Solution - Problem Set 2
Economies with Uncertainty

1. Consider an economy with two goods and two states of nature. There
are four contingent commodities (since goods are distinguished by the state
in which they are delivered). The states are indexed by s = 1,2 and the
contingent commodities are indexed by h = 1,2 (for state s = 1) and h =
3,4 (for state s = 2). There are two agents i = 1,2 with endowments
er = (1,2,3,4) and ey = (4,3,2,1), respectively. The agents both regard the
two states as equally likely and they have identical von Neumann-Morgenstern
utility functions

1 2
u(ey, cp) = 3 Ine + glnc2.

Define a competitive equilibrium assuming that there are complete mar-
kets for contingent commodities. Find the equilibrium price vector and the
equiltbrium allocation. Next define an equilibrium with Arrow securities for
the economy, assuming there are markets for Arrow securities before the state
s known and spot markets for goods after the true state is revealed. Find the
equilibrium prices for commodities and securities and the equilibrium alloca-
tion of commodities and securities.

Solution for the Arrow-Debreu Economy
An Arrow-Debreu equilbirium is an attainable allocation (27, 23) € R% x
R% and a vector of prices p* # 0 such that for i = 1,2, x} solves

2
max — |=Inx;; + =Inz;s|+= |=lnz;3+ = Inz; subject to p*z; < pe;.
mert 2 (31T 3 ’21 2 {3 3 g i ! pai=p

First, let’s find the equilibrium allocation. The consumers’ demand is
Cobb-Douglas (in four commodities), and thus demand for both agents is

z;(p, pei) = % for h = 1,3 and

‘T:,h(papei) = % for h = 2, 4.
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Note that e;; + ez, = 5 for all commodities. Since the allocation is
attainable in equilibrium, it follows that

2
)

szhz (p1+p2 + s+ pa) =5for h=1,3 and

i=1

6pn

=5 for h =2,4.

Zﬁ _ 5(p1+p2+p3+pa)
3pn

Clearly, pt = p4 = p! and p} = p; = p®. Substituting these conditions into
the market clearing equations above, it follows p? = 2p!, and therefore the
price vector p* = (1,2, 1,2) and allocation (x7, z3) = ((g, %, g, %) , (g, %, g, %))

constitutes a competitive equilibrium.

Solution for the Arrow Securities Economy
For the remainder of the problem, p;; will represent the spot price for
good h in state s, while p, will represent the vector of spot prices in state s.

An equilibrium with Arrow securities is an attainable allocation of com-
modities (z},25) € R} x RY, an attainable allocation of securities (27, 23) €
R? x R?, a commodity price vector p* # 0 and an asset price vector ¢* # 0
such that for i = 1,2, (2, 2F) solves

2

1
max Z —u(z;s) subject to ¢*z; <0 and pix; s < pie;s+2is for s =1,2.
(i,2:)ERY xR? = 2

From the Arrow-Debreu equilibrium, we know that

o= ((3888) (1717
27 \\373’33/)°\3°3°33) )"

To calculate the equilibrium security allocation, note that consumer 1’s spot
market budget constraints are

[pil +p>{72} = pil + 2]9}‘72 + 21,1 in state 1 and

[p;l +p§,2} = 3p§,1 + 419;,2 + 21,2 in state 2.
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Therefore, the equilibrium security allocation must satisfy

* gpil + %pI,Q _ *
A1 4 | T TR
—3P21 — 3P22
where the second equality follows from attainability of (27, 23). In state s,

therefore, consumer 1 will have wealth % [pil + p:Q], and thus in each spot
market, consumer 1’s demand for the first commodity will be

Ti1\ Ps> 5 [ps,l +ps,2} = 3—* = Pyo = 2p;, for s =1,2.
3 3ps71
Moreover, since demand is identical in both states, then pj, = p;, for h =
1,2, ie the spot price for good h is the same in both states.! Thus p* =
(1,2,1,2) as before, and the corresponding security allocation is

zi‘:(3>:—z;,
-3

with security price vector ¢* = (1, 1).

2. Consider an economy with two goods h = 1,2, two assets k = 1,2, two
dates t = 0,1, and two states of nature s = 1,2. The two states have equal
probability at date 0; the true state is revealed at date 1. The two assets
are traded at the first date. One asset is a promise to deliver one unit of
good 1 in each state at date 1; the other asset is a promise to deliver one
unit of good 2 in each state at date 1. The two goods are traded on spot
markets at date 1. Let q € Ri denote the equilibrium asset prices at date
0 and let p(s) € Ri denote the equilibrium goods prices at date 1 in state
s =1,2. Each consumer i chooses a portfolio z; € R? of assets at date 0 and
a consumption bundle x; € Ri at date 1, subject to the budget constraints

Q'Zigoa

p(s)-(x;(s) —ei(s) <p(s):z,fors=1,2.

8, * * 8, * *
: 3|P11tP 3|P2,1tP :
ISince al g’;,{ - iz] _ 3l rg;; ) 2] and p; o = 2pj ; for s = 1,2, it follows that p7 ; = p3 ;

and pj o = p3 5, ie good h has the same price in both states.
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Suppose that the spot price vectors {p(s)} are linearly independent. Show
that the budget constraints are equivalent to a single budget constraint of the
form

2
D p(s) - (wi(s) —ei(s) <0,
s=1
for some price vector p € Ri.
Solution 1:

Our task is to find a price vector p such that the consumption allocation
in the Radner equilibrium at prices (p,q) coincide with the consumption
allocation in the A-D equilibrium at prices p. In other words, we are looking
for a p such that for any z;(1),2;(2) € R2,

S h(s) - (2i(s) —ei(s) <O &

; 2.9z an p(l) ) (mz <1) — € (1)) P(l) ©Z
Fi€Rgn <0 and {p@wcm@»—@@»}ﬁ[p@y@}-

First, let’s discuss the intuition of the problem. Since we already know
how to transform Arrow security equilibrium prices into A-D equilibrium
prices, we shall first focus on the relationship between a Radner equilibrium
and Arrow security equilibrium. In both environments, the consumer wants
to redistribute her wealth across different states to maximize her expected
utility. In a Radner environment, this redistribution is indirectly determined
by the chosen asset portfolio and corresponding spot prices in each state.
Here, spot prices may or may not allow the consumer to achieve her de-
sired wealth distribution. In contrast, an Arrow securities economy allows
the consumer to directly achieve a wealth distribution by purchasing the
securities. Under the asset structure defined in this question, linear indepen-
dence of prices p(1) and p(2) allows the consumer to implement any wealth
distribution across states. Since markets are essentially complete, the Rad-
ner equilibrium will be equivalent to the A-S equilibrium, and consqeuently
equivalent to the A-D equilibrium.

Now we’ll answer the question formally. Let us first find a hypothetical
Arrow security price vector 7 := (w1, m2) which will then be used to find p.



First, note that an asset portfolio z; induces the wealth level p (s) - 2; in state

s. If we define 0
p(1
P = ,
{ p(2) }
then the asset portfolio z; induces the following wealth distribution across
states: 0
p(l)z

[ p(2)2 }

To obtain the same wealth distribution in an Arrow-security market, a con-

sumer would have to buy p(1)z; units of security 1 and p(2)z; units of security
2. At our hypothetical security price vector 7, this would cost:

mip(1)z; + map(2)z; = TPz

It is natural to expect that a given wealth distribution across states must
have the same cost at date 0 in the A-S and Radner markets, and thus:

nPz = qz for all z, € R (1)

In (1), the right hand side of the equation is the cost of obtaining the wealth
distribution Pz; in the Radner market. Clearly, (1) is equivalent to:

P =gq. (2)

Since prices are linearly independent, then P is invertible, and thus (2) is
equivalent to:
T =qP " (3)

Equation (3) yields the Arrow security price vector that we were looking for.
Therefore (x;, Pz;)i—12 (p, ) is an A-S equilibrium.? Then from the lecture
notes, the corresponding A-D prices are

p(s) :==msp(s) fors=1,2. (4)

To complete the proof, we must show that p defined by (4) induces the
same budget set. We claim, and later prove, that

T > 0. (5)

2Verify this as an exercise - the proof should not be difficult after you've read the
remainder of this solution.



For now it will suffice to note that (5) is a no arbitrage condition under the
assumption that preferences are monotonic. Assuming (5), we can proceed
as follows: Take any z;(1),2;(2) € R%, and portfolio z; € R? such that

0z <0 and p(s)- (z: (s) — e (s)) < pls)z for s = 1,2,

Then we have

D h(s)(@i(s)—ei(s) = D> wpls)- (wi(s) —ei(s))

s=1 s=1

2
< ZWSP(S)% =7nPz = qz; <0,
s=1

where the first inequality uses the fact that = > 0.

Conversely assume now that "2, (s) - (2; (s) — ¢; (s)) < 0. In order to
support the bundle (z; (1), x; (2)) in the Radner market, the consumer needs
wealth p(s) - (z; (s) — e; (s)) in state s. But since P has full rank, we can a
find an asset portfolio z; which induces this wealth distribution at date 1:

[ p) (1) e (1) L p [P (@ (1) — e (1))
PZZ—[p<2>-<xi<2>—ei<2>>] = a=F {p@)-(mi(z)—ei(z))

(6)
Now note that:

zi = Pz =m
’ K

= > mp(s)- (2 (s) —ei(s) =D B (s) - (wi(s) —ei(s)) <O.

Hence, the portfolio z; defined by (6) is affordable at date 0 in the Radner
environment, and therefore the bundle (x; (1), x; (2)) is affordable at date 1.
This completes the proof of equivalence under the assumption (5).

Finally, we must prove that 7 > 0 as we claimed. Without loss of general-
ity, suppose to the contrary that m; < 0. Let Z; be the (Radner) equilibrium
asset demand of consumer i. Since P has full rank, there exists an asset

portfolio 2’ such that
(1
Pz = ( 0 ) .
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This combined with the definition of 7 implies
g7 = mP7 =m <0.
This in turn implies that
q(zi +2') < g7 < 0.

Hence, the agent i could afford the asset portfolio z; + 2’ at date 0. This
would give her the wealth distribution P(Z; + 2’) at date 1. Now note that

P(z; + 2') = Pz + P2 = Pz + ( (1] )

Hence, compared to Z;, the portfolio Z; + 2’ gives more return at state 1 and
the same return at state 2. Assuming that i’s utility is monotonic in state
1, this contradicts optimality of Z;. In fact, by buying more and more of 2/,
agents can increase their state 1 consumption arbitrarily without reducing
their state 2 consumption. B

Solution 2:

Define the set of attainable date 1 wealth distributions as
W .= {Pz:zERZ,qz§O},

where, as in Solution 1, we define
P .= [ p(l) ] .

Note that W NRZ, is empty, as agents could increase their wealths in both
states arbitrarily, which would contradict existence of a Radner equilibrium.
Since W is a convex set which does not intersect the interior of R%, then we
can separate these two sets. In other words, there exists a vector m # 0 such
that
sup 7w < inf 7y. (7)
weW yeRZ

Note that infyeRi 7y = 0 - otherwise, there would be a vector ' € R? such
that 7y’ < 0. But since ny’ is in R? for any n, then infyeRi Ty = —00, which
would contradict (7). Therefore,

sup 7w < 0= inf 7y. (8)
weW yeR%



An immediate implication of (8) is that 7y = 7 ( 1 ) , Ty = T < 0 ) > 0.
Since 7 # 0, then
m > 0. 9)
Next, let’s show that

U:={weR’:qw<0}=W. (10)

From (8) we already know that W C W. To prove the converse, suppose by
contradiction that there exists a w € ¥\ W. Since P has full rank, then
there exists a z € R? such that

Pz =w.

Then, the hypothesis w ¢ W is equivalent to ¢z > 0. But then ¢(—z) < 0,
and hence, the point —w = P(—z) belongs to W. Since W C ¥, it follows
that m(—w) < 0, and since w € ¥, then mw = 0. Note, however, that
¢(—z) < 0 implies that there exists a 2z’ >> —z, sufficiently close to —z, such
that ¢z’ < 0. Then

nPZ = nP(Z —z2)+7Pz=7P (2 —2)+ 7w
o [P —2)
SRRt HE I

If preferences are monotonic, then p(1),p(2) > 0. Since (2’ — z) >> 0 and
m > 0, it follows that
TPZ >0,

which contradicts ¢z’ < 0, and thus W = .
As usual, define
p(s) :==mep(s) for s=1,2.

Take any z;(1),2;(2) € R2. First assume there is a z; € R? such that
gz <0 and p(s)-(x;(s) —ei(s)) < p(s)z for s =1,2.

Then we have

D h(s)(@i(s)—ei(s)) = D> mpls)- (zi(s) —ei(s))

2
< Zﬂ-sp(s)zi =7mPz <0,
s=1



where the first inequality follows from (9) and the second one follows from
(10) and the definition of the set W.

Conversely assume now that 32,/ (s) - (z; (s) — ¢; (s)) < 0. In order to
support the bundle (z; (1),2;(2)) in the Radner market, we need a wealth
of wg :==p(s) - (x;(s) —e; (s)) in state s. But since P has full rank, we can
find an asset portfolio z; which induces this wealth distribution at date 1:

w _
Pzi—( 1)—:w:>zi—P1w.
Wa

Now note that

7Pz = mw= Z?T'Sp (s) - (x; (s) —ei(s))

Hence, the wealth distribution w belongs to the set ¥, which equals to W. In
other words, the bundle (z; (1), z; (2)) is affordable at date 1 in the Radner
market, and we’re done. B

3. Consider an example of the economy described in the preceding question
in which there are two consumers © = 1,2 with von Neumann-Morgenstern
utility functions

Vi(er,e9) =2Ine +1ney

and
Vo (c1,02) =Inep +2Iney

and endowments

and

(2,2) s=1
62(3):{ (1,1) s=2

Define a competitive equilibrium for this economy. Characterize the set of
equilibria for this economy and determine whether markets are “complete”

or “incomplete” for each equilibrium. FExplain what you mean by “complete”
in this context.



Solution:

A competitive Radner equilibrium is an attainable allocation (z7, x5, 2, 25)
and prices p and ¢ such that, for i = 1,2, (x}, z¥) solves

1 1
max  =Vi(@i (1), 22 (1)) + 5Vi (a1 (2) , 222 (2))
(Ii,zi)ERiXR2 2 2

st.q-z <0,
p(s)-(x;(s) —ei(s)) <p(s)-z,fors=1,2.

Note that there does not exist a Radner equilibrium. To prove this, we
will consider two cases: First, we will assume that p (1) and p (2) are linearly
independent and derive a contradiction. Second, we will assume that p (1)
and p (2) are linearly dependent, and again derive a contradiction.

p(1) and p(2) linearly independent

Suppose p (1) and p(2) are linearly independent and that they are part
of a Radner equilibrium (3, 2}, 23, 23, p, ¢). From Question 2, we know that
there exists p that makes the Radner equilibrium budget constraints equiv-
alent to the Arrow-Debreu budget constraints. This implies that (p, x7, z5)
is an A-D equilibrium. To see this, notice that (27, x3) is obviously attain-
able in the A-D economy. Moreover, from Question 2, we know that (z7,x3)
satisfies the A-D budget constraints. Finally, since we know that for any
x; that satisfies consumer 7’s A-D budget constraint there exists a z; such
that (x;, z;) satisfies the Radner equilibrium budget constraint, it must be
the case that V; () > V; (z;) for any such budget feasible x;.

Now let us identify the set of Arrow-Debreu equilibria. Let

a1 =p-e; and ays =P - €3

be consumers’ wealth in the A-D economy. Since both consumers have stan-
dard Cobb-Douglas preferences we know that their demand functions will
be:

aq 5] a1 a
)= —+ )= —+ 2) = 1 9) =
=g W gm g e P 6
for consumer 1 and
as as a9 as
1) = —=2 1) = 2) = 2) =
T21 ( ) 6A1 (1)a T22 ( ) 3A2 (1)7 T21 ( ) 6A1 (2>7 T22 ( ) 3132 (2)



for consumer 2. Imposing market clearing, we have

=1 (2+2) =5

and

ﬁ2(1):%<%+%> =p2(2).

Consequently, the A-D equilibrium prices satisfy p(1) = p(2). Given the
definition of p, this simply means mip (1) — map (2) = 0. But since 7 is non-
zero, this contradicts the linear independence of p(1) and p(2). Hence, there
is no Radner equilibrium with p (1), p (2) linearly independent.

p(1) and p(2) linearly dependent
Next, assume that the Radner equilibrium prices p (1) and p(2) are lin-
early dependent. We next sketch the proof of the following fact

q=pup (1) for some p > 0. (11)

By monotonicity of preferences, to prove (11) it suffices to show that ¢ belongs
to the set S := {ap(l):a € R}. If ¢ is not in S, then by applying the
separating hyperplane theorem we can find a portfolio z such that gz < 0 =
pz for all p € S. In particular,

q a<0
p() [z=1] 0
p(2) 0

Given the monotonicity of preferences, we know that p(1),p(2) > 0. Now,
we can find another portfolio 2z’ >> z, sufficiently close to z, so that

qz' < 0. (12)
Since p(1),p(2) > 0 and since 2’ >> z, we must also have

p(1)z" > p(1)z =0, (13)
p(2)2 > p(2)z=0.

(12) and (13) yields the contradiction, since 2’ is an affordable portfolio that
induces positive wealth in both states, thus creating an arbitrage opportunity.
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Since p (1) and p(2) are collinear, by (11) ¢ is also collinear with p (2);
that is, there is a 8 > 0 such that 8p(2) = ¢ = up(1). Then for any z; € R?

gz <0< p(s)z <0, for s =1,2.

Clearly, consumers will always choose z; such that p(s)z; = 0 for s = 1,2:
since there is no opportunity of inducing a positive return to a state, the
best consumers can do is to avoid losses. By the additivity of expected
utility function, it is then clear that consumers must in fact be maximizing
at each state independent of the other state. Formally we can find consumer
7’s optimal consumption choice by solving the following problem for each
s=1,2:

max_V; (z; (s))

z;i(s)eRZ.

st.p(s) - (wi(s) —ei(s)) <0.

Again, since the consumers have standard Cobb-Douglas preferences we know
that their demands will be:

(1) = §<p1 <1;1+(11;2 (1),
(1) = %m <1;2+(11;2 (1),
) = ® (2;1+(£2 ()
712(2) = ;m (2;;(22;2 2)).
for consumer 1 and
(1) = §<p1 <1;1+(£2 (1)
21p (1) = g(pl (1;;(12;2 L)
@ = 1 ® <2;1+(21;2 (2)
112 (2) = §<p1 <2;2+(2;;2 (2)

—
[\]



for consumer 2. Clearing the goods’ markets we get:

p2(1) 5

J4! (1) 4
and

p2(2) 4

which contradicts the assumption that the two price vectors are linearly
dependent, and thus there does not exist a Radner equilibrium. B

4. Consider an economy with production in which there is a single good,
two dates t = 0,1, and two states of nature s = 1,2. There is a single firm
that chooses a production plan y = (y1,y2) at date 0, where y, denotes the
output of the good at date 1 in state s = 1,2. A production plan y is feasible
if it satisfies the constraints

y>0and y; +y2 < 1.

There are two consumers, i = 1,2, whose preferences are given by the utility
functions
U1 (Cl, CQ) = Co + 211’101 + IHCQ

and
Us (c1,09) = co+1necp +2Iney

where ¢y denotes consumption at date 0 and c, denotes consumption in state
s = 1,2 at date 1. Fach agent has an endowment of w units of the good at
date 0 and none at date 1 and owns a share 0; = 1/2 of the firm. There are
no markets for contingent commodities at date 0. The only way that goods
can be reallocated at date 1 is by trading shares in the firm at date 0. At date
1 each agent i consumes his share of the profits 0;ys where y = (y1,y2) is
the firm’s production plan. Taking the firm’s production plan y as given, the
consumers trade as if they were in a pure exchange economy in which the only
commodities are shares and consumption at date 1. Describe the preferences
and endowments of the pure exchange economy and then define a competitive
equilibrium for the pure exchange economy. What necessary conditions must
be satisfied by the firm’s choice of production plan if the equilibrium is to be
efficient? What objective function would you suggest for the firm to ensure
an efficient choice of production plan?
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Solution:

Since consumers cannot trade contingent commodities at date 1, then
¢is = 0;ys. We can thus represent the consumers’ preferences as

Ui (¢10,61) = c10 +2In 61y, + 1Inbyys

and
Us (o0, 02) = cao + Inbay; + 210 05ys.

Using the utility functions above, we can write consumer 1’s problem as
max cio+2In6y; +1nfb
(1000 e he x[0.1] 10 141 1Y2
s.t. C10 —f—p@l S w + g,
where the price of the good at t = 0 is normalized to 1 and p is the price of
a share of the firm. Similarly consumer 2’s problem is

max Coo +1nby; +21In6
(c20,02)€R 4 X[0,1] 20 21 2Y2

s.t. coo + ply < w + g

An allocation will be attainable in this economy if
Cio + Co0 = 2w and 6 + 05, = 1.

Therefore a competitive equilibrium for this economy is an attainable allo-
cation (c1g, Co0,01,02) and a share price p such that given p and the firm’s
production plan, (c; ¢, 6;) solves consumer i’s problem.

Notice that an allocation solves the consumers’ problem if and only if it
solves®

max C10 + 31n 91
(c10,01)€R4 x[0,1]

s.t. cio+ph < w+ g,

and

max Co0 + 31n 92
(820,92)€R+ X [O,I]i

s.t. Co0 +p62 S w + g

3Here we're using the fact that Infy =1né6 + Iny.
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In other words, both consumers solve the same problem. Moreover, we can
easily see that the problem has a unique solution - to see this, note that by
substituting out c;g9 by inserting the budget constraint, we have

max w+]—)—p«91+31n01.
0<61 <min{w/p+1/2,1} 2
But now the problem above is simply a maximization of a strictly concave
function over a convex set, which has a unique solution. Given that both con-
sumers make the same choice we know that the equilibrium for our economy
must have the following allocation:

0102620:wand 01 :92: 1/2

It is easy to see that p = 6 supports such an equilibrium.

Now we have to find necessary conditions that the firm’s production plan
must satisfy in order for this equilibrium to be constrained efficient. First,
we must define what we mean by constrained efficiency. We can show that in
the unconstrained economy, which is not restricted to exchanging shares, this
equilibrium will never be efficient. In this problem, therefore, we are talking
about efficiency under the restrictions imposed by the exchange economy.
That is, an allocation (cyg, ¢29, 01,02, 41, y2) is (constrained) efficient if it is
attainable and there is no other attainable allocation that Pareto dominates
(010, 20, 01, 02, yl>y2)-

Independently of (yi,¥2), our equilibrium will satisfy ¢;p = ¢y = w and
01 = 05 = 1/2 as discussed above. Since consumers have quasi-linear utilities
and both consumers are consuming a positive amount at ¢ = 0, we can prove
that a necessary condition for the equilibrium to be efficient is that (y;, y2)

solves:
21 (1 )+1 (1 )+1 (1 )+21 (1 )
max nl-= nl- nl- nl-
(y1.42)CR2 291 2y2 2y1 2y2
st.yr+y2 =1

The solution to the problem above is y; = y, = 1/2. This condition is equiva-
lent to saying that the equilibrium can be efficient only if the firm is producing
the same quantity in both states. To prove this, suppose that yj # y;. We
need to show that there exists an attainable allocation (cig, ¢29, 01,02, Y1, Y2)
that Pareto dominates (w,w,1/2,1/2,y%,y3). Suppose, without loss of gen-
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erality, that y7 > y3. Let A € (0,1) be such that
1 1
2Iny] +lny; — (2ln ()\5 + (1 - )\)yi‘) +1In ()\5 +(1=X) y;‘)) =e<w.

Now let us look at the following allocation: (w +e,w —¢,1/2,1/2,y},43),
where y = A + (1= X\)y} and y3 = A + (1 — ) 5. By construction we
have

Ui (w+e 1/2,90,13) =

1
w+6+21nyi\+lny§+31n§:

1
w+€+2lnyi‘+lny;—€+3ln§:

1
w4+ 2Iny; +1Iny; +31n§ =Ur (w,1/2,91,3) -
Now note that
Ur (w+e,1/2, 90, 95) + Us (w —,1/2,97,43) =

1
w+6ln§+3(lnyf‘+lny§) >

1 11 . .
w+6ln§+3 ()\ <ln§+1n§> + (1 =X (Iny; +lny2)) >

1
w+6ln§+3(lnyi‘+lny;) =

Ui (w,1/2,y3,95) + Us (w,1/2,97,93) ,
which implies that
U2 (w - & 1/27 ?/1A7 y2/\> > U2 (w7 1/27:1/;7 y;) :

This shows that (w,w, 1/2,1/2,y},y3) is not strongly Pareto efficient, but we
can easily see that it is not weakly efficient either. For that we only need to
transfer a small amount of the good at time 0 from consumer 2 to consumer
1. We still need to show that (w,w,1/2,1/2,1/2,1/2) is indeed efficient. It
is easy to see that (w,w,1/2,1/2,1/2,1/2) solves the following problem:
max Ui (10,01, Y1, y2) + Us (20, 02, Y1, Y2)
€10,¢20,01,02,91,y2

s.t. c19 + 20 < W, €10, C20 = 0
01 +02=1,0,,00>0
y1+y2 <1, 41,92 > 0.
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But this implies that (w,w, 1/2,1/2,1/2,1/2) has to be efficient, because any
attainable allocation that Pareto dominates (w,w,1/2,1/2,1/2,1/2) would
be the solution for the problem above instead of (w,w,1/2,1/2,1/2,1/2)
itself. If the firm’s objective is

f (yhy?) - lnyl + lny27

then the firm would produce (1/2,1/2). ®

7. Consider a dynamic economy with an infinite horizon. Time is divided
into a countable number of dates indexed by t = 0,1, .... There are two agents
i = 1,2. Uncertainty is represented by a sequence of i.i.d. r.v.s {s:}2;.
At each date t the random variable s; takes the values 1 and 2 with equal
probability. There is a single good at each date and the endowments of the
two agents are functions of the random variable at each date:

1 ifs =1 2 ifs =1
el(st):{3 ifg —o ond 62(3'5):{4 ifs, =2

Each agent mazximizes the expected value of the utility function

i 6t In Ct,
t=0

where ¢; denotes consumption at date t and 0 < B < 1 is a parameter.
The initial state of the economy is s = 1. Suppose there is a complete
set of contingent commodity markets at date 0. Calculate the equilibrium
prices of contingent commodities for this Arrow-Debreu economy. Derive a
formula for the wealth of each agent 1 = 1,2. Derive the equilibrium demand
for contingent commodities for each agent i = 1,2 in terms of his relative
wealth.

Now suppose that there is a market for two Arrow securities at each date.
An Arrow security at date t is defined to be a security that pays one unit of
the good at date t + 1 if state s; + 1 occurs and nothing otherwise. What
are the prices of the Arrow securities at date t¢ What are the equilibrium
demands for Arrow securities at date t?

Solution:
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Since the agents have identical, homothetic utility functions, we can calcu-
late prices p;(s;) using the representative consumer’s maximization problem.
Note that the aggregate endowment is

()_ 3 ifst:1
WIZ\7 ifs, =2

and the representative consumer solves

{Ct St

00 2

Z@ Z (5¢)s" ) Incy(s1)
00 2

subject to Z Zpt st ct st Z Z st et st
t=0 s¢=1

t=0 s;=1

where 7,(s;|s"™!) is the probability of state s; occuring at time ¢, given history
s'~!. Under the iid assumption, it follows that m,(s;|s""") = 7(s;) = 5. The
problem thus reduces to

max Incy + = ZB Zlnct St)

{et(se) st=1
00 2
subject to Z Zpt ERIAED Z Z (s¢)er(st).
t=0 s¢=1 t=0 s;=1

Normalize py = 1, and let A\ denote the Lagrange multiplier on the rep-
resentative agent’s budget constraint. Taking first order conditions with
respect to ¢g and ¢,(s;), we have

1 g1 B
o ?ct(st) = Api(st) = pe(s) = Ect(st)'

In equilibrium, markets must clear, and thus ¢(s;) = e(s;). It follows,
then, that

353

(1) == and pe(2) = 14
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Given these prices, the agents’ time 0 wealth is:

00 2 o'} 5t 00 3Bt ] 6
WD D pleello) <1413 5 +8Y Gp=1taig
t=1 s¢=1 t=1 t=1

t=1 s;=1 t=1 t=1

From the first order conditions for agent i’s maximization problem, note
that

B
2 pt<5t)
for 2+ = 1, 2. Plugging this into the budget constraint, we have

Ci(st) =

o
Zﬁtcé =w' = ch=(1- B’
t=0

From here it’s straight-forward to calculate demand:

oy = P )= 20

Now let’s consider the Arrow securities economy. There are four prices to
calculate: ¢(s'|s) for s, = 1,2, where q(s'|s) is the price of a security that
delivers 1 unit of the good if state s’ occurs, given that the current state is
s. From the standard Euler equation,* we have

q(s']s) =

YFrom the representative agent’s first order conditions at s; and St+1|st, we have

t t+1 .. . .
%c(it) = Aqi(s¢) and ﬁ(Wﬁ = Aqr+1(8¢+1]8t). By normalizing the time ¢ price to
1, we have that g(s;y1]s¢) = g((cb(i)l)
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where ¢(s) is the representative consumer’s consumption in state s. By in-
voking market clearing and substituting the respective endowments in for
c(s) and ¢(s’), we have

q = 5 o) = 2
) = 2 a2 =",

Intuitively, the price ¢(2|1) is relatively small because in the bad state (s = 1)
the agents have small endowments, and therefore the cost of a security in a
future good state (s = 2) must be low in order to reduce the incentive
for agents to borrow against their possibility large future endowment. Con-
versely, ¢(1|2) is relatively large because in the good state, the agents would
ideally want to purchase securities to insure against a possible future bad
state s’ = 1.

Next, let’s compute the corresponding security demands. First, note that
21(s'[1) = 2%(s'|2) = 2%(s') for i = 1,2 and s’ = 1,2 since the states are iid.
In other words, the agents’ s’ security demand at time ¢ + 1 is independent
of the state at time . To compute these demands for agent 7, we must solve
the following system of equations:

T+5 B 3p _

T tr M@ = 1+20)
7 7

§B+‘66'21(1)+§Zl(2) = 3+21(2).

After some (tedious) algebra, we can solve for 2!(1) in each of these two
budget constraints:
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(1) = %% [1 + 221(2)]
(1) = ;% [1 + 221(2)

Note, however, that for 5 € (0, 1), we have % > -2 and thus it must
be that

N
|

3
1+§z1(2) =0 = z1(2):—§.
Consequently, z!(1) = 0. By the market clearing condition for the securities,
we have
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