuous in the product topology, it has a
fixed pointc* = (c}),>1 and

Iy = Fp(y1, 3, ... chqy) =cp forallb>1.

Finally, letcj = y; andy = 7,, as defined inZ4). Then the assumptions of Theorén®
are satisfied. This proves the assertion]

4.2. Convergence to a steady state

We turn now to study the convergence to a unique steady state for the example economy
with quadratic preferences. To this end, we consider the representation

g*(x;go) =C8x0+7290+ Z sza
a>1

of the policy functiong*. For any two configurations, y € X° which differ only at site
aeA,

g% (x, 0% — g" (v, )| <l — .
Assuming that the taste shocks are uniformly distribute@i-ah 1], we obtain
[Tgx (x5 A) — Tgu (v A)| <2

forall A € B([—1,1),and s0}_, »grgs < 1if -, ¢ < 1. This yields convergence to
a steady state i is big enough and ifi3 is small enough, i.e., if the interaction between
different agents is not too strong.

4.3. Rational expectations, local conformity, and habit persistence

As already noticed, the literature has only studied the myopic dynamics of economies
with local interactions. In particular, the specific form of myopic expectations assumed in
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the literature contains two components:

(i) anagentz € A, when choosing; at timet, is assumed not to consider that he or his
neighbors will choose again at timer- 1;

(i) anagentz € A, when choosing; at timet, is assumed to expect his neighbors, agents
b > a, not to change their previous actions.

In this case, the dynamics describe a backward looking behavior of the agents since the
configuration(xy'),a only depends onthe current configuration of types and on the previous
action profile(x;’_;),ea. In this section, we study a simple 2 period version of the local
conformity and habit persistence introduced in the previous section and solve it for both
myopic and rational expectations, to illustrate the effects of rationality of expectations on
the dynamics of actions. Each agent A chooses at timeandr + 1, respectively, actions

x{', x{ 1. The initial condition of the dynamic economy, that is, the configuration of actions
attimer — 1, is{x?},ea . Consider first, as a benchmark, the case in which a generic agent
a € A chooses at timet in a fully myopic manner: he does not expect to choosetat,

that is, he expects/, ; = x/'; and he expects his neighbors’actions to remdimoth att

and atr + 1. In this case it is easy to show (we do not report the calculations for this section)
that his choice will satisfy:

04 [ o o
xf= 0 BEOD + xt o+ (A ) at (35)

wherecg = a1+a2+a3+ﬁ%. Note that action{ is chosen as a convex combination

of the argumentgd?, E(07), x¢, x%*t1). That is, the weights on the arguments sum to unity.
Consider now the case in which agenstill expects his neighbors’ actions to remaih

at botht and atr + 1, but he now realizes that he will choose again at timel and that
his choice will be optimal (conditionally o = x”,; = x”, for all agents > a). In this
case, his choice at tintewill satisfy:

o oo o1
x4 =204 = [F(0°
e ! c1 01+ o + o3 )
y By (1+ ﬁL> %3 jatt, (36)
c1- a1 t+op+o3/) c1

wherecy := o1 + o + a3 + alﬁ%. Thus, an agent’s choice is given in terms of a
convex combination of his type, his expected type and in terms of his own and his neighbor’s
action in the previous period. Because< co, though, agena’s own typef; and his past
choicex® have now a larger weight in his choice, while the mean action and the action
of the neighbor he wishes to conform to have a smaller weight. This effect is due to the
fact that the agent now rationally anticipates that he can re-optimize atrtim&, and
hence at time, he will attempt matching more directly those arguments which change at
timer + 1 (remember he myopically expects his neighbor not to change actianmsat

at+ + 1). Rational expectations of the agent’s own dynamic choice therefore reduce the
dependence of the agents’ actions on the local conformity effect, but on the other hand
strengthen the effect of habits. Consider now the case in which the expectations of the
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agents in the local conformity and habits economy are fully rational. Agémnthis case,
when choosing at timg not only anticipates rationally his own choices at time 1, but
also the choices of his neighbor, agert 1, at timet andr + 1. In this case, his choice
will satisfy:

o2 o1
c1 01+ o2 + o3

XY fext (37)

o

a __ a

x, = :Gt + (ﬁ
1 b=a+1

+ A) EO0) + 2
c1

whereA and f; (b>a + 1) are positive constants, ang is given in terms of a convex
combination of the argumen(@?, E07), x4, {gb}b%“). Taking into account the rational
expectations of agerd regarding the behavior of his neighbors has the effect that his
choice att depends on the past actions of all the agents to his right, and not only on the
choice of his immediate neighbor, as in the previous case. This introduces long spatial
correlation terms in the resulting configuration of actions. But most importantly, comparing
(36) and @7), it is apparent that the fully rational choice of agaris more weighted on

the mean shock(07) and less on the past action of the neighbors. This property of the
equilibrium actions is the consequence of the rational expectations of agegarding

the persistence of the actions of the agents a: even though all agents face habits,
they still will, in general, change their actions at timpeand hence agers action will
depend less on the past actions of his neighbors; this further limits the component of local
conformity in the choice of agents in this economy. Closed-form solutions for the policy
function @7), that is, solutions foA and{ f;},, - .1, are hard to derive. We have therefore

run some simulations to better illustrate the properties of the policy function; Fig. 1 reports
the shape of f»},, . ,+1 in two representative simulatior’$. First of all, notice that when

local conformity is not the predominant component of the agent’s preferences (that is, when
a1 = ap = oz = 1 in the simulations), the number of neighbors that significantly affect
each agent’s action is relatively limited, of the order of 7 or 8. On the contrary, when local
conformity is predominant (that is, when = a» = 1, andagz = 10 in the simulations)

the number of neighbors that affect each agent’s action increases substantially, about three
times in our parametrization of preferences. As we noted, the policy function of myopic
agents 85) overestimates, with respect to the policy function of fully rational agediys (

the dependence of equilibrium actions on the agents’ neighbors, that is, it overestimates the
local conformity effect. In our simulations such overestimation is quite substantial. When
local conformity is predominant in preferences the weighk®h* in (35) is .8382, while

the sum of the weights atf, b>a + 1, in (37) is only .2928. When local conformity is not
predominant, instead, the respective weights36#1 and1278. We conclude therefore that

our analysis of the local conformity and habits economy shows that the effect of rational
expectations dynamics is to spread the correlation of equilibrium actions across several

18The code for the simulations, available from the authors, uses a recursive algorithm to compute the weights
associated ta?, for any arbitraryp > a, in agenta’s policy function. The code does not perform any truncation
or approximation, but rather computes the exact weights.
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Fig. 1. Weights of the neighbors’ past actions in the policy function.

agents in the economy, but to substantially reduce the effects of the local interactions, that
is of the agents’ preferences for local conformity.

5. Dynamic economies with local and global interactions

This section extends the analysis of dynamic economies with local interactions to
economies in which interactions have an additioglabal component. In particular, we
study economies in which each agent’s preferences depend on the average action of all
agents. Such dependence might occur, for instance, if agents have preferersmsaior
status Similarly, preferences to adhere to aggregate norms of behavior, such as specific
group cultures like piercing or rap music, also give rise to the form of global interactions
we study in this section. More generally, the analysis of global interactions could capture
other externality effects as well as price effects. Formally, we study a dynamic economy
with quadratic preferences, as in our analysis of local conformity and habit persistence in
Sectiord.3, in which the preferences of each agert A also depend on the average action
of the agents in the economy,

) 1 n ;
00 := fim_ 2n+1 a;n o
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when the limit exists. We denote B¢ the set of all configurations such that the associated
average action exists:

. 1 S
xe::{XEX1HQ(X):=nleoozn+1Zxa}‘
a=-—n

The preferences of the agente A in periodt are described by the instantaneous utility
functionu : Xe x @ — R of the quadratic form

u (x[“_l, xi, xta"'l, 7, Q(X,))
2
= oy (g — ) — a2 (07 — ) — 3 (5t — xf)
—oa (0(Xe) — x,“)2 (38)

for some positive constants, ..., a4. The first term in 88) represents habit persistence,
the second the own effect of the agent’s type, the third the local conformity component, and
the last the global conformity component. As before, we assumexthat® = [—1, 1]

and thatE6° = 0. We also assume that information is incomplete so that an agert at

timet only observes his own typ#, and all agents’ past actions. Following the analysis of
Section4.3 we can define a symmetric Markov perfect equilibrium of this economy.

Definition 5.1. Let X € X be the initial configuration of actions. A symmetric Markov
perfect equilibrium of a dynamic economy with local and global interactions is a map
g":X%%x @ x X - X andamapgF* : X — X such that:

g (xt—l’ 99» Qr)

=arg max{/ u (x,o_l, x0, v, 0?, Q,) Tgr (Tx;—1; dy}l)

x,OEX
i f Ve (x?,)et,el, Q,H) Mg (T _1; d)e,)v(del)}. (39)
and

01 =F" (Qt)
and

01 =0(X) and g, =g (X, almost surely
At a symmetric Markov perfect equilibrium the policy functigh determines the optimal
action of each agent under the rational expectations condition that all agents choose their
own action by the policy functiog*. Moreover, each agent rationally expects the sequence
of average actiongo(X;)},cn to be determined recursively via the map. In studying
existence of an equilibrium of a dynamic model with local and global interactions several
mathematical difficulties arise. First of all, the endogenous sequence of average actions
{o(X)};en Might not be well-defined for ali (that is,x, might not lie inXe for somet).
Moreover, even wher; € Xe, an agent’s utility function depends on the action profile
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in a global manner through the average action), and hence will typically not be contin-

uous in the product topology. Thus, standard results from the theory of discounted dynamic
programming cannot be applied to solve the agent’s dynamic optimization probl&8).in (

We are going to show though that, when preferences are quadratic and interactions are
one-sided, (i) the endogenous sequence of average agions};n exists almost surely

if the exogenous initial configurationbelongs toXe, and that (ii) it follows a deterministic
recursive relation. This allows us to view dynamic models with local and global interac-
tions as purely local interaction models to which a deterministic time-varying component
is added!® More specifically, in order to establish the existence of an equilibrium for an
economy with locally and globally interacting agents, we proceed in three steps. We first
consider an economy where the agents’ utility depends on saogenousguantityg, con-

stant over time. We then extend the analysis to the case in which the agents’ utility depends
on someexogenoubut time-varying quantityo, },cn described in terms of a possibly non-
linear recursive relation. Finally, we show that the recursive structyge pf is preserved

if we require each element of the sequence to be endogenously determined as the average
equilibrium actionp, = ¢ (X,), for anyt, at the equilibrium configuratiox;,. Consider then,

first of all, an economy in which the agents’ utility depends on sexmenougonstant
quantityo.

Lemma 5.2. Assume that the agents’instantaneous utility functions take the quadratic form

a a _a+l pa
u (xt_l, xt, x{ T 0F, Q)

2
= —o (g — )" — a2 (0 = xf)° = (51 =) —u (0 ) (40)

with ¢ € X and positive constants;, ..., a4, then there exists a policy functiggt :
X% x @ x X — X such that

g" (xf_l, 0°, Q)

=arg max{/ u (x?fl, xlo, y,l, 9?, Q) Tgx (Tx;—1; dy,l)

X,OEX
48 [ Ve (39,5 0% 0) 1 (T d@)v(del)} .
The policy functiorg* can be chosen of the linear form
g¥ (x, 0°, 0) = eSxO +e0° + Z erh + A(o), (41)
b>1
where the correlation pattere* = (¢), >0, and the constart > 0 are independent af.

Proof. Fix a continuous policy functiogfor the agenta # 0. Continuity ofg together with
our special interaction structure guarantees that the optimization problem of the agént 0

19such separation arguments originally appearé¢@9r85]where the long run dynamics of locally and globally
interacting Markov chains are analyzed. Similar separation arguments have also been successfully applied in the
context of a static equilibrium model with locally and globally interacting agenf87f and in the context of
microstructure models for financial market{36).
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can be solved by standard methods from the theory of discounted dynamic programming.
In fact, using the same arguments as in the proof of LemrBawe see that the optimal
action of the agent 0 is given in terms of a weighted average of his neighbor’s future action
and ofg:

2o(x, 0°, @) = e1x® + £20° + ) {5,_1 / YT (Tx; dy) + m_lg} : (42)

t>1

whereer, &2 and (1,, 9;) (t € N) are strictly positive constants satisfying + ¢ +
D1 (5, + r/,) < 1. Suppose now that the agent= 0 assumes that the other players’
policy function is given by

g(T%x, 0%, 0) = e1x° + £20° + > epx“*’ + B(g) € [-1. 11, (43)
b=>1

where the non-negative correlation pattéen}, > 1 is independent of the stat¢s?}, >1
and where the constaBi(¢) depends only op. Itis then straightforward to show agent 0's
policy functiong, defined by 42), takes the form

2o, 0% 0) = e1x®+220° + ) Lx"+ B(@ Y 8aC" +0 Y n g,

a>1 t>1 >1

where the constants = F,(e1, e1, ..., e,—1) are given by 83), andC := ¢ + Z@l eq.
In order to prove our assertion it is thus enough to find a correlation patteen(e’), >1
and someB(p) such that

er=Fy(er,ei,...,e;_q) foralla>1 (44)
and such that
B() Y 6,-1C"+0» n,_1=B(o) where C:=e1+ ) e (45)

t>1 t>1 a=>1

To this end, we first consider the caB&) = 1 — C. Condition @5) translates then into

1-0) ) 6aC" +¢ Y n1=1-C.

=1 t>1

By continuity, this equation has a soluti@(¢) € [0, 1], and C(1) < C(p). Choose a
sequence = (c¢q)q>0 With cg = &1 such thatZ@Oca < C(p). The correlation pattern

I = (la)a>0 in (43) satisfies therp_, - 41, < C(0), because an agent's optimal action is
almost surely interior, and because the quantitiesre increasing imyo, ..., c,—1. Hence
the same arguments as in the proof of Theorefnshow that, for any € [—1, 1], the
mapF has a fixed point, i.e., there exists a seque@g®, > 1 such that 44) is satisfied.
For a giveng, we have a fixed point in the set of sequences suchhat; c, <C(g). In
fact, we can look for a fixed point such th@a>0ca < C(1) < C(p)- An equilibrium for
an arbitrary external conditiom € [—1, 1] is then given by

2" (x, 0°, 0) = efx® + 800 + Z eixl + A% (o),
b>1
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wheree = ¢z, e = £1 andA*(g) is given by

Zt>1 Ni—1

. 0
1- Z, >1 5171(C*)t

A%(@) =¢

Note that the policy function4(l) has the property that a changegithas a direct effect
on the chosen action but does not affect the dependency of the action on the realized agent’s
type nor on the neighbors’ actions. In other words, ho#nd the correlation structure
{eZ}b>o are independent of. It is this property that allows us to proceed to the second
step of our analysis, that is, to study the case in which the agents’ preferencestztame
described by a quadratic utility function

a a _a+l pa
u (xt—l’ xt,x T 0f Qt)

2
= oy (g —x)* = a2 (0 = xf)° — o (x4 = x7) " — o (0 — x¢)°,
(46)

and the dynamics of the procefis },cn Is described by a possibly non-linear recursive
relation of the form

0,41 = F(¢,) forsome continuous functionF : X — X. (47)

SinceF is continuous, an agent’s optimization problem can again be solved using standard
results from the theory of discounted dynamic programming. In fact, we can apply the same
arguments as in the proof of the previous lemma in order to show that for given a continuous
policy functiong for the agenta # 0, the optimal action of the agemt= 0 is given in terms

of a weighted average of his neighbors future actions and of future external conditions. In
order to make this more precise, we fix a continuous policy fungtioX® x @ x X — X

for the agentar # 0 and denote byt(T“x, ¢; -) the conditional distribution of the agent

a's optimal choice, given the statés;), >, and giveng. Since preferences now depend

on g,, which is no longer constant but evolves according to a deterministic dynamics, the
expected action of the agentd A in periodt, given some continuous policy function
g:X%%x @ x X — X is of the form

/ylH01~-~HQt(Tx;dy) where [T, (Tx; ") = ]’[ (T, 0,: )

az>1

andn(x, ¢,; -) denotes the distribution of the random variaple, -, ;). Let ,(-) be the
Dirac measure concentrated @rand assume that the policy functigiis continuous. The
kernel

T(x, ;) := My(x; ) ® dp(g) ()

which describes the joint evolution of the sequenip€g, .y (a > 1) and{g,},cn has the
Feller property becaugeis continuous. Hence, an agent’s optimization problem can again
be solved using methods from discounted dynamic programming and arguments as in the
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previous section show that the optimal choice of our reference ager is of the form

8g(x, 00, 01) = e1x® + 8200 + Z {(Z_lfylﬂgl - Iy (Tx; dy) + ”Ilet} .
t>1

(48)
If agent O expects all the other agents’ policy functions to take the linear form
g5 (T, 0%, 0) = efx” + e0" + Z efxl + Z heo,
b>a+1 =1

with the correlation patterei = (¢), > o derived in Lemm&.2and with a suitable sequence
h = (hy): >1, then @8), using tedious but straightforward calculations, can be written as
8o, 0°, 01) = efx® + e0° + Z epxl + Z G, (h)g,
b>1 1>1

for suitable constant&, (k). By analogy to the proof of Lemm#a.2 one can now show
that there exists a sequence= (h}),cn Which does not depend on the specific sequence
{0,};en such that

G, (h*) = h?.
Thus, we have the following result.
Lemma 5.3. Assume that the agents’instantaneous utility functions take the quadratic form

(46) and that the sequendg, };<n follows the deterministic recursive dynam{d3). Then
there exists a policy functiogi* : X% x @ x X — X such that

g (xl_l, 0?, Qt) = arg max{/ u (x,o_l, xlo, yll, 0?, Qt) T (Txr—1; dytl)

xPeX

+ﬂ/ Ver <x,°,)2,, ot F(g,)) Mg (Txr_1; d;%,)v(d@l)}.

The policy function can be chosen of the linear form

g(x, 6°, 01) = egx% + 0 + Z exb + Z h¥o,
b>1 1>1

for some correlation pattera* = (¢}), >0 and a positive sequené€ = (h});>1. These
sequences can be chosen independently of F and satisfy

doer+ > hi<l

a=>0 =1

We are now ready to prove the existence of a symmetric Markov perfect equilibrium of
our economy. Let a continuous functiégh: X — X determine recursively the sequence
{o;}en by (47). Assume that the exogenous initial configuratiomas a well defined
averagep := o(x), that is, assume that € Xe. Let F( denote thd-fold iteration of F
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so thatg, = F®(p). Since the agents’ types are independent and identically distributed, it
follows from the law of large numbers that the average equilibrium action in the following
period is almost surely given by

n

D a(Tx, 070 =C o+ ) hiF(0) = G(F)(0).

a=-n t>1

lim
n—oo 2n + 1

Thus, the average action in perioe: 2 exists almost surely if the average action in period

t = 1 exists, and an induction argument shows that the average action exists almost surely
for all € N. In order to establish the existence of an equilibrium, we first show that there
exists a continuous functiof* such that, withp; := o(x) we have

02 := F*(01) = G(F*)(0p)-

Lemma 5.4. LetC(X) be the class of all continuous functions F on X equipped with the
usual sup-nornil - |l«0. The mapF — G(F) onC(X) has a fixed poinf™*.

Proof. LetLip C C(X) be the class of Lipschitz continuous functiBron X with constant

1. Due to the theorem by Ascoli and Arzela, the set Lip is compact with respect to the
topology induced by the norrii - ||~. Thus, the assertion follows from Brouwer’s fixed
point theorem if we can show that the m&p— G(F) maps the compact convex set Lip
continuously into itself. Continuous dependenceGafF, ¢) on F is obvious. Sincé- is
Lipschitz with constant 1, the iterates” are Lipschitz with constant 1 for all Hence
G(F) is Lipschitz with constant 1 becaué& + ), - hf <1; see Lemm&.3 [

We are now in a position to prove the main result of this section.

Theorem 5.5. Let X = @ = [—1, 1]. Assume thak0® = 0 and that the initial configu-
ration of actionsx belongs toXe, that an agent: € A only observes his own tygk, and

that the instantaneous utility function takes the quadratic fori§88). Then the following
hold:

(i) The economy has a symmetric Markov perfect equilibrigin F*) whereg* : X° x
OxX—> XandF*: X — X.
(i) Inequilibrium the sequence of average actidesx;)};cn exists almost surely
(iii) The policy functiorg™ can be chosen of the linear form

g (x, 0% = egxo +e0° + Z eix? + B*(0(x)) (49)
b>1

for some positive sequeneé = (¢}), >0, a constant > 0, some constanB*(o(x))
that depends only on the initial average action

Proof. Lete* = (¢}),>0andh* = (h});>1 be the sequences derived in Lemrbs&and
5.3 respectively, and lef* be a fixed point of the operat@ studied in Lemm&.4. If, for
a given initial configurationx € Xe, the agent &= A expects the policy functions of all the
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agents: € A to take the form

g(Tx, 0, 0(x) = egx + a0 + Y epx™ + 3" hiF* (o)), (50)
b>1 t>1

then his own policy function is given by

g(x, 0% o)) = egx® + 00+ Y efx? + > hf O (o(x)
b>1 t>1

and the average action in peribs almost surely given by

ox) = 0, = F*D(o(x)). O

It is important to re-iterate that, for our analysis in this section, it is essential that the
agents’ utility function is quadratic (and hence policy functions are linear). Only in this
case, in fact, can the dynamics of average actjpfig)};cn can be described in terms of a
recursive relation. In models with more general local interactions, such a recursive relation
typically fails to hold, as shown e.g., by Folimer and H§2§. In such more general cases,
the average action typically is not an appropriate state variable, i.e., a sufficient statistic, for
the aggregate behavior of the configuratigrand the analysis must be pursued in terms
of empirical fields, which require a probabilistic framework that is beyond the scope of the
present paper, along the lines of Félimer and Hf#9i.

6. Conclusions

In this paper, we study existence and continuity of rational expectations equilibria of
static and dynamic economies in which an infinite number of agents interact locally. Some
of our results should be strengthened. For instance, several other examples for which the
assumption of Theoren3s6and3.7can indeed be verified, should be studied. Also, the class
of economies we study is restricted in that we impose several simplifying assumptions on
preferences, onthe agents’choice space, and on the stochastic structure of preference shocks.
While these assumptions can be relaxed using standard methods, this is not the case for the
restrictions we have imposed on the structure of local interactions of dynamic economies.
In particular, we have restricted the analysis to the case of ‘one-sided’ interactions, which
greatly limits the strategic aspect of the interactions between agents. Allowing for more
general forms of local interactions in dynamic economies (when agents are rational) will
certainly require a non-trivial and independent analysis. No doubt the first steps introduced
in this paper will be of use for such extensions, which we plan for future work. In the
analysis of the dynamic model of local interactions in this paper, we have only considered
Markov perfect equilibria. While the restriction to Markovian strategies is common to most
analyses of dynamic games, for technical as well as substantive reasons, we have noted
that it possibly misses an important class of equilibria supported by trigger strategies and
other complex dynamic punishment strategies, in analogy to the case of repeated games.
This is also content for future work. Finally, we have studied the mathematical properties
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of existence, continuity, and, in the dynamic models, of ergodicity of the equilibrium of our
economies with local interactions. A detailed study of the welfare properties of equilibrium
would also be exceptionally interesting. While such a study is outside the scope of this paper,
we can show in the special context of our static local conformity example that equilibria
will in general (almost surely) be Pareto inefficient.
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Appendix A. Maximizing a-concave functions

The following theorem plays a central role in our analysis. Even though its proof follows
primarily from straightforward modifications of arguments given in the proof of Theorem
3.1in[45], we prove it to keep the paper self contained.

Theorem A.1. LetX C Rbe aclosed and convex set and(Et | - |y) be a normed space.
LetF : X x Y — R be a continuous function which satisfies the following conditions
(i) Foreachy € Y,the mapx — F(x, y) is a-concave on X

(i) Fis differentiable with respect to x and the derivativg-) := %F(-) satisfies

[F1(x, y1) — Fi(x, y2)| <G(y1, y2)

for some functiorG : Y x ¥ — R.

Then there exists a unique mgp ¥ — X suchthasup..y F(x, y) = f(y). Moreover,
f satisfies

1
[f(y1) — f(y2)I < &G(YL y2).

In particular, | £ (y1) — f(v2)|< L ly1 — yally if GOy, y2) = Llly1 — yally.

Proof. Our proof uses modifications of arguments givefdisy]. It follows from Lemmas
A1-A3 in [45] that, for anyy, € Y, thea-concave functionr — F(x, y1) has a unique
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maximizer f (y1) which satisfies

alx — FODIP< Fax, y) (f (1) — ). (A1)
Thus, choosing = f(y2) in (A.1) for somey; € Y, we obtain
ol f () — FODP <L (32, yOIf 1) = f(02)]. (A2)

Sincef (y2) maximizes the differentiable function—~ F(x, y2), we obtainF1(f(y2), y2)
[f(y1) — f(y2)]1<0. Indeed in case of an interior solutidi( f (y2), y2) = 0. If we have
a boundary solution, strict concavity #f(-, y2) implies F1(f(y2), y2)) > 0 and f (y2) >
f(y1). Hence

ol f(y1) — FDIP < (FL(f (v2), y1) — F1(f (72), y2)) [f (1) — f(32)]

and so

ol f(y1) — fFODI<IF1(f (32), y2)I< G(y1, y2).

This yields the assertion.[]

Appendix B. Proof of Theorems 2.9 and 2.10

This section gives the proof of Theorems 2.9 and 2.10. While related, both the proof are
reported for the sake of completeness.

B.1. Proof of Theorem 2.9

In this section, we are going to prove Theor@r. For this, it is enough to prove the
existence of an almost surely uniquely defined fixed point of the opeVattB(@O, X) —
B(O°, X) defined by ). In a first step, we establish the following resuilt.

Lemma B.1. If the utility function u is uniformly-concave in its first argument and if the
contraction conditior(6) holds then the operator V satisfies the following conditions

(i) There existg* > 0 such thatV maps the skip,- (1) continuously into itself
(i) The operator V has a unique fixed pogit andg* € Lip,.(1).

Proof. Let us denote by

g(y, 0% = arg mau(x, y, 0°) (B.1)

the conditional optimal action of the agent0A, given his typed® and given the action
y € X of his neighbor. We equip the product spa&e< X with the maximum norm, and
so it follows from TheorenA\.1, from Assumptior?.7-(i) and from 6) that

. ~0 . ~0
lg(y, 0% — g(3,0)1 <y max(ly — 31, 16° — 0]}, (B.2)

wherey := £ < 1.
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(i) Letusfirstshowtha¥is a continuous operator onthe Banach smax(e)o, X), - lloo)-
Indeed, due toR.2) we have

[Vg(0) = Vg |<ylgoTO) —goTO)<yllg — &lloo (B.3)
forall g, ¢ € B(O®°, X). Thus,
Vg = Velloo<Vllg — &lloo-

SincelL < «, the operatoY is not only continuous, but also a contraction. In particular,
it has a unique fixed point.

(ii) Letus now choose > 0 such that 2y < 1 and fixg € Lip, (1). It follows from (B.2)
that

Ve(®) = VeI <y max{10° ~ 071, 1g 0 T(0) ~ g o (D]

< ymax[ 10° 0, Y 2mnaDigr — @)“|}

a>1

<215 110° = 0°) + 3 27 —
a>1
< dy(0, 0).
This shows tha¥ maps Lip7(1) into itself. Since Lig(l) is a closed subset (Bf(@o, X)

with respect to the topology of uniform convergenC(d.,ip,1(l), Il ||oo) is a
Banach space. Thu¥, may also be viewed as a contraction on the Banach space
(Lipn(l), Il - IIOO), and so the unique fixed poipt of V belongs to Lig(l).

This proves the lemma.O

Proof of Theorem 2.9. (i) Due to TheorenfA.1 and Assumptior2.7, we have

lg(y, 0% — g(3, 0% <

ly =3I,
where the mapg is defined by B.1). This shows that the operatdrsatisfies

L%

L(0%
o

Vg(®) — Vg0 < lgoT () —goT(0)]

for all g, ¢ € B(®°, X). Since the types are distributed independently across agents, the
random variables;(@o) and|g o T(0) — g o T(0)| are independent, and so

EL(6°)

o

ElVg(®) —vVg®)<

ElgoT(0) =g o T(O)|<yEIgoT(0) — g o T(0)].

0
Herey := ELO)

ElvVg(0) — V)| <yEig(0) — &)l

< 1. As the types are also identically distributed, we obtain
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Thus, denoting by” then-fold iteration of the operatdv, we see that
lim E|V"g(0) — V"3(0)| = 0. (B.4)
n— o0

In particular, the sequenc®” g),,cn Satisfies

E[V* () — V'g(0)] = E|V" (V" g)(0) — V"g(0)]
<V'RIV™g — gl
<O

for someC < oo. This shows thatV"g),.cn is @ Cauchy sequence it (P). SinceL(P)
is a complete space, there exists an almost surely uniquely determined random variable
G*[g] such that

n Ll *
Vg — G™[g].

Due to B.4), the L1-limit G*[g] does almost surely not depend@rin other words, there
exists an almost surely uniquely defined random varigblsuch that

Lt * 0
V'g — g* forall g € B(®", X).
In view of Chebyschev’s inequality this yields
P[|V'g* — ¢*| > e]<e lE|V"g* —g*| > 0 as n — oo.

Let us now fixé > 0. There exists a sequence of measurable (3815, that satisfies
P[A,] — 1lasn — oo andN € N such that

[V'g* —g*| <& and |[V'"tlg* —g*| <& onA,foralln>N.

Since the best reply functions are continuous, we can chosséhat|Vg* — g*| < ¢ on
A,, and so

Vgt =g¢g* P—as.

Recall now thatL1-convergence implies almost sure convergence along a subsequence.
Since any symmetric equilibriuh satisfiesP[V g = g] = 1, it follows that

g = kli_)moo Vg = g¢* P—a.s.

alon some subsequene,);cn- This shows uniqueness (up to a set of measure zero) of
the symmetric equilibrium.
(i) The assertion follows from Lemmi&.1. [

B.2. Proof of Theorem 2.10

We proceed by analogy with the proof of Theor@rB. For analytical convenience, we
restrict our attention to the cagé = 1. The more general cagé € N can easily be
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established using similar arguments. In the present setting, it is enough to show that there
exists a measurable functigri : @2 — X which satisfies

¢*(0°, 0% = arg max / u(x, g* (0%, 0%, 0°)v(d0?). (B.5)
x4e

Each such function is a fixed point of the operaltor B(©2, X) — B(©2, X) which acts
on the clasB(©?, X) of bounded measurable functions fréfto X according to

V(0P 0% = arg max / u(x®, g(0%, 6%, 0°)v(d0?). (B.6)
xVeX

In order to prove that this operator has a Lipschitz continuous fixed point if the utility
function satisfies®), we introduce the class

Lip = {5+ 0% — R 1g(0°, 0 — (@, ")) < max((0® — ¥}, 0% — 0"}

of all Lipschitz continuous functions a@? with Lipschitz constant 1. The following lemma
establishes some basic properties of the opefator

Lemma B.2. If the utility function u is Lipschitz continuous in the sens¢6f then the
operatorV defined byB.6) satisfies the following conditions

0] E maps the sdtip continuously into itself
(ii) V has a unique fixed poirgt* andg* € Lip.
Proof. We introduce the continuous mappitig: Lip x X x @2 — R by

U(g, x, 0% 0% = /u(x, g(0%, 0%), 0%)v(d6?). (B.7)

Under the assumptions of Theor@n.Q the mape — u(x, y, 90) is uniformly «-concave,
and so the mapping — U (g, x, 6°, 0%) is a-concave.

(i) Letus first prove that’ maps the class Lip into itself. To this end, wegix Lip. Since
the map(x°, 6°, 6%, 6%) > %u(xo, g(0%, 6%, 6°) is uniformly continuous, it follows
from Assumptior2.7-(ii) that

‘iwg, 20, 0° 0% — L ug, 50, 8, 0
ox ox

< sup
02

Al ~0
< supL. {1g(6". 6%) — 5@ %)+ 16° ]
0

<L max{|91—@)1|, |0°—(§°|}. (B.8)

iu(x, g(@l, 02), 00) — iu(x, g(@l, 02), @0)’
Ox Ox

Here, the last inequality follows from Lipschitz continuity @f This shows that, for
any fixedg e Lip, the map(x, 6°, 0%) — U(g, x, 6°, 0%) satisfies the assumption of
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TheoremA.1 with ¥ := ©2 equipped with the maximum norm. Thus, Theorart
concludes thaV g € Lip becausd. < a. Let us now show continuity of with respect
to the sup-norm. To this end, we fiR, 0! € ©.For any two functiong, ¢ € B(62, X)
we have

8 o . R
—U(g,x,0° 0 — —U@&, x, 0% 0% <Lllg — &llos
ox ox

due to B.8). Thus, for each paif@°, 0), the mappingg, x) — U(g, x, 0°, 0%) satis-
fies the assumptions of Theorérl with Y := B(O?, X). Hence,

Vg = Vglloo = sup
60,0t

arg maxU (g, x, 0°, 6%) — arg max/ (g, x, 6°, 6%
xeX xeX

L .
S—llg = &lloo-
o

This proves continuity of the opergtﬁrin the topology of uniform convergence.

(i) SinceL < g, itfollows from (i) thatV is a contraction on the Banach spa@?, X).
Thus, V has a unique fixed poing*. SinceV maps the closed set Lip into itself,
gtelip. O

Proof of Theorem 2.10Q (i) Using similar arguments to the ones provided in the proof of
Theorem2.9and applying Theorer.1 to the functionU defined by B.7), we obtain

= 0 a1y S0 ol EL(0%) 1 92 Al g2 2 1
E[Te0®, 0 - Va0 0] < == [ [ [a(0* 03 - 0%, 07| veat?viao®y
< yElg — gl

Sincey := < 1, itfollows by an argument sufficiently close to the one spelled outin
detail in the proof of Theorerf.9that the operator has a fixed pojit which is uniquely
defined up to a set of measure 0.

(ii) The assertion follows from Lemmia.2. [

EL(0%)
o
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