Problem Set 3 - Production Economies

Solutions

December 1, 2007

5. Imagine a world consisting of two countries, referred to as the home and
foreign countries. If x denotes a wvariable for the home country, we use an
asterisk to designate the corresponding variable x* for the foreign country. The
countries produce two commodities h = 1,2 using a common technology subject
to constant returns to scale. There are two factors of production, capital and
labor FEach country has one unity of labor and the capital stocks are k and
k*, respectively. The output per worker of commodity h is represented by a
neoclassical production function

(kn)™"

k‘ =
o (kn) = 7= o
where 0 < ap < 1. In each country, consumers’ references are represented by
a Cobb-Douglas utility function

u(cr,c2) =1ney +Ines,

for any (c1,c2) > 0, where ¢, denotes consumption of commodity h. We assume
that factors of production are owned by consumers who supply them inelastically.
Suppose that the home country has a larger capital stock than the foreign country,
k > k*, and that fy1 is more productive than fa, in the sense that oy > ao.

(i) Define a competitive equilibrium with free trade for this model.

(i1) Show that the equilibrium is equivalent to the solution of a single
mazximization problem.

(iii) Solve the mazimization problem to determine the allocation of cap-

ital and labor and the output of commodities in each country.

(iv) Determine the commodity prices (p1,p2) and (p%,p5) and the factor
prices (r,w) and (r*,w*) in each country.

(v) Which country exports each commodity? Relate this result to the
Hecksher-Ohlin theory.

Solution:

i) Let e* denote the exchange rate in the foreign country, that is, let e*
be the value of one unit of foreign currency in terms of the domestic currency.
Free-trade implies that

(p1,p2) =€ (p1,P5) -



Nominal prices do not really matter in this problem. Hence, we can normalize
e* to 1 so that p, = pj,.
The problem of the consumer in home country is:

maxlnc; +1Incy

s.t. picy + poco <1k +w

C1,C2 Z 0.
The problem of the consumer in foreign country is:

maxInci +Inch
s.t. prcy + pacy < TVEF 4+ w*
cy,c5 > 0.

The problem of the domestic firm A is:

max py, fr (k) ln — rkpln, — wlj
s.t. kp,lp > 0.

Similarly the problem of the foreign firm A is:

max pp fr (k) 1, — ki l; — w*l;
st k7, Ly > 0.

Since the factors of production are not mobile, an allocation (cp, cj;, kn, ln, kjy, 1), _1 5
is attainable if:
kily + kols = K,

kT 4+ K315 =k,
l1+l2:lf+l§:1,
c1+ei = fi (k)b + fi (k7)1

and
ca+ ¢y = fa(ka)lo+ fo(k3)15.

Definition: An equilibrium is an attainable allocation (cp, ¢j;, kn, In, K}y, 1) _1 5
and prices (p1, p2, 7, w,r*, w*) such that given the prices, the allocation solves
households’ and firms’ problems.

|

.....

Under some regularity assumptions, the equilibrium and efficient allocations will
coincide. The standard Welfare Theorems apply for closed economies, and thus
for this problem, we need to extend the Theorems to open economies.



We shall start with writing down a Negishi problem where consumers in the
two countries have weights n,1 —n > 0.
maxn (lne; +1ney) + (1 —7n) (Ine] +1ncj) (Problem0)
st.er+cp = fi(k) b+ fi (kD)1
2ty = fa(h2)lo+ f2 (k3) 13
kily + kolo =k
kTl 4+ k3l =k
Lh+l=1
b+5=1
Ch, C;:, kh, kz, lh, l;; Z 0, h= 1, 2.

Note that first order conditions with respect to ¢, ¢j, imply z—,} = g—z = 1—’7_7]

This in turn implies that ¢, = n(cn, + ¢;) and ¢ = (1 —n) (cn, +¢;). If we
define ¢, := cp, + ¢j,, we can substitute the previous equations into the Negishi
problem’s objective function to see that
max 7 (Inne +1nnez) + (L —n) (In(1—n)er +In(l—n)%) =
maxn (In€ +1nc) + (1 —7n) (In¢ +Inc) =

maxIn¢; + In¢cs.
We’ve thus reduced the problem into one of a representative consumer:

maxIn¢; +Incy (Problem1)

st. e = fi(k1)la + fu (k7)1

G = fa(k2)la + f2 (k3) 15

kili + kelo =k

kT + kSIS =K

Lh+l=1

I+ =1

kn, kg ln, 0y >0, h=1,2.

Note that the two problems above will lead to the same efficient factor alloca-

tion. Since both consumers have identical, homothetic utility, in equilibrium the
representative consumer will demand the same amount as the two consumers.

Consequently, it should not be suprising that the two problems are equivalent.
I leave it to you to check that in Probleml first order conditions w.r.t. ks, kj,

imply

(g)l _ fik) _ fik) (@)1 0
ki ik fik3) k3 '

Similarly, using (1) one can simplify first order conditions w.r.t. I,[} to show

that

= (2)

<ﬁ>al fi(k1) — filk)k _ fa(ks)

_ _ fo(ka)ka <ﬁ>a2
k3 fi(ky) = fi(kDkT  fa(k3) — fo(k3)ks ky)



Now dividing (2) by (1), we have
ki ke

Kook
If we substitute this back into (1) and use the condition ay > g, we see that
kn = kj. Hence, if we define kj := kj, = kj;, Probleml can be further reduced
to!

maxIn¢; +1nc, (Problemla)

st. ¢ =fi (El) (ll + ZT)

= f2 (Ez) (la+13)

Elll + EQZQ =k

EllT —|—E2l§ =k*

li+l=1

b+i5=1

knydp, 15 >0, h=1,2.

Now if we define I}, = lp + [}, by summing the 3rd and 4th constraints
in Problemla, we have k:_111 + koly = k + k*, and by summing 5th and 6th
constraints, we have [; 4+ lo = 2. Hence, the constraints of Problemla are more
restrictive than those of the following problem, which is easier to solve:

maxIn¢; + In¢cy (Problem?2)
s.t. El = fl (El) Zl
Ty = fo (EQ) I

Eh,zh >0, h=1,2.

In Problem2, we've aggregated the two economies into a one big economy
which has all the resources. As we already mentioned, this economy is more
efficient because its resource constraints are "looser" than in Problemla. Our
next task is to solve Problem2, and then we will find a set of conditions where
the solution to Problem2 coincides with the solution of Problemla (and then
the equilibrium allocation).

If we define A := [;, Problem?2 is equivalent to:

maxIn (Afy (k1)) +In ((2 = A) f2 (k2)) (Problem?2a)
st Nk + (2= N ko =k +k*
ki,ky >0, 0 <A <2,

INote that, in general, constraints of Problem1la are more restrictive than those of Prob-
lem1: we impose the additional restriction kj, = kj (= kp,). Hence, the fact that the solution
of Problem1 is feasible in Problem1a implies that the same allocation solves this latter problem
as well.



Assuming the solution is interior, the Lagrangian for this problem is

£=In(Af1 (k1)) +In (2= A) f2 (k2)) + p (k+ K — Xkx — (2= \) k2) .

Recalling ¢; = \f; (El) and G2 = (2= \) f2 (Eg), the first order conditions with

respect to ki, ko give
1 — 1 _
—fi (k1) =p==f; (k).
C1 C2
Similarly, foc’s w.r.t. A can be written as
1 — — 1 _ —
—f1 (k1) — pky = = f2 (k2) — pko.
C1 C2
By substituting (3) into this last equation we obtain
| (PP
= (i (k1) = fi (k) Ra) = = (f2 (R2) = o (R2) o).
By substituting f5 := (1 — o) " (kx)®" in (3) and (5) we obtain

1 o Ea1—1 1 ay Eaz—l

611*0411 52170422
1 - 1 —ay
—_kl - _—k2 .
C1 C2

Dividing (7) by (6) gives 122 k= 12(1)”%2, which is equivalent to

Ez = ’YEl

where v := ooy a2 Note that v < 1 so that ko < k1.

Lo 1301 .
Now notice that ?7) can be rewritten as:

1 —ay 1 —as
T war Pl T e ke
ek A k(20

170(2

which implies that
1-— (651} 1-— (6]

X 2N

This gives efficient labor allocation as a function of primitives:

2(1 —041)

A= .
270(2*0(1

Using (8) in the resource constraint of Problem2a we get:

Moy 4+ (2= Nk, =k + k*

(3)



Solving this equation for k; we find

- k+ k*
by = —— " 10
AT 2N (10)
so that (4 )
ko =9k = —————. 11
2 = YR1 )\+’y(27>\) ( )

Equations (9)-(11) complete the description of the efficient factor allocation for
Problem?2a.

Before we proceed, recall that Problem0-Problemla (and similiarly Problem2-
Problem?2a) are equivalent in the sense that they lead to same efficient factor
allocation . Now to complete the answer of the problem we need to show the
following:

A) Under suitable conditions, the solution to Problemla coincides with
the solution to Problem?2.

B) The solution of Problem1 is the equilibrium allocation of factors.

Equivalence of Problemla and Problem?2.

Since the constraint set of Problemla is a subset of the constraint set of
Problem?2, all we need to do is to determine conditions under which the solution
of Problem?2 will be feasible in Problemla: the allocation which maximizes the
common objective function on a larger constraint set will also maximize the
function on the smaller constraint set.

Let us denote the solution of Problem2 with (l_cl, ko, )\) and recall that A\ :=
(I1 +13). A bit caution here: when solving Problem2, we explicitly found A, but
we did not determine the particular values of [; and [j. Indeed, our purpose is
just to determine whether we can decompose A into particular values of I3, €
(0,1) such that the 3rd and 4th constraints of Problemla are satisfied.

Bearing in mind that I3 = (1 —I;), the 3rd constraint of Problemla can be
written as

k — ko
L= —=. 12
YTk -k (12)
Similarly, the 4th constraint of Problemla is equivalent to
k* — ko
= 13
R (13
Note that under (12) and (13),
k+ k* — 2]762
l [ ——
1+ —

Therefore, we only need to find the conditions where, under (12) and (13), the
points l1, 17 belong to (0,1).2 That is, we want
k— ko
0<—<1
k1 — ko

2We work with the open interval (0, 1) since we’ve assumed an interior solution.




and L :
0<—2<1.
k1 — ko

Using the fact that k£* < k, these two conditions are equivalent to

ko < k* <k <k, (14)

Hence, if k* and k are sufficiently close to each other so that (14) holds, we can
conclude that Problemla and Problem2 are equivalent.

Equivalence between the solution of Probleml and equilibrium
factor allocation.

Suppose that the equilibrium factor allocation does not solve Probleml.
Recall that we have a representative consumer here. Since equilibrium requires
attainability, equilibrium consumption of the representative consumer is feasible
in Probleml. Hence, the hypothesis that the equilibrium allocation does not
solve Problem1 simply means that the consumption bundle (¢, cg) implied by
the solution of Probleml is not in the budget set of the representative agent. In
other words, we must have

pic1 + paca >k +w + r*EF + w”, (15)

where (p1, pa2, r, w, r*, w*) are the equilibrium prices. Next, if we substitute ¢, =
fn (k) ln + fr (k;) 1; into (15), we obtain:

p1(fr (k) b+ fu (R0 1) +p2 (fa (k2) la + f2 (R3) 15) > rk+w+r"k" +w”. (16)

Since in equilibrium firms are maximizing profits, then their equilibrium profits
must be less than 0 due to CRS production. Consequently,

onfn (kn)ln — rkply —wlp, <0, h=1,2,

pufn () — kil — w'l <0, h=1,2.

By summing over h, we then get:

2 2
> onfn (kn)ln <> rhuln + wln,
h=1 h=1
2 2
Soonfn k)G < kil +w'l
h=1 h=1

Note that by attainability of efficient allocation,

2
Z rkply, +wl, = rk+w,
h=1
2
> kil 4wl
h=1

r*k* + w*.



Combining the four equations, we have

2

> oonfa k)l < rk+w,
h=1

2

thfh(k,t)l}fb < kT 4wt
h=1

Adding these two inequalities together yields the contradiction to (16). Con-
sequently, the factor allocation that solves Probleml is part of an equilibrium.
Thus, we only need to find prices that make such an allocation optimal for both
the firms and the consumers.

Let us denote the solution of Probleml with (kn, k., ln,};),—; 5- From (1)
and (2) we know that k;, = k. Again, define kp = kp = k; and assume that
(14) holds so that Probleml and Problem2a are equivalent. Let A := {3 + I,
1 = Af1 (k1) and @ := (2 — \)f2 (k2). Then the allocation at our hand must
satisfy equations (3) and (4). Let p be the associated multiplier. Define prices
as

DPh :_ia h‘:1527
Ch
r =r*=pu,
R -1 _
w =w* = —f1 (k1) — pk1 = = fo (k2) — pko.
C1 C2

With prices defined as above, (3) and (4) reduce to the following conditions,
which are the foc’s of the firms’ problems:

pufr (kn) =r=r*, h=12,

pufn(kn) —rkn =w, h=1,2, (17)
prfn(kn) — 7%k, = w*, h=12.
These equations show that the given allocation solves the firms’ problems at the
given prices.

Next, we must show that ¢, is the optimal consumption demand, given
prices. Note that at the given prices, consumers demand

- _rk+w

r*k* +w*
= _—
2p1

2py

and c¢*; =



Thus
rk+w 4+ r*k* + w*

G+ = % (18)
o or(B+E) 42w
B 2p1
B T((ll +ZT)]_€1+(Z2+15)E2) + 2w
B 2p1
(M +(2- N k) 42w
B 2py
B )\(Tiﬁ —|—w)+(2—/\) (rk2+w)
B 2p
i (B) + 2= N pafa (k2)
B 2p1 ’

where the last equality follows from (17). Now observe that (5) implies

p1(1—an) f1 (k1) =p1 (El)al =p2 (Ez)a2 =po (1 — ) f2 (k2).

Multiplying both sides of the expression above by (2 — A) and using the formula
for A in (9) (which must be true since our allocation solves Problem2a), we get

Apifi (k1) = (2 = A pafa (k2) -

Substituting this into (18), we obtain

2xp1f1 (k1)

G+ = 2%
1

=\f1 (]%1) =C1.
Similarly, we can also show that the aggregate demand for good 2 equals to ¢o.
[

iv) When solving this part of the question, we assume that Probleml and
Problem2a are equivalent so that we can use solution of Problem2a to find the
prices.

Let (El,Eg, /\) be the solution of Problem2a as determined by equations (9),
(10) and (11). Since equilibrium allocation solves Problem1, which is assumed
to be the same as Problem2a, we can immediately recover equilibrium factor
allocations as

~ —

kn=k*n =k, h=1,2. (19)
Z\ - k*ljﬂg
1 — El 7]2:25
~ k* — ko
l*l = 7 T
k1 — ko



where in the last two equations we use formulas (12),(13). For future use, note
that k > k* and k; > ko imply

I > 1%y (20)
From (19) and the foc’s of the firms’ problems, we have
pufr (kn) =r=r*, h=12 (21)

So, if we can find commodity prices, this equation will give us the interest rates.
As usual, we can only pin down the ratio of commodity prices. From (21), it
immediately follows that

p2 _ H(E)

p1 o fi(k2)
If we use the normalization p; = 1, from this equation we find that py = ;i gli
5 (k2

Similarly, from (21) we find that r = r* = f{ (k1).
Now, equation (19), and foc’s of the firms’ problems imply:

prfu(kn) — pufr (kn) kn = w = w*.

Substituting p1 = 1, shows that wages are equal to f; (El) -f1 (El) k= (El)al.
|

v) According to Hecksher-Ohlin theory, the country which has a higher (per-
capita) capital must be exporting the commodity produced by the technology
which is more capital intensive. We have seen that in equilibrium, El = %;1 =
k1> /152 = 21?2 = ky. That is, technology 1 is more capital intensive. Hence, we
must be able to show that home country exports commodity 1.

Now, recall that the equilibrium demands for the first good is given by

N rk +w -~ rk* +w*

= d = 22
“ op, 0O 2p (22)
Since equilibrium profits in home country are 0, we must have
p1f1 (El) 2\1 +p2f2 (Eg) /l\g =rk+w. (23)
Similarly, L R
prf1 (k1) 11+ pafa (ko) IFo = r*k* + w™. (24)

Combining (22),(23),(24) gives:

o = pifi () 1+ pafo (R2) I and & = pifi (k1) 1+ pafo (R2) ZA*2.

2p; 2py

10



Hence,

AR -6 = )G - 2B ek E)D

2p
A (El)lAl pafa (k2) (1 —ZA1)
- 2 2p1
_ 7 f1 (k1) n pa2fa (k2) _ p2fa (k2)
- 2 2p 2p

Similarly,

J1 (k1) IFy —cF =14 5 o0 o)

~ ~ <f1 (k1) n P22 (E2)> _ D2fo (E2)

We already now that 11 > I* from (20). Hence, these last two equations
immediately imply

A E)G = > fi (k) 11— (25)
Now, we want to show that home country exports good 1. That is, we want
i (E1)ZA1 —c1>0. (26)
By attainability, we have
A )= =—(f ()L - &) (27)
Combining, (25) and (27) yields
AE)h-a > —(fi(F)h-a) e
2(f1 (El)i\l —c) > 0,

thus proving (26). Using an analogous argument, we can show that that foreign
country exports the labor intensive good 2. m

11



